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PREFACE. 


Trachrrs  of  mathematics  have  for  some  time  felt  that  the 
Algebras  now  in  use  in  our  High  Schools  and  Collegiate  Insti- 
tutes are  not  adapted  to  the  wants  and  requirements  of  the 
present  day.  In  these  works  some  of  the  most  important  depart- 
ments of  Elementary  Algebra,  such  as  Factoring,  Symmetry 
Theory  of  Divisors  and  Theory  of  Equations,  are  treated  so 
briefly  or  so  superficially  that  the  pupil  has  found  it  impossible 
to  obtam  a  satisfactory  knowledge  of  these  subjects  without 
drawing  heavily  on  the  resources  of  the  teacher. 

In  the  following  pages  an  effort  has  been  made  to  treat  with 
considerable  fulness  the  various  departments  either  deficient  or 
wholly  absent  in  the  ordi..ry  text-books.     While  no  branch  has 
been  slighted,  special  attention  has  been  devoted  to  the  Theoiy 
of  Positive  and  Negative  Numbers,  to  Factoring,  to  Surds,  Sym- 
metry, Theory  of  Divisors  and  Theory  of  Quadratics.    Convinced 
that  a  large  and  well-graded  selection  of  problems  is  a  desider 
atum  in  any  manual  intended  for  class  work,  we  have  selected 
and  constructed  with  great  care  such  as  we  hope  will  meet  the 
wants  of  both  teachers  and  pupils.     An  efl^ort  has  been  made 
to  secure  accuracy,   but  it  is  quite  possible  that  errors  may 
have  crept  in  despite  our  vigilance.     We  shall  bo  glad  to  have 
such  pointed  out  so  that  they  may  be  removed  from  subsequent 
editions. 

Some  difference  of  opinion  may  exist  as  to  the  propriety  of 
the  order  in  which  the  different  subjects  have  been  introduced. 


IV 


PREFACE. 


The  treatment  of  Symmetrical  Expressions  and  the  Theory  of 
Bivisois  has  been  delayed  until  the  pupil  has  acquired  consider- 
able familiarity  with  algebraic  symbols  and  their  manipulation. 
We  trust  that  this  arrangement  will  commend  itself  to  the  expe- 
rience of  the  mathematical  teachers  of  the  country.  Surds  and 
the  Theory  of  Indices  have  been  introduced  before  Quadratic 
Equations,  as  we  did  not  think  it  possible  to  deal  satisfactorily 
with  the  Theory  of  Quadratics  without  some  knowledge  of 
Surds.  An  effort  has  been  made  in  this  work  to  encouraiic 
pupils  to  resort  to  factoring  as  much  as  possible  in  solving 
equations.  In  pursuance  of  this  object,  at  a  very  early  stage 
equations  of  an  easy  character,  capable  of  solution  by  resolution 
into  factors,  have  been  introduced. 

This  Algebra  is  intended  for  all  classes  of  pupils  whose  studies 
do  not  extend  beyond  the  limits  prescribed  for  Second  Class 
Certificates  and  Pass  Junior  Matriculation.  Having  in  view 
the  fact  that  pupils  of  very  different  algebraic  attainments 
study  within  these  limits,  we  have  so  graded  the  problems  that 
the  judicious  teacher  can  e&sily  select  such  as  are  adapted  to  a 
junior  pupil,  and  leave  those  more  difficult  until  he  becomes  well 
advanced  in  his  work.  It  should,  however,  be  understood  that 
many  of  the  problems  in  Factoring  and  Symmetry  go  beyond  the 
requirements  for  Second  Class  work.  Should  this  venture  prove 
successful  it  is  the  intention  of  the  authors  to  follow  it  up  with 
Part  II.,  which  will  deal  with  the  subjects  required  for  Junior 
Matriculation  with  Honors  and  for  First  Class  "  C  "  Certificates. 


I 


W.  J.  ROBERTSON, 
I.  J.  BIRCHARD. 


July,  1S86. 


e  Theory  of 
■ed  oonsider- 
lanipulation. 
to  the  expe- 
Sur'Js  and 
e  Quadratic 
latisfactorily 
aowledge  of 
o  encourage 
5  in  solving 
early  stage 
)y  resolution 

•hose  studies 
Second  Class 
ing  in  view 
attainments 
:oblems  that 
adapted  to  a 
aeoomes  well 
erstood  that 
)  beyond  the 
enture  prove 
w  it  up  witli 
i  for  Junior 
Certificates. 

RTSON, 
ARD. 


PREFACE   TO  SECOND  EDITION. 


In  iHsuing  a  new  edition  of  the  High  School  Aloebra,  Part  I 
the  Authors  desire  to  express  their  appreciation  of  the  favor  witll 
which  their  work  has  been  received,  and  which  has  rendered  a  reprint 
a  necessity.     For  the  convenience  of  both  teachers  and  students  the 
new  edition  retains  not  only  the  matter  of  the  first  edition,  but  also 
the  numbering  of  the  Articles   and   Exercises   unchanged  and  the 
pages  unbroken      A  few  additions  have  beeai  made  to  the  text,  a  few 
examp  es  have  been  changed,  and  a  considerable  number  of  new 
examp  es  have  been  inserted  at  tlie  end  of  the  book.     These  new 
examples  will  be  found  to  require  a  moderate  amount  of  intelligent 
thought  for  their  solution,  but  difficult   -r  complicated  work  has  not 
been  introduced.     They  are  chiefly  application^  of  a.geblTal  p  inc  ' 
pies  ra  ber  than  mere  symbolical  transformations.     Experience  has 
hown  that  the  most  valuable  exercises  are  those  in  which  the  studen 
s  required  to  translate  statements  of  fact,   expressed  in  ordinLv 
language,  n.to  the  language  of  symbols,  to  perLm  the  nece  s    y 
operations,  and  finally  to  interpret  the  result.     Such  work  canle 
performed  only  by  students  to  whom  the  symbol     both  of  quantity 
and  operation  have  a  definite  meaning.     In  pursuance  of  tT^s  id  a 
many  of  the  examples  are  of  a  geometrical  character,  but  are  well 
within    he  powers  of  the  average  intelligent  student.     The  ordJin 
which  they  are  placed  is  frequently  worthy  of  attention.     Somet  m  s 
one  or  more  simple  examples  lead  to  the  solution  of  a  more  dlffiu 
one  o    the  same  character.     Sometimes  a  succession  of  values  t 
given  to  an  element  of  a  problem  for  the  purpose  of  exhibitl  a 
conti^st  m  the  results.     The  careful  study  of  such  groups  wm'be 
found  instructive  and  profitable.     The  answer,  have  bL  Lig     dly 
o  ui  ted     Many  of  the  examples  are  of  such  a  character  that    ht^ 
hief  value  would  be  lost  by  the  student  seeing  the  result.     In  othe 
ca  es  the  verification  of  the  result  obtained  is  easily  made,  and  is  a 
valuable  additional  exercise.  ' 
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ELEMENTS  OE  ALGEBRA. 


CHAPTER   I. 


DEFINITIONS  AND  EXPLANATIONS  OP  SIGNS. 

1.  Algebra  is  the  science  which  teaches  the  use  of  Sjrmbols 
to  denote  both  numbers  and  the  operations  to  which  numbers 
may  be  subjected. 

2.  The  symbols  employed  in  Algebra  to  denote  numbers  are 
Figures,  as  m  Arithmetic,  and  the  Letters  of  some  Alphabet 

rhus  a,  6,  c, .... ;  X,  y,  z;  «,  /i,  y;  a\  b\  c\ ....  (read  a  dash,  h  dash, 
I  c  dash) ;  a„  6„  c„  . . . . ;  a,„  h^,  c,, ....  (read  a  one,  b  one,  c  one 
^a  two,  b  two,  c  two, ....),  are  used  as  symbols  to  denote  num'bers.' 

3.  The  signs  >,  =,  <,  stand  for  the  words  "is  greater  than  " 
-IS  equal  to."  "is  less  than,"  respectively.  The  signs  '  and 
•.•  stand  for  the  words  "  therefore  "  and  "  because." 

4.  The  sign  +,  j,lu8,  written  between  two  symbols,  signifies 
that  the  numbers  which  these  symbols  denote  are  to  be  added. 

Thus  7  +  5  =  12,  read  7  2^ltts  5  is  equal  to  12;  a +  6,  vead 
a  plm  b,  signifies  tliat  the  numbers  denoted  by  a  and  b  are  to  be 
i'dded.  But  unless  we  know  the  numbers  for  which  they  stand 
there  is  no  other  way  of  expressing  their  sum.  A  similar  remark 
^ipphes  to  subtraction,  multiplication,  etc. 

5.  'J  he  sign  -,  mm«s  written  between  two  symbols,  signifies 
that  the  number  denoted  by  the  second  is  to  be  subtracted  from 
the  number  denoted  by  the  first. 
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DEFINITIONS    AND   EXPLANATIONS   OF   SIGNS. 


Thus  7-5  =  2,  read  7  niinun  5  is  equal  to  2 ;  a~b,  read 
n  minus  b,  signifies  that  the  number  deno^^d  by  6  is  to  be  sub- 
tracted from  the  number  denoted  by  a. 

The  sign  ~  is  sometimes  used  to  denote  the  difference  between 
two  numbers  when  we  do  not  know  which  is  the  greater. 

6.  The  sign  x  ,  called  the  sign  of  multiplication,  written  be- 
tween two  symbols,  signifies  that  the  numbers  which  they  denote 
are  to  be  multiplied  together ;  thus  a  x  b,  read  a  into  b,  signifies 
that  the  number  denoted  by  a  is  to  be  multiplied  by  that  denoted 
by  b.  The  sign,  however,  is  usually  omitted  between  two  letters, 
or  between  a  figure  and  a  letter ;  thus  ab,  36  mean  the  same  as 
a  X  b,  3  X  b.  A  point  is  sometimes  used  instead  of  the  sign  x  , 
especially  when  several  numbers  expressed  in  figures  are  to  be 
multiplied  together ;  thus  3.4.5  means  the  same  as  3  x  4  x  5. 

The  numbers  multii)lied  together  are  called  the  Factors  of 
the  product. 

7.  The  sign  -f,  called  the  sign  of  division,  written  between 
two  symbols,  signifies  that  the  number  denoted  by  the  former  is 
to  be  divided  by  that  denoted  by  the  latter;  thus  a^b,  read 
a  by  b,  signifies  that  the  number  denoted  by  a  is  to  be  divided  by 
that  denoted  by  b.  The  line  between  the  points  is  sometimes 
omitted,  thus  a:b,  and  sometimes  the  points  are  omitted  and  the 


symbols  written  in  their  places,  thus 


b' 


8.  Wlien  two  numbers  are  nmltiplied  together  each  is  called 
.1  Coefficient  of  the  other.  When  one  factor  is  expressed  in 
figures  and  tlie  other  by  letters  the  former  is  considered  the 
coefficient.  Thus  in  7b,  ab,  7  and  a  are  the  coefficients  of  b. 
A  coefficient  denoted  by  a  figure  is  called  a  numerical  coefficient ; 
by  a  letter,  a  literal  coefficient.  When  no  numerical  coefficient 
is  written  1  is  always  understood. 

Note.— It  is  customary,  in  order  to  avoid  cumbrous  pliraseology,  to  use 
the  word  "number"  when  we  mean  "  symbol  denoting  number":  also  w^^ 
say  "  the  number  (t  '  when  wc  mean  "  the  number  d'-noted  by  a." 


DEFINITIONS   AND   EXPLANATIONS   OF   SIGNS.  Jl 

9.  A  Power  of  a  number  is  the  product  obtained  by  multi- 
r  lying  it  by  itself  any  number  of  times. 

Thus  ax<ix  a,  or  aact,  is  called  the  Third  Power  of  a.  The 
Second  and  Third  Powers  are  also  called  the  square  and  cub« 
respectively. 

10.  An  Exponent,  or  Index,  is  a  small  figure  placed  above 
and  to  the  right  of  a  number  to  show  the  Power  to  which  the 
number  is  to  be  raised. 

Thus  a*  (read  a  to  the  fourth)  is  a  short  way  of  writing  aaaa. 
When  no  exponent  is  written  1  is  understood. 

11.  A  Root  of  a  number  is  one  of  two  or  more  equal  factors 
whose  product  equals  the  given  number. 

12.  The  Index  of  a  Root  is  a  figure  which  shows  how  many 
.qual  factors  are  to  be  found.     The  roots  of  numbers  are  indi- 
cated thus  :    v'a,   i/a,  v"  a,  etc.,  which  denote  the  second,  third 
fourth  roots,  etc.,  of  a.  ' 

The  second  and  third  roots  are  usually  called  the  square  and 
^  cube  roots  respectively.  The  index  2  is  usually  omitted  from 
I  the  sign  for  the  square  root. 

^     The  sign  V  is  a  corruption  of  the  letter  r  in  radix,  and  is 
icalled  the  radical  siirn 

I     l\  ^^""V"'  "''"■''  ""'"^'''  represented  by  algebraic  symbols  is 

|caii('d  an  Expression. 

Thus  5a,  3a%  6.«  -  7y,  etc.,  are  algebraic  expressions. 
Tems^^''  """''''''  connected  by  the  signs  +  and  -  are  called 

15.  Like  Terms  are  those  which  differ  only  in  their  numerical 
coe^cients     t  us   3a,  and   6a,,  4..^  and   ^  are  like  term 

I  but  5«x.  and  5«v,  3a'~b  and  5ab^-  are  unlike  terms. 

16.  An  expression  consisting  of  one  term  is  called  a  Mono- 
mial ;  an  expression  consisting  of  two  terms  is  called  a  Binomial  • 
an  expression  consisting  of  three  terms  is  called  a  Trinomial  • 


^^1 
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DEFINITIONS   AND   EXPLANATIONS   OF   SIGNS. 


ail  expression  consisting  of  four  or  more  terms  is  called  a 
Multinomial  or  Polynomial.  The  word  Polynomial,  however,  is 
frequently  used  to  denote  any  algebraic  expression  except  a 
IMonomial. 

17.  The  Dimensions  of  a  term  are  the  literal  factors  in  it ; 
the  Degree  is  the  ntimhet'  of  such  factors. 

Tlius  id'b'^c  is  a  term  of  2  +  3  +  1  =  6  dimensions,  or  of  the 
sixth  degree. 

18.  An  expression  is  HomOgencOUS  when  all  the  terms  are 
of  the  same  number  of  dimensions. 

Thus  a'  +  '2ab  +  6'  is  homogeneous  and  of  two  dimensions. 


W 


19.  A  polynomial  is  said   to  be  arranged   according  to   the 

powers  of  a  letter  iv'hen  the  exponents  of  that  letter  in  the  vai-ious 

terms  are  in  order  of  magnitude. 

Thus  Sa:^  +  id'x  -  (mx- +  C)x-^  is  arranged  in  descending  powers 
of  o,  but  in  ascending  powers  of  .v. 

20.  The  signs  ( ),  {  },  [  ],  called  Brackets,  signify  that  the 
terms  enclosed  form  a  group,  which  is  to  be  treated  as  a  single 
term. 

Thus  a-  {b  +  c)  signifies  that  the  sum  of  b  and  c  is  to  be  taken 
from  a;  {a-  (6 +  (•)}■'  signifies  that  the  former  result  is  to  be 
cubed  ;  [in  -  [a-  {b  +  c)]'\y  signifies  that  the  sum  of  b  and  c  is  to 
be  taken  from  a,  the  remainder  subtracted  from  m,  and  this  last 
remainder  multiplied  by  y.  A  line,  called  a  Vinculum,  drawn 
over  a  number  of  terms,  is  sometimes  used  instead  of  a  bracket ; 
thus  a  -  6  +  0  signifies  the  same  as  «  -  (6  +  c). 

Examples. — If  a=\'2,  6  —  4, 

Then  a6=12x4  =  18;  '*  =i^=--3; 

b        4 

7a'»=7x  12x12=  1008;  a? -{a-bf^UA -^\  =  ^0  ; 
\/o?'2^b  +'b'  =  \/ 1 44  -  96  +T6  =  a/ 64  =  8. 


ALGEBRAIC    NOTATION. 
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terms  {ire 


EXERCISE  I. 

Ua=],  6  =  2,  c  =  3,  (/^4,  e  =  5,  m^O,  find  the  value  of  the 
following  expressions  : — 


1.  2a  +  U-c. 

3.  a-  +  ab-[-b'\ 

5.  c'  +  'Icd  +  dK 

7.  Sb--ia'  +  7e\ 

9.  S{a  +  b)'-(,n  +  ey. 


2.  2c  +  3d+ie-7. 

4.  bc  +  cd  +  de. 

6.  abc  +  bcd  +  cde. 

8.  26-e-'  -  rt't  -  me*. 

10.  4e2-{(t;-c)'-'  +  3i-}. 

1 2.  e(«  +  ia/  -  e-y  +  {e  -  (d  -  by-}\ 


11.   (a  +  b){c  +  d) 
Prove  the  following  equalities  :  — 

13.  a  +  b  +  c  +  d  =  ^de.         14.    ,/d^d'^=e. 

Ifx    -^''c^-|:^^=.|cfl?.        16.    'v/l0v/e^IVi^72^.  =  a  +  g. 

17.  ■J-{-b^  +  c^  +  d'  +  e'={a  +  b  +  c  +  d  +  ey. 

18.  a(c  +  c?  +  ef  =  cX^  +  e)  +  rf-'(e  +  c)  +  e2(c  +  c/). 

19.  aw(l  +  ^^+],).,.V^3^,;3. 

20.  2a-i-  +  2/>V'  +  2c-V-  -  a^  -  6^  -  c'  =  md. 

-  +  d- 


„,    8,r'+3//-'     4c2  +  Gi'-'     c 

21. rr-r: + 


a%' 


c'  -  b'' 


=  b"  =  dK 


22.  If  a  =  IG,  A  :=  10,  a;=  5  and  2/=  1,  find  the  value  of 

(b  -  x){  v^+  6)  +  v/  { («  -  i)(.r  +  y)  I ,  and  of 
(a  -  y)  {  ^'Ibx  +  x")  +  a/  {(«  -  .r)(6  +  y)}. 

ALGEBRAIC   NOTATION. 

21.  The  following  examples  are  designed  to  furnish  additional 
exercise  in  Algebraic  Notation.  It  is  very  important  that  the 
student  should  be  able  to  express  the  various  mathematical  rela- 
tions and  the  operations  to  which  numbers  may  be  subjected, 
either  in  words  or  in  algebraic  symbols  and  to  r.eeuratcly  trans- 
late the  one  form  of  expression  into  the  other. 


ill 
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ALGEHHAlC   NOTATION. 


Ey.ample  i.— Express  the  following  statement  in  algebraic 
symbols :— The  difference  of  the  squares  of  any  two  numbers  is 
equal  to  their  sum  multiplied  by  their  difference. 

Let  a  and  h  represent  the  numbers,  a  being  the  greater. 

Then  a^  and  6'  represent  their  squares  ;  a^  -  b'-  represents  the 
difference  of  their  squares ;  a-\-b  and  a-h  represent  their  sum 
and  their  difference.  /.  d^  -  6^  ^  (a  +  b){a  -  b)  is  the  expression 
required. 

Example  2.— A  pedestrian  having  agreed  to  walk  a  miles  in 
h  hours,  travels  the  first  k  hours  at  the  rate  of  m  miles  an  hour. 
At  what  rate  must  he  travel  the  remainder  of  the  time  ? 

In  k  hours  at  m  miles  an  hour  he  would  travel  k  times  m  miles, 
i.e.,  km  miles  ;  a  -  km  is  the  remaining  distance  in  miles ,  h-k 
is  the  remaining  time  in   hours.      .-.    a -km  divided  hy  h-k 

a  -  km  .    ^,  ;  , 

*•«•>  '  i~ir  ^^  ^'"^  number  of  miles  an  hour  required. 


% 


EXERCISE  II. 

Express  in  algebraic  symbols  the  following : — 

1.  The  sum  of  any  two  numbers.     (Use  a  and  b.) 

2.  The  sum  of  the  squares  of  any  two  numbers. 

3.  The  square  of  the  sum  of  two  numbers. 

4.  Six  times  the  product  of  two  numbers. 

5.  The  sum  of  the  cubes  of  two  numbers  divided  by  the  sum 
of  the  numbers. 

G.  The  square  root  of  the  sum  of  the  squares  of  two  numbers. 

7.  The  square  of  the  sum  of  two  numbers  is  equal  to  the  sum 
of  their  squares  together  with  twice  their  product. 

8.  The  difference  of  the  cubes  of  two  numbers,  divided  by  the 
difference  of  the  numbers,  is  equal  to  the  sum  of  the  squares  of 
the  numbers,  together  with  their  product. 

9.  How  many  cents  in  x  dollars?  How  many  dollars  in  x 
cents  ? 


ALGEBRAIC    NOTATION. 
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10.  How  many  inches  in  x  feet  and  y  inches  ?  In  x  yards 
and  y  feet? 

11.  Find  the  cost  of  7  hats  at  x  dollars  each. 

12.  A  uian  gives  x  dollars  in  payment  for  5  books  at  a  dollars 
each  and  7  lx)oks  at  b  dollars  each ;  how  much  change  should  he 
receive  1 

13.  How  far  will  a  person  travel  in  x  hours  at  y  miles  an  hour  ? 

14.  How  long  will  it  take  to  travel  a  miles  at  x  miles  per  hour  ? 

15.  A  man  works  q  hours  a  day  for  n  days  and  p  hours  a  day 
for  m  days.  He  receives  x  cents  per  hour;  how  many  dollars 
does  he  receive  altosrether? 

1 6.  Find  the  sum  of  x  +  x  +  .t  +  ..,.  where x  is  written  vi  times. 

17.  A  flower  bed  is  x  feet  long  and  y  feet  wide;  how  many 
square  feet  in  the  bed  ] 

18.  A  block  is  x  feet  long  y  feet  wide  and  z  feet  thick  ;  how 
many  cubic  feet  in  it  ?  How  many  square  feet  on  all  the  faces  1 
How  many  feet  in  the  sum  of  the  lengths  of  all  the  edges'? 

19.  A  book  has  x  pages  ;  each  leaf  is  y  inches  long  and  z  inches 
fwide ;  how  many  square  yards  of  paper  in  the  book  1 

20.  From  a  rod  x  inches  long  I  cut  off  y  inches,  and  divide  the 
:  remainder  into  m  equal  parts ;  how  many  inches  in  each  part  ? 

21.  A  boy  is  x  years  old  and  his  brother  y  years;  find  the 
sum  of  their  rges  after  five  years. 

22.  What  number  subtracted  from  x  will  leave  10? 

23.  What  numl)er  subtracted  from  .r  will  leave  2/? 

24.  The  dividend  is  x  and  the  quotient  y ;  what  is  the  divisor  ? 

25.  The  divisor  is  x,  the  quotient  y,  and  remainder  r ;  what  is 
the  dividend  ? 


26.  What  value  of  x  will  make  Ix  equal  to  35  ?  p  equal  to  14  ? 
X  +  2  equal  to  20  ?    3.«  +  5  equal  to  2G  ?   ^x"^  greater  than  7  by  29  ? 


i 
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ALGEBRAIC    NOTATION. 


27.  The  number  x  is  to  be  increased  by  3,  twice  the  sum  is  to 
be  multiplied  by  a +  6,  and  the  product,  diminished  l)y  d,  is  to  be 
divided  by  the  sum  of  m  and  n.  Express  these  operations  alge- 
braically. 

28.  A  grocer  juixed  a  pounds  of  tea  worth  x  cents  a  pound 
with  h  pounds  worth  y  cents  a  pound ;  what  was  the  mixture 
worth  a  pound  ? 

29.  x  +  y  houses  have  each  a-^h  rooms,  and  in  oach  room  are 
p  +  q  persons ;  how  many  persons  in  all  ? 

30.  There  are  x  +  y  rows  of  trees,  .T  +  y  trees  in  a  row,  on  each 
tree  x  +  y  bushels  of  apples  worth  x  +  y  cents  a  bushel;  how 
many  dollars'  worth  of  apples  in  all  1 

31  A  man  having  m  dollars  buys  x  pounds  sugar  at  a  cents  a 
pound  and  y  pounds  of  tea  at  b  cents  a  pound  ;  how  many  pounds 
of  coffee,  at  c  cents  a  pound,  can  he  buy  with  the  remainder  of 
his  money  ? 

32.  A  man  divided  x  dollars  among  m  boys  and  y  dollars 
among  n  girls.  Two  boys  and  three  girls  put  their  money  to- 
gether and  bought  p  pounds  of  candy ;  how  many  cents  a  pound 
was  the  candy  ? 

33  A  man  has  a  journey  of  x  miles;  he  travels  a  hours  at 
b  miles  per  hour  and  c  hours  at  d  miles  per  hour;  how  long  will 
It  take  to  finish  the  journey  at  y  miles  per  hour  ? 

34.  A  train,  having  to  make  a  journey  of  x  miles  in  h  hours 
ran  for  k  hours  at  the  rate  of  r  miles  an  hour,  and  then  made  -x 
stop  of  m  minutes;  how  fast  must  it  run  during  the  remahidor 
of  Its  journey  to  arrive  on  time  1 

35.  Two  cities  are  m  miles  distant  froin  each  other-  two 
travellers  start  at  the  same  time,  one  from  each  city,  and  travel 
towards  each  other  at  the  rrte  of  x  and  y  miles,  respectively,  per 
hour.  How  long  before  they  will  n.eet?  How  far  will  each 
travel  ? 
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QUANTITY  AND   NUMBER. 

Thus  Distance,  Time,  Weight,  etc.,  are  Quantities, 
self  Hnt  ^''''''f  ^  ''  T'"''^  '"^  ^''^  magnitude  estimated  by 

Standard  or  Unit,  and  then  finding  loy  trial  how  many  times 
this  an.t  must  be  repeated  to  make  up  the  given  Quantity. 

unft*; ^""'^'f  "'T  ^'''"  ^«-^id«-»g  the  repetitions  of  the 
im.t  necessary  to  make  up  a  given  Quantity. 

A  number  taken  in  connection  with  a  particular  unit  is  called 

nitude  of  a  Quantity  x.  represented  by  a  Concrete  Number 

25.  When  two  Quantities  are  so  related  to  each  other  that 
bemg    aken  together,  they  cancel  or  destroy  each  otler  e  the^ 

n  whole  or  m  part,  one  of  them  is  called  a  Positive  Quan  itv 

the  other  a  Negative  Quantity.  quantity, 

26.  The  preceding  Arts,  may  be  illustrated  as  follows  •- 

/"  o'  J'  _,  .    . 


d' 


b' 


-O 


a' 
-1 


A 

J 
0 


a 


b 

+2 


/ 

J 
+6 


1.  Draw  any  straight  line  A/;  it,  length  will  be  a  Quantity 

2.  To  measure  that  Quantity  select  anv  length  Aa  for  a  u^/ 
and  „«k  off  p«.ti„ns  each  equal  to  the  uiit  Aa 

fr"i  '■  ^'  ^'  "*■  ^'  8'  '"  -connection  wif,  unit  .„ 

line  way,  and  the  numbers  1,  2.  3   4    f)   fi   ,.„mi 
represent  the  distances  of  the  points  a',  h'    c'    W    J   f\         . 

nits  to  the   left,   its  distance   from  A    will    b«   -^^.^    .>       , 
-notions  having  cancelled  each  other;  therefore"    "  '''"" 


if  J 

is  < 
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6.  If  distance  to  the  right  be  called  a  positive  Quantity,  dis- 
tance to  the  Ipft  is  a  negative  Quantity. 

7.  Positive  Quantities  are  represented  by  numbers  with  the 
sign  +  before  them,  negative  Quantities  by  numbers  with  the 
sign  -  before  them  ;  hence  tho  signs  +  and  -  are  called  the 
positive  and  the  negative  sign. 

ALGEBRAIC   NUMBERS. 

27.  Numbers  taken  in  connection  with  the  signs  +  and  -  are 

called  Algebraic  Numbers -the  former,  Positive  Numbers 

the  latter,  Negative  Numbers.     Without  any  sign  they  arJ 
called  Absolute  or  Arithmetical  Numbers. 

28.  Two  algebraic  numbers,  the  one  preceded  by  the  sign  +, 
the  other  by  the  sign  - ,  are  said  w  have  unlike  signs.  In 
practice  the  sign  +  is  usually  omitted,  and  the  sign  -  is  u.sed  to 
signify  that  the  number  before  which  it  stands  represents  a  Quan- 
tity of  a  nature  opposite  to  some  other  Quantity  previously  con- 
sidered, and  which  was  represented  uy  a  number  without  regard 
to  sign  ;  hence  absolute  numbers  are  tacitly  considered  to  be  posi- 
tive, and  when  no  sign  is  written,  +  may  always  be  understood. 

29.  Two  Quantities,  one  positive  the  other  negative,  containing 
the  same  absolute  number  of  units,  have  the  same  magnitude,  or 
in  other  words,  a  negative  Quantity  is  as  large  as  the  Correspond- 
ing positive  Quantity :  the  signs  -f  and  -  have  nothing  to  do 
with  the  magnitude  of  a  Quantity. 

30.  One  numl)er  is  said  to  be  algebraically  greater  than 
another  when  in  a  scale  of  numbers,  as  in  Art.  2G,  it  lies  in  a 
positive  diiection  from  the  other. 

Thus  -  2  is  said  to  be  algebraically  greater  than  -  6,  0  greater 
than   -  2,  etc. 

This  is  only  a  convenient  way  of  speaking,  and  so  long  as  the 
meaning  of  such  expressions  is  clearly  defined  no  confusion  can 
arise.  It  would,  of  course,  be  absurd  to  consider  either  a  nuinber 
or  a  Quant  "ty  as  really  less  th;ui  nuthin"-. 
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31.  The  following  examples  show  how  algebraic  numbers  are 
applied  to  represent  positive  and  negative  Quantities.  To  find 
the  numbers  which  represent  the  lines  b/]  ea,  a'/',  e'c,  in  magni- 
tude and  direction. 

From  b  to  /  the  distance  is  4,  the  direction  positive. 
"      «  to  a    "  '«  4,    "  "         negative. 

"     «'t<^/'    "         "  5,    -  "         negative. 

"     «'  to  c    «         '«  8,    «  «         positive. 

Hence  the  lines  arc  represented  by  the  numbers   +  4,    _  4     _  5 
+  8,  respectively. 

In  these  examples  the  signs  +  and  -  denote  direction;  in 
other  applications  their  signification  will  be  readily  perceived. 

Note. -The  word  "quantity"  is  frequently  used  inatead  of  "alge- 
braical  expression."  When  used  according  to  definition,  Art.  22,  it  will 
be  written  with  a  capital,  otherwise  without. 

EXERCISE   III. 

1.  If  a  line  8  inches  long  be  the  unit,  what  number  will  repre- 
sent 22  yards  ?  a  quarter  of  a  mile  ] 

2.  The  number  25  represents  half  a  ton,  what  is  the  unit? 

3.  A  certain  distance  is  represented  by  3G  when  the  unit  is 
j2  feet  6  inches;  what  number  will  represent  the  same  distance 
[if  the  unit  be  changed  to  10  inches?  to  40  inches? 

4.  The  sum  of  the  lengths  of  the  edges  of  a  cube  is  represented 
by  36,  and  the  unit  of  length  is  7  inches :  find  the  numbers 
which  represent  the  area  of  a  face  and  the  volume  respectively. 

5.  If  5  miles  to  the  east  of  any  place  be  represented  by  -f-  5 
[what  will  -  5  represent  ?  ' 

6.  If  a  tree  100  feet  high  be  represented  by  -f  20,  what  will 
correctly  represent  the  depth  of  a  well  40  feet  deep? 

7.  If  cash  in  hand  be  represented  by  positive  numbers,  what 
[will  negative  numbers  represent? 

8.  If  we  denote  a  pound  weight  by  4- 1,  what  will  denotP  the 
force  of  a  balloon  lifting  100  pounds? 
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ADDITION    SUBTRACTION    USE  OP  BRACKETS. 

ADDITION. 

32.  The  Sum  of  two  or  more  algol^raic  numbers  is  the  single 
number  whicli  correctly  represents  the  Quantity  formed  by  com- 
binmg  the  Quantities  represented  by  the  several  numbers.  The 
process  of  finding  the  sum  is  called  Addition. 

33.  The  signs  +  and  -  ,  when  used  to  designate  positive  an.J 
negative  numbers,  are  distinguished  from  the  same  signs  when 
used  to  indicates  the  operations  of  addition  and  subtraction  by 
enclosnig  them  with  the  numVjer  in  a  bracket. 

Thus  (  +  4) +  (-3)  indicates  the  addition  of  4  positive  and 
3  negative  units;  (  +  4) -(-3)  indicates  the  subtraction  of 
3  negative  from  4  positive  units. 

34.  Let  it  be  required  to  perform  the  following  additions  :_ 

1.  (  +  r))  +  (  +  2).  2.  (-5)  +  (-2). 

3.  (  +  5)  +  (-2).  4.   (-5)  +  (  +  2). 

Referring  to  the  scale  of  algebraic  numl)ers,  Art.  2G,  we  see 

that  5  positive  units  and  2  positive  units  make  7  positive  units 

just  as  5  inches  and  2  inches  make  7  inches.     Similarly,  5  necra- 

tive  units  and  2  negative  units  make  7  negative  units.  '  To  add 

5  positive  and  2  negative  units  we  start  from  A,  the  zero  point 

move  .5  ut;its  to  tlie  riyht,  and  then  2  units  to  the  Ipfl;  this  leave.s 

us  at  c,  whose  position  is  denoted  by  +3.     Similarly,  movin- 

5  units  to  the  left  and  two  units  to  the  right  brings  us  to  c',  whose 

position  is  denoted  by  -  3.    We  have  then  the  following  results  :— 

1.  (  +  r))4-(  +  2)^ +7.  2.  (-5)  +  (-2)=  -7 

3.   (  +  5)  +  (-2)^+3.  4.  (-5)  +  (  +  2)=-3.' 
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35.  To  iuld  algebraic  minilMTs  we  have  from  Art.  34  the  fol- 


lowing 


JACKETS. 


llcLK.  7ake  the  sum  of  the  absohUt  vafues  of  nnmhers  havin;/ 
j/i/e  sifjiis  and  pr>'jU  the  common  sign.  Take  the  difference  of  the 
\(d»^<>fiit<''  values  of  numbers  haviny  unlike  signs  and  prefix  the  sign 
\of  the  greater. 

36.  Tf  there  are  several  numbers  to  he  added  we  may  proceed 
in  the  .same  way  until  all  are  combined  into  a  single  number.  It 
^nay  be  assumed,  however,  that  the  result  will  l)e  the  same  in 

diatever  order  the  numbers  are  taken,  and  it  will  fje  found  more 
convenient  to  add  tlie  positive  and  the  negative  numbers  sepa- 
■ately  and  then  to  combine  the  results. 

37.  Tf  we  divide  each  of  the  units  of  length  (Art.  2G)  into 
n  parts  the  lines  there  denoted  by  2,  3,  4,  -  2,  -  3,  -  4,  etc , 
nil  be  denoted  by  2m,  3m,  4w,  -  2m,   -3m,  -  4m,  etc. ;  and  by 

Mie  same  riiasoning  as  before  we  shall  get  sucli  results  as 
1 .  ( -f  .5m)  +  (  +  2m)  =  +  7m.         2.  (  -  5m)  +  (  -  2m)  =  -  Im. 
3.  ( +  bm)  +  (  _  2m)  =  +  3m.         4.  (  -  .5m)  +  (  +  2m)  =  -  3m. 
i'l-om  which  we  learn  that 

Like  terms  are  added  by  taking  the  algebraic  sum  of  their 
^efficients  and  annexing  the  common  literal  factors. 

The  addition  of  unlike  terms  can  only  be  indicated  by  con- 
necting the  terms  with  the  proper  signs. 

38.  In  practice  the  brackets  used  to  distinguish  the  different 
ises  of  the  positive  and  negative  signs  are  omi^iprl  and  the  ex- 
pressions (  +  r.)  +  (-f6)  and  (-f«)-f-(-ft)  are  written  «-f6  and 
•M-b.  The  latter  expression  has  already  been  defined  to  mean 
|hat  b  is  to  be  sul)tracted  from  a.  So  long  as  a  is  greater  than  b 
it  IS  evident  from  Art.  34  that  the  two  interpretations  give  the 
|ame  result,  and  it  will  be  shown  hereafter  (Art.  44)  that  this  is 
Always  true.  From  the.se  considerations  we  deduce  two  conclu- 
lions  : — 

1.  An  algebraical  expression,   being  the  sum  of  the  several 
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algebraical  numlM,rH  composing  its  terms,  is  itself  an  algebraical 
number,  and  may  Ik;  treated  as  such. 

2.  The  terms  of  an  algebraical  expression  may  be  arranged  in 
any  order.  This  enables  us  to  simplify  expressions  by  collectin<r 
the  like  terms.  '^ 

39.  Th(i  addition  of  algebraical  expressions  is  indicated  by 
writing  the  terms  in  successiim,  each  precedes!  by  its  proper  sign  ; 
and  the  addition  is  performed  by  collecting  like  terms,  and  thus 
reducing  the  expression  to  its  simplest  form. 

Ex.— AM  +3fr,  +26,  -56,  +7«,  +6,  -4a. 

3a  +  26  -  56  +  7«  +  6  -  4a  =  3a  +  7a  -  4a  +  26  +  6  -  56  -.  6a  -  26. 


EXERCISE  IV. 


Add  the  following : — 


2.  -7,  -8. 

4.  -17,  +7. 

6.  +13,   -20,  -8. 

8.  -Sm\  -3m2,   +20ml 


1.    +7,  +8.    ' 

3.    +12,   -3. 

5.    -7,  -20,  +3. 

7.    +5a6,   -3rt6,   -7a6. 

9.    +hn\  -'in\  -10^2,  +8m-=,  -2m\ 

10.  +2a,  +36,  -26,   -5a,  +  7o,  +rf. 

11.  4.x-  +  (-32/)  +  (  +  2.T)  +  (  +  ;]y)  +  (-7c)  +  (-24 

12.  5;c  -  72/ -  32/ -  2a;  +  4.r  -  3?/ +  2,~. 

13.  +  7a2  +  (  -  36'-")  +  ( -  4a'-')  +  ( -  5a6)  +  (  +  46*^). 

U.  Express   in  algebraical  numbers  the   dates  44   B.C.   and 
1885  A.D.     What  dates  are  25  years  after  each  of  t^       ? 

15.  A  person  travels  20  miles  and  then  returns  15  nsiles.    Ex- 
press his  journeys  algebraically  and  add  them ;  add  them  arith 
metically.     What  is  taken  into  account  algebraically  which  is 
neglected  arithmetically  ? 

16.  A  merchant  has  $1000  cash  and  goods  worth  $3000,  but 
he  owes  $2000  to  one  man  and  $2500  to  another;  find  his  net 
capital. 
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in  algebraical 


40.  When  two  or  mote  polynomials  are  to  be  arlded  it  is  con- 
venient to  arrange  the  terms  in  columns  fo  that  like  (orms  shall 
stand  in  the  same  column.  The  columns  are  usually  added  in 
succession,  beginning  at  the  left ;  but  they  may  be  taken  in  any 
order,  care  being  taken  to  prefix  the  proper  sign  to  the  sum  of 
each  column  as  it  is  written  down. 


Ejamples. 

1.       4x-- +  33!y  -  2y» 

5x'-2.ry+    y» 
-2a;--9.ry-2y2 

ix^  -  xy 


2. 


2a  -  36  +  4c 

5a  -  76  +  2c 
-  fia  +  36  -  6c  -I-  a: 
-26 


2a-96  +  a; 


Add  EXERCISE  V. 

1.  2«  +  36  +  c,  4a  -  6  +  2c,   -  2a  +  56  -,-  4c. 

2.  4a  +  56  -  Gc,  46  +  5c  -  6a,  4c  +  5a  -  66. 

3.  7a  -  46  -  .3c,  26  -  5c  -  4a,  6a- 1 16  +  4c. 

4.  2a6  -  36c  +  4ac,  56c  -  3a6,  4ac  -  76c. 

5.  3a;2  -  5.»y  -  1v\  2xy  +  3y^  Ix""  -  Axy  -  by\ 

6.  a  +  6-2c,  6  +  c-2rf,  c  +  d-2a,  d  +  a-2b. 

7.  7{x  +  y),  4  (x  +  y),    -  5(.r  +  y). 

8.  5(a='  +  6)  +  2c,  3(a'-' +  6)  -  7c  +  ^/,  2c  -  id,  3d-6(a'  +  b) 

7(a'''+6)  +  3c.  ^  ^ 

9.  Sa{x  -  y),  4a(a;  -  y),   -  9a(x  -  y),  a(x  -  y). 

10.  {m  +  nY  +  x,  2{m  +  ny  +  y,  z~b{in-\-nf. 

11.  4(2a-36)  +  2c,  5(2a  -  36)  -  3r/,  5c  +  4r/,   2«  -  36 

3(2a  -  36)  -^c-d. 

12.  %x'  +  y')-3xy,x^-7xy  +  y\  \Oxy  -  \0{x' ^  y% 

13.  7a-36  +  5c-10(;,    26-3c  +  c/-4e,    5c  -  Oa  -  4e  +  2c/, 

_36-8c  +  7.?-c,    21e_16c  +  a-5rf. 

14.  3a62-4a26  +  a',    -  4ac'^  +  oa6'-*  -  c^    -  76'-' +  2a='6  -  Cac^ 

5a3-lla62_12acl 
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ADDITION    WITH    LITERAL   COEFFICIENTS. 


liab-  -  'xrh  +  3i''  -  3d\      -  56=*  +  2<rb  -  4rr'  +  3a6-, 
7,t'  +  6/;'  -  5«-/>  +  5ab',     ia%  +  Sab-  -  3//'  +  icvK 

I G.  a'  +  ihi'b  +  Cxrb'c  -  lab,     6a''  -  a'b  -  ^irb'c  +  I  Oreft, 

-  2a'''  +  \a^b  +  V2d-b''c  -  10a6,  5a=  -  16a'6  -  1  \wb"'c  +  13«/>, 

-  1  Oa^  +  8a^6  +  fr6-c  -  (Sab. 

17.  •2(.x-  +  y  +  ;:),  3(a;  +  2/-c),  5(;«  +  ^-2/).  7(^  +  2/-x-). 

18.  3(ic-2y  +  3^),  4(y-2^  +  3x),  5(s  -  2x' -r  3y). 

19.  If  x--a  +  26  +  3c,   7/  =  fc  +  2c  +  3a,  x;  =  c  +  2«  +  36,  find  the 
value  of  aj  +  ?/  +  s. 

20.  If   a;  =  a  +  6  -  2c,    y  =  ^  +  c  -  2a,  ;:;  =  c  +  a  -  26,    find    the 
value  of  03  +  y  +  3. 


ADDITION    WITH    LITERAL   COEFFICIENTS. 

41.  When  several  unlike  terms,  having  one  or  more  literal 
factors  in  common,  are  to  be  added,  it  is  frequently  convenient 
to  collect  them  into  a  single  term  by  the  aid  of  brackets,  as  in 
the  following  example. 

We  reduce  such  an  expression  as  6.x  +  ix  -  3a;  to  a  single  term 
by  adding  the  coefficients  ;  thus  6x  +  4a;  -  3.x  =  (6  +  4  -  3).x  =  7.r. 
Similarly,  ax  +  bx  -GX=-{a  +  b-  c)x.  The  only  difference  between 
the  two  examples  is,  in  the  first  case  we  have  a  single  symbol,  7, 
to  represent  the  sum  of  the  coefficients  6,  4  and  -  3,  but  in  the 
second  we  have  no  such  symbol,  and  consequently  we  must  write 
the  coefficients  themselves. 

Ex.-Sax  +  iay  -  2bx  +  36y  =  (3a  -  2b)x  +  (4a  +  36)y, 

or      =  (Sx  +  iy)a  +  (3y  -  2x)b, 

according  as  we  collect  the  coefficients  of  x  and  y,  or  of  a  and  h. 
To  find  the  algebraic  sum  of  the  coefficients  of  any  given  letter 
it  is  convenient  to  arrange  the  terms  containing  that  Iptter  in 
columns,  Jis  in  the  last  exercise. 


SUBTRACTION. 
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EXERCISE  VI. 
Collect  the  coefficients  of  x  and  y  in  the  following  examples  :- 
1 .   ax  +  hy  +  mx  +  ny. 
■2.  2ax-'dbij  -  7x+  lOv/. 
'5.  mx  +  ny  -  <nj  -  hx  +  x-y. 
\.  iay  +  Ihy  -  %iy  -  10(/.r  +  T^cx. 
f).  ax  +  hy  +  bx  +  flry  _  (a  +  h)x  +  {a  +  h)y. 
0.   (2a  -  ?,h)x  +  {m  -  n)y  +  ,'}/>,/!  +  vy  +  a.r  -  my. 

7.  (//*  -  3)y  +  (;}  -  v)x  +  4y  +  -Jnr  -  3.r  -  wy. 

8.  mx  +  ny  +  (m  -  i^).r  +  (/«  -  n)y  -  2w,r     my. 

9.  (a  -  .^;).r  +  (/.  -  r)y  +  {h  -  c)x  +  (c  -  a)y  +  (.  _  ,,).-,  +  («  _  j^y. 
10.  {n  +  h-c)x  +  {a-h~-c)y  +  {h  +  c-a)x  +  {b-c~a)y 

+  {<'  +  ^-h)x  +  {c-a-h)y  +  {a  +  b-\-c)y. 
SUBTRACTION. 
42.  When  the  sum  of  two  numbers  and  one  of  the  numbers 
|v.e  given,  Subtraction  is  the  process  by  winch  the  other  may 
l)e  found. 

The  given  number  is  called  the  Subtrahend,  the  sum  of  the 
numbers  is  called  the  Minuend,  and  the  nund.er  to  be  found  is 
called  t  .e  Difference.     The  I^ifTerence  is,  therefore,  the  number 
to  be  added  to  the  Subtrahend  to  make  it  equal  to  the  Minuend. 
43.  Let  it  be  required  to  perform  the  following  subtractions  •- 
1-  (  +  2)--(  +  5).  2.  (  +  2)-(-.5). 

^-  (--)-(  +  ^U  4    (-2)-(-5). 

To  find  what  number  nmst  be  added  to  the  subtrahend  to  make 
It  equal  to  the  minuend,  find  on  the  scale  of  numbers  (Art  '^G^  the 
I  rhstance.M  d^ection  from  the  former  to  the  latter- ;  the  distance 
w.n  be  denoted  by  a  nnml.er  of  nnits,  the  direction  by  a  si<.n        ' 
From  +5  to  +2  the  distance  is  3,  the  direction  negative  " 
"      -5  to  +2     •'  '«  7      u  u  .^.      ■ 

' '  positive. 

"         negative. 


+  5  to  -  2 
-  5  to  -  2 
3 


mBBUb — 


^ 


positive. 


m 
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We  have,  therefore,  the  following  results  : — 

1.  (  +  2)-(  +  5)= -3.  2.  (  +  2)-{-5)= +7. 

3.  (-2)-(4-5)=~7.  4.  (-2)-(     ■>)=+3.   . 

44.  With  the  preceding  results  compare  the  following  examples 
in  addition  :  — 


2.  (  +  2)  +  (  +  5)=  +7. 
4.  (-2)  +  (  +  5)=+3. 


1.  (  +  2)  +  (-5)=-3. 
3.  (-2)  +  (-5)=-7. 

These  examples  show  —  "^^ 

1.  To  subtract  any  number  of  positive  units  is  the  same  as  to 
add  the  same  number  of  negative  units. 

2.  To  subtract  any  number  of  negative  units  is  the  same  as  to 
add  the  same  number  of  positive  units. 

These    statements    may    be  briefly   expressed   in    symbols  as 

follows  : — 

1.  a-{  +  b)  =  a  +  {-b)  =  a-h,         (Art.  38.) 

2.  a-{-b)=a  +  {  +  b)  =  a  +  b, 

which  show  that,  when  taken  in  connection  with  another  term, 
-.(  +  &)=  ^6     and      ^  (-/>)=  +6. 

45.  When  the  sign  -  stands  between  two  numbers  it  indicates 
the  operation  of  subtraction  ;  but  when  the  preceding  number  is 
removed  that  meaning  can  be  no  longer  retained.  The  meaning 
we  assign  it  in  such  cases  is  to  indicate  that  the  number  befon; 
which  it  stands  represents  a  Quantity  of  a  nature  opposite  to  that 
which  the  number  would  represent  without  the  negative  sign. 
Thus  if  distance  and  direction  be  denoted  by  (  -  b),  then  -  (-b) 
denotes  the  same  distance  in  the  direction  opposite  to  that  de- 
noted by  (  -  b),  i.e.,  in  the  direction  denoted  by  (  +  b).  This 
meaning  being  in  harmony  with  Art.  44  enables  us  to  use  such 
combinations  of  symbols  either  separately  or  in  connection  with 
Qther  terms,  the  meaning  in  each  case  being  the  same,  viz. : — 

^  (  4-  6)  =  -  6     and      -  (  -  6)  =  -(-  b, 


SUBTllACTION. 


s  it  indicates 


46    Fro™  Art.  44  we  derive,  for  the  subtraction  of  algebn 
numbers,  the  fo  lowinir  ^ 
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i,  the  following 

TivLK.--Chanffe  the  sign  of  the  subtrahend  and  add  k 

ihiimend. 


raic 


to  the 


47.  By  reasoning  similar  to  Art.  37  we  learn  that 

Ithdr^lm  """!  are  subtracted  by  the  algebraic  subtraction  of 
jtheir  coelhcients  and  annexing  the  common  literal  factors. 

The  subtraction  of  unlike  terms  can  only  be  indicated  bv 
connecting  the  terms  with  the  proper  signs.  ^ 

EXERCISE    VII. 
1.  From    +25  take  +17.  2.  Fro^  +  1 7  take  +  25. 


3.  From  -50  tako  -20. 

5.  From  +16  take  -25. 

7.   From  Ua  take  7a. 

9.  From  -  5m  take  3w. 


4.   From  -20  take  -50. 

6.  From  -35  take  +40. 

8.   From  7a  take    13a. 

10.   From  8a;  take      5.r. 

12.  From  bd^x  take  -Zd'x. 

14.  From  ahy  take  iaby. 
16.   Zxy-  l^xy. 


11.  From  3a6  take  11^6. 
13.  From  -6aytake  -  3fly. 
15.   13mV-(-4„t'V), 

17.  9•^•'-lL^••^  +  3,^•2-(_5.r2). 

18.  8i/2  +  1 2y2  _  1 4^2  _  ^  _  3^2) 

19.  r).r^-(-3,x-')-(+8^-^)+m-n. 

20.  5«-(-36)  +  86-(-7a)-12a-116 

I  years  between  them.  number 

22.  ^t  the  beginning  of  a  year  a  merchant  was  ^1500,-    ^  u. 
I  the  end  he  had  $2000  o...U     t.^^  Uv  ..r    '  i  '''^^ ' 

fn  during  the  year         "  "  '     "  '  ^'s^^^aic  subtraction  hig 
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SUBTRACTION     OF     POLYNOMIALS. 

48.  One  polynomial  is  subtracted  from  another  by  subtracting 
each  term  in  succession,  i.e.,  by  changing  the  sign  of  each  term  of 
the  subtrahend  and  adding  it  to  the  minuend.  It  is  convenient 
to  place  like  terms  under  each  other  as  in  addition. 

Ex.  i.— From  3a;''  -  Ix'y  +  bxif  -   y^ 

take  2.^3  -  9>xSj  +  7.^  +  3*/» 

Result 


cc?  +    x^y  —  ^xy"^ 


\f 


The  signs  should  only  be  changed  mentally.  For  a  time  the 
student  should  test  the  correctness  of  each  result  by  adding  it  to 
the  subtrahend  :  the  sum  should  equal  the  minuend. 

Ex.  2. — From       (a  +  b)x  +  {h  +  c)y  +  (c  +  a)z 
take  ;     (h  ■\-c)x-\-{c  +  a)y +  {a-ith)z 

Result    (a  -  c)x  +  {b  -  a)y  +  (c  -  h)z 

To  perform  the  above  subtraction  we  subtract  the  coefficients 
of  X,  y  and  z  in  succession,  i.e.,  we  have  to  perform  the  following 
three  easy  subtrtactions  : — 

From  a+  h  b  +  c  c  +  a 

take  b  +  c  c  +  a  a  +  b 

Results  a  -  c  b  -  a  c  -  b 


EXERCISE    VIIL 

1.  From3a-26  +  5j  take  2a +  6  + 7c. 

2.  From  5a +  26 -7c  take  7a -5c +  36. 

3.  Froma-6  +  c  take  c-a  +  b  +  x. 

4.  From  4.*;''  -  5x-y  -  7xy''  -  y*  take    -  x^  +  4xy^  -  y\ 

5.  From  x^  -  3x?y  +  Sxy'  -  y'  take    -  x^  +  Zx'^y  -  Zxy'^  +  xf 

6.  From  hx^  -  Ix^  +  3.«  -  1   take  3  +  ix  -  bx^  +  6a^. 

7.  From  2  -  3.t  +  6.x''^  -  bx^  take  x^  -  4.r'  +  7a;  -  5. 

8.  From  d^  -  b'^  -  cH  26c  take  6''^  -  c'  -a^  +  2ac, 
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or  a  time  the 


le  coefficients 


9.   From  x-  -{-xij  -a  take  if  +  ixy  -  b. 

10.  From  a* +  6^  take  ia^b  -  ^a%'^  +  Aab\  and  from  the  result 

take  u*-5a'6  +  6a262_5aj3^^4 

1 1 .  From  8.^2  _  <dxy  +  2^-'  -  '^xz  +  2yz  -  z^ 

take  3.i-  -  y"-  -  «2  +  2xy  -  3yz  -  ixz. 

1 2.  From  a^bc  -  ab^^c  +  ai-c^  -  aic  take  abc  -  d'bc  -  aU^c  -  abc\ 

1 3.  From  ax^  -  by"^  take  ex"-  -  dy-. 

14.  Froma.r2+26.ry  +  cy2  take  Ix^  ^ 'Imxy  ^  ny\ 

1 5.  From  {o  -  b)x^  +  {b-  c)xy  +  {c-  a)f 

take  (a  -  c)x'  +  (b  -  a)xy  +  {c-  b)y\ 

1 6.  From  4(a  -  6)  +  3(.r  +  y)  take  3(a  -  6)  -  5(.r  +  y). 

1 7.  Frcm  3(a  +  6)  -  5(c  +  rf)  +  7(r  +  y)  +  m 

take  (a  +  i)-3(c  +  c^)-3(.i;  +  2/)  +  w. 

18.  From  {a  +  b -c)x  +  {b  +  c-a)y +  {c  +  a- b)z 

^^^e  {a-b-c)x-(a-b+c)y-(b-c  +  a)z. 

19.  What  must  be  subtracted  from  the  sum  of  ix'  +  3i\-v^ 
^■^■y  -  3.-,  l.-y  +  9/  -  2.rV,  to  leave  the  remainder  2..-  -  -ix'y  +  y  ' 


BRACKETS. 

\ntl''fA\  """^"^'f^"  ''""^  subtraction  of  polynomials  is  frequently 

ndicated  by  enclosing  the  expression  to  be  added  to,  or  subtracted 

|i  om,  another  expression,  in  a  bracket,  preceded  by  the  sign  +  or  -  . 

50.  To  add  a  polynomial  to  another  expression  we  add  each 

n^,!:;""^'  ''""  "  '^"^'^^  ^'^''''^  'y  '^«  -^-  +  rnay 

To  subtract  a  polynomial  from  another  expression  we  subtract 

ach  term  in  succession,  i.e.,  we  change  the  sign  of  each  term  and 

Iroced  as  in  addition;  hence  a  bracket  ;.W.c.  ,,  ..T^^^""^ 
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51.  If  two  or  more  pairs  of  brackets  be  used  in  th(;  same  Ex- 
pression they  may  be  removed,  one  pair  at  a  time,  by  the  pre- 
ceding rules.  It  is  easiest  to  begin  witli  the  inside  pair,  but  w<^ 
may  begin  with  any  pair,  and  a  little  experience  will  enable  the 
student  to  remove  several  pairs  at  one  operation.  At  each  step 
of  the  operation  like  terms  should  be  combined,  to  save  labor  in 
writing. 

Ex.  1.  a^  {b  +  {c-  d)}  =«-{/>  +  (•  -  d} 

=  a  -  f)  -  c  +  d. 

Ex.  2.      a  -  [b  -  {a  -  {b  -  a)  -  b]  ~  (i]  =  n  -  b  +  {a  -  (b  -  a)  -  b]  +  a 

=  2a-b  +  a~{b-a)-b 
=  3a  -  2b  -  b  +  a 
=  4a  -  36. 

In  Ex.  2  the  outside  brackets  were  removed  each  time  and 
like  terms  combined. 


EXERCISE  IX. 

Remove  the  brackets  from  the  following  expressions  and  com- 
bine like  terms : — 

1.  {a-b)  +  {b-c)-{a-c). 

2.  {2a-b-c)-{a-2b  +  c)-{a  +  b-  2c). 

3.  3a-{b  +  {2a-b)-{a-b)}. 

4.  2a  +  (6  -  3c)  -  {(3a  -  2b)  +  c}  +  5a  -  (46  -  3c). 

5.  {3c-2d)-{2d-Sc)+{-{c-d)-{3c  +  2d)}. 

6.  a;  +  [a'-a-(2a-2a;)  + {a-(a-a;)}]. 

7.  -  {{Sx  -  42/)  -  {2x-5y)\  +  {ix  -  {2y  -  3x)  -  Sy}. 

8.  a  -  [6  -  {a  -  (6  -  a-h)  -  a}  -  b\ 

9.  3a-[a  +  6- {a  +  6  +  c-(a  +  6  +  c  +  (i)}]. 

10.  a  -  [26  +  {3c  -  3a  -  (a  +  b))  +  2a  -  {b  +  3c)]. 

11.  x-\^y-(2z-x)-  \2y-{x^y)-z\-l^y-z)^x\ 


V. 


X 


[y-{x-y)-{x-{y-x)- y]  -{x-{y-x-y-  x)]]. 


*ch  time  and 


ions  and  com- 
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I :{.  ,,  - [5/> -  {a  -  (^c  -  36)  +  2e -{a-  1h -  c)}]. 

I  L  a  -  [h  -  {a  -  {h     a -I  -  .,)  _  (J,  _  ,,)  _  /,|      (,,  „  i^  _  ^,j  _  ^^ 

1 .».    {{.'5^'  -  --V.)  +  (1.  -  a))      [a  -  {'>h  -  ;W)  -  c}  +  {a  -  {b  -  5c  -  «)}. 

16.  Enclose   a  -  h  +  c  -  d  -  e -^/  in   alphabetical    order   in 
hiackets,  two  letters  in  each  :  three  letters  in  each, 

17.  Enclose  all  but  a  in  an  outer  bracket,  with  c,  tt  and  e  an- 
closed  in  an  inner  bracket. 

18.  Enclose  b  and  c,  d  and  e,  in  brackets,  and  then  enclose 
these  groups  with  /  in  another  bracket. 

19.  Enclose  e  and  /  in  brackets,  then  this  group  with  rf  in  a 
second  pair,  this  group  with  c  in  a  third,  and  this  last  group 
with  i  in  a  fourth  pair. 

20.  Add  l-{l-(l_a;)|,  l  +  {l_(i;^.)},  ^._|.^_(^.^i)}^ 
X  +  {x  -  (x  +  1 ) } ,  and  from  their  sum  subtract  a-b  +  c. 

21.  Un  =  l,b=2,c=~,  d=—,  find  the  value  of 

a  -  \%i  -  bh  -  {la  -  9/j  -  1  Ic  -  {Ua  -  l.^i  -  17c  -  \M)]\ 


CHAPTER   III. 


MULTIPLICATION. 

52.  The  Product  of  two  algebraical  numbers  is  formed  by 
substituting  one  of  the  numbers  for  the  unit  in  the  other,  and 
reducing  the  resulting  expression  to  its  simplest  form. 

The  former  number  is  called  the  Multiplicand;  the  latter 
the  Multiplier;   the  process  of  finding  the  product  is  called 

Multiplication. 

53.  Let  it  bo  required  to  perform  the  following  multiplica 
tions : — 


Multiply 

1.    -I- 7  by  +3. 

3.    +  7  by  -  3. 
Since  +3=1  +  1  +  1  and  -  3 


2.-7  by   +  3. 
4.    _  7  by  -  3. 
1-1-1. 


Substituting  the  multiplicand  for  the  unit  in  the  multiplier  in 
the  several  cases  we  get 

1.  (  +  7)x(  +  3)  =  (  +  7)  +  (  +  7)  +  (  +  7)-+21.        (Art.  35.) 

2.  ( -  7)  X  (  +  3)  =  (  -  7)  +  (  -  7)  +  (  -  7)  =  -  21.        (Art.  35.) 

3.  (  +  7)x(-3)=-(  +  7)-(  +  7)-(  +  7) 

=  -7-7-7=  -21.  (Art.  45.) 

4.  (-7)x(-.3)=-(-7)-(-7)-(-7) 

=  7  +  7  +  7-21.  (Art.  45.) 

Similarly,  if  a  and  b  are  any  absolute  numbers, 

(  +  a)  X  (  +  ;>)  =  +  ah.  {- a)  X  {  +  !))-=  -  ah. 


(  +a)  X  (  -  />)=  -<(/k 


(  -  rt)  X  (  -  6)  =r    +  a(). 
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54.  1^  roin  Art.  53  wo  1  ava  for  the  multiplication  of  algebraic 
nuiubei's  the  followins' 

RvLE.~  Take  the  product  of  the  ahsolnte  values  of  the  numbers 
ami  prefix  the  siyn  +  or  -,acconlingast]etwofactm-shavelikeor 
unlike  signs.  This  rule  is  often  abbreviated  thns :  " Like  signs  give 
plus,  unlike  signs  gire  mimis,"  and  is  called  ''The  Rule  of  Signs." 

55.  The  following  points  should  be  carefully  noted  :— 

1.  The  product  of  any  number  of  positive  factors  is  positive. 

2.  The  product  of  any  even  number  of  negative  factors  is 

positive. 

3.  The  product  of  any  odd  number  of  negative  factors  is 

negative. 

4.  If  the  sign  of  one  factor  be  changed  the  sign  of  the  product 
is  changed. 

56.  The  absolute  value  of  the  product  of  any  number  of 
numerical  factors  does  not  depend  on  the  order  in  which  the 
factors  are  taken,  and  the  sign  depends  only  on  the  number  of 
negative  Jactors ;  therefore  the  product  is  the  same  whatever  be 
the  arrangement  of  factors. 

57.  The  product  of  two  or  more  powers  of  any  number  is  that 

number  with  an  exponent  equal  to  the  sum  of  the  exponents  of 

the  factors.     For  example,  a^  x  a'=.aa  x  naa  =. aaaaa  =  a\ 

8niiilarly,  if  „i  and  n  are  any  positive  integers,  ..'"  x  a;"  =  a:"'+» 
which  is  the  rule.  '  ' 

58.  The  product  of  numbers  represented  by  different  letters 
can  only  be  mdicated  by  writing  the  letters  side  by  side  The 
product  of  the  sa.ue  powers  of  different  letters  may  be  represented 
by  a  single  exponent.     Thus 

c^b'  =  {abf,  for  {abf  ^-ab  x  ab=.a  x  ax  b  xh  =  a^  x  6'-'  =  a^b' 

any  number  of  factors, 
rs  may  be  formed  by 


Similarly,  a'bV  =  (abc)',  and  soon  for 
59.  The  product  of  any  monomial  facto 
the  aid  of  the  preceding  Art 


£, 


Jl'S. 


3a,r  X  -  7a'b.f=  -  21a''6A 
-  a-b  X  :ib-c  X  -  4ac-  x  -  abc  =  -  ]  2a*b*c*. 


rf  ">  ■hi.;-  Ki!£fe"U?toum 
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I .  +3x4  T).  2.    + ;{  X  -  5.  3.    -  7  X  4-  C. 

4.  -9x  -11.  5.  (     H)-.  G.  (-l)-xl5. 

7.  (  -  3)='  X  -  5.         8.  (  +  3)'  +  (  -  3)='.        9.  ( +  3)*  +  (  -  3)'. 

10.  (5  -  6)(  -  4  +  2)  -  2-.  1 1.  (25  -  40)(40  -  25)  -  (  -  15)-. 

12.  (-l)'(40^16)-3(-l).        13.  (O^'-ir'^O-ll)". 

14.  7a'-x-r)a-'.  15.    -tjdh  xlGac, 

16.  3aV'x  -12rtV.  17.    -Sm'n'x  -  3mnV. 

18.  2.ryz  x  3.ry'z  x  -  5j-yz'  X  .rys. 

19.  Sab  X  -  46.f  X  5xy  x  -  ay  x  abry. 

20.  Find  the  value  of  a^  +  b^  +  c^  -  Sabc  when 

1.  rt=2,  2.  a=4,  3.  a=  -5, 

6  =  3,  6= -10,  6=  -5, 

c=  -  5.  c=6.  c=  10. 

21.  (  -  lf{b  +  c)  -[{-  iy{c  +  a)  -  (  -  \y{a  +  b-  (Sb  -  3c-)}]. 


MULTIPLICATION     OF     POLYNOMIALS. 

60.   Let  a,  b,  c,  0?  represent  nny  absohite  whole  numbers,  and 
1.  Let  it  be  required  to  multiply  a-b  by  c. 

c{a  -  b)  =  {a  —  b)-\-  {a  -  b) with  (a  -  b)  written  c  times 


=  a  +  a c  times,    -b  -  b 

=  ca-  cb. 


c  times 


2.  Let  it  be  required  to  multiply  a  -b  hy  c  -d. 

(c  -  d){a  -  b)  =        (a-b)  +  (a-b)  +  ....  with  (a-b)  written c times 
-  {(a-b)  +  (a-b)  + ... .  with  (a-b)  written  (/times } 
=  ea  —  cb  -  {da  -  db) 
=  ca  -  cb  -  da  +  db. 

61.  The  multiplication  of  algebraic  numbers  has  been  shown 
to  differ  from  the  multiplication  of  absolute  numbers  only  iu 
determining  the  sign  nf  tl-.f  pviulimt;  therefore,  by  taking  signsi 
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:en  c  tiraea 


into  consideration  in  acconlanctt  with  the  rules  ah-eady  K^ven, 
the  preceding'  results  are  true  for  all  iiite;,'ral  values  of  a,  b,  c,  tf. 

62.    From  Arts.  GO  and  61  we  learn  tl;at 

1.  To  multiply  a  polynomial  by  a  monomial  we  multiply  each 
term  in  succession,  and  connect  the  jartial  prcxlucts  by  the 
proper  signs. 

2.  To  multiply  a  polynomial  by  a  polynomial  we  multiply  each 
term  of  the  nmltiplicand  by  each  term  in  the  multiplier,  and 
connect  the  partial  products  by  the  proper  sign. 


nf  by  3xy. 


Multiply  EXERCISE    XI. 

1.  2.r-3.r  +  4  by  3.r.  2.  5x^-2 

3„  a-  -  al>  +  />'-•  by    -  2ah\  4.   2/>r'n  -  5inn'  by    -  imnp. 

5.  7rt'-,r  -  rjabij  -f  1  W'l/  -  Gay-  by    -  5abf. 

6.  3/^  -  r>f  -  Try  -  4.r  -  3y  +  2  by    -  8ry. 
Simplify 

7.  3x{x'  -  4.r  4-  3)  +  r).r(2.r2  -  3.r  +  7). 

8.  4a(a  -  h)  -  5i(2rt  -  36)  +  3a6. 

9.  4.r{2y  -  3(2.r  -  ,,))  -  2,y{5.r  -  2{2y  -  x)\. 

10.  20..*-2.r[3.r'-4^'^-3.;{4.r'^-5.r-2(3y^-4.r+l)}]. 

1 1 .  «(«  +  6  -  (•)  +  h{h  +  c  -  «)  +  c(f  +  rt  -  6). 

12.  «(6  -  c)  +  6(f  -  a)  +  f(a  -  6). 

13.  {a^h){c^i})~{a-h){c.~d). 

1 4.  (,r  +  y){m  -  n)  -  (x  -  y){m  +  n). 

^^     15.  {a-h){a  +  b-c)  +  (b-c){b  +  c-a)  +  {c-a){c  +  a-h). 

ben  (/times}      ^H    ^  6-  3(«  ~b  +  c)-  5(a  -  26  +  3t;)  +  4(a  -  36  +  2f)  -  2(a  -  76  -  2f). 

17.  («r  +  62/)  +  (j-  +  2/)  +  (a-l)r-(6+l)y. 

18.  (a  +  6).r  +  (6  +  c)y  -  {(a  -  b)x  -  (6  -  c)»/}. 

19.  {{a  +  b)x  +  (a  +  c)y}  +  {{b  -  c)x  +  (h  -  a)y}  -  {(a-c)x-{c-b)y}. 

20.  {a  -  6)r  +  (6  -  c)y  +  (c  -  a)^  -  {a(r  -  ,)  +  b(y  -  z)  +  c(z  -  .r)  } 
-  {ax  +  by  +  cz)  +  (a  +  6  +  c){x  +  y  +  z)-  2{cx  +  «y  +  bz). 
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63.  fii  the  multiplication  of  polynomials  like  terms  in  the 
several  partial  products  should  he  collected  so  as  to  give  the 
result  in  the  simplest  form.  The  following  examples  show  the 
best  methods  of  proceeding ; — ■  \ 


Ex.  1. 


2ar'-    x'^  3aj-l 

3a;*-    .T  +  2 

-2x-*+  ar'-3.,--'+    x 

+  4ar' -  2.«2  +  Ga- -  2 


Ex.2. 


6a;«  -  5a;*  +  Uar»  -  Sa;*  +  Ix  ~  2 
aj'-       (a  +  b)x  +  ah 
X  -         c 


a^-       {a  +  b)x'^+  abx 

-  cx^  +  {ac  +  bc)x  -  abo 

*"  -      .  —  -I -  —  ^  ^ 

a^  -{a  +  b-h  c)x^  +  (ab  ■rbc  +  ac)x  -  abc 

64.  The  multiplicand  and  multiplier  should  be  arranged  in 
powers  of  the  leading  letter,  both  descending,  as  in  the  examples, 
or  both  ascending.  In  working  long  examples  it  is  frequentl}' 
convenient  to  omit  the  letters  and  work  with  the  coelftcients 
only.  The  student  should  work  the  following  example  in  full 
and  compare  with  the  work  given  : —  ■ 

Multiply  .x-5  -  3a:*  +  2a;-  -  bx  +  7  by  x^  -  Ix  +  3. 

1-3  +  0+    2-    5  +  7 
1+0-2+   3 


l_3  +  0+    2-    5  +  7 

-2+   6-   0-4  +  10-14 
+   3-    9  +  0+    6-15  +  21 


1-3-2  +  11-14  +  3  +  16-29  +  21 
Result :  a;"  -  3.x-^  -  2.x-«  +  1  l.r'=  -  1 4a;*  +  Sar*  +  1 6.f2  -  29.r  +  21. 
A  cipher  is  introduced,  both  in  the  multiplicand  and  multiplier, 
in  place  of  a  regular  term  in  the  series  which  is  wanting,  to  keep 
the  other  terms  in  their  proper  columnf^.,     When  ilie  terms  are 
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written  in  full  this  is  unnecessary.     The  above  process  is  called 
"multiplying  by  detached  coefficients." 


Multiply 
1.  ar'-3a;+4  by  a; +  2. 


EXERCISE  XII. 


2.  2.c'  -ix  +  5hjx-2. 


3.  ix^  +  3.«  -  7  by  2  c  -  3.         4.  4.c-  -  3.v  -  5  by  -2x  +  3. 
T).  .r»  +  X  +  1  by  .t'^  -  a:  +  1.         6.  x-'^  +  2x  +  2  by  a;"^  -  2a:  +  2. 


7.  a'"  4-  rti  +  6''  by  a  -  6. 


8.  d^  -ab  +  b'^  by  a  +  b. 


9.  «'-'  -  2o.  +  3  by  a-  +  2a  -  3.     10.  2a»  -  5a6  +  36'^  by  2a'^  +  5ab  +  36'. 

11.  3ar''--7.»r'  +  2.r-5  by  2,r  -  3. 

12.  X*-  x'-  +  .^•  +  1  by  2x^  -  ''x  +  7. 

13.  1  -  2.C  +  3.«'  +  4.r'  by  1  +  2.r  -  3a:». 

14.  3 -x'  +  Sar'  +  x*  by  a;''- 2.r  +  1.  ■ 

15.  4x-3  +  2.r-''-a;''by  -3a;  +  ar'-6. 


16. 
17. 


x' 


X' 


+  x*-x'^-{-\  by  ar'-.r-  1. 

+  2x'  +  3.^2  +  2.r  +  1  by  x*  -  2ar'  +  3x'  -  2a;  +  1. 


18.  x'+  4x-  +  5a;  -  24  by  .r-  -  4.r  4-11. 

19.  ar'  -  4.r^  +  1  Lr  -  24  by  x'  +  \x  +  5. 

20.  d^  t-  6^  ^  ,.2  -  flrj  -  6c  -  «c  by  a  +  6  +  c. 

21.  a'  +  2a6  +  6^  _  ^2  by  c^  -  a^  +  2«6  -  bK 
X'j-^tf  +  x  +  y-^-l  byar  +  y-l. 

a;*  +  a;2-  4a; -  11  +  2ar'  by  x^ -  2a;  +  3. 

24.  493;"  +  56.tV  +  64^'  by  7a;''  -  8.y. 

25.  x'  +  4ar'y  +  6a;y  +  \xf  +  yH  »y  *;*  -  4a;3y  ^  g^^y  _  4^^  ^ 

26.  x^  +  hf-\.z'^  +  2xy-\-2yz-xzhyx-2ij  +  z. 


99 


9^ 


X' 


2/* 


Find  the  continued  product  of 

27.  a;  +  «,  a; +  6  and  x  +  c. 

28.  x  —  a,  X-  b  and  a;  —  c. 


■II 


29. 


a; 


2,  a;  -  3  and  .r  -  4. 


."^0.      .'>«_5?'»«_1        o«_Ll£,«J„iO 


w 
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3 1 .  .i'"*  +  ax  +  a~y  .1^  -  av  -\-a^,  x  +  a  and  x  -  a. 

32.  .r*  -  x-t/  +  y\  x'^-xi/  +  >/'  and  z'^  +  xy  +  if. 

33.  9w'-  +  ?>nm  +  a^,  9w^  -  3am  +  «^,  3w  +  a  and  3m  —  a. 

65.  The  following    examples    are   of   great   imj  ortance,   and 
should  V)e  carefully  remembered  : — 

3.  a  +6 
a  -h 


\.  a  +    h 

2. 

a  —    b 

a  +    b 

a  -    b 

a?  +    ab 

c^  -    ab 

+    ab 

+  6^ 

-    ah  +  b"" 

d^  +  lab 

+  6^ 

«2  _  2a6  +  ¥ 

a-  +  ab 
-ab-  b' 


a' 


-F- 


These  results  should  also  be  remembered  in  words  thus : — 

1.  The  square  of  the  sum  of  two  quantities  is  equal  to  the  sum 
of  their  squares  with  twice  their  product. 

2.  The  square  of  the  difference  between  two  quantities  is  less 
than  the  sum  of  their  squares  by  twice  their  product. 

3.  The  product  of  the  sum  and  the  difference  of  two  quantities 
is  equal  to  the  difference  of  their  squares. 

66.  A  truth  expressed  by  algebraic  symbols  is  called  a  formula. 
Thus  (a  +  b)'^  —  a-  +  '2ab  +  b'^  is  a  formula. 

67.  The  formulae  of  Art.  65  may  sometimes  be  used  to  obtain 
results  in  the  multiplication  of  numbers  thus  : — 

51x51  =  (50  +  1)'^=  2500  + 2x50  + 1  =  2601. 

48  x48  =  (50-2)2  =  2500-4x50  +  4  =  2304. 

67  X  73  =  (70  -  3)  (70  +  3)  =  4900  -  9  =  4891. 

EXERCISE  XIII. 
Perform  the  operations  indicated. 
1.  (x-  +  ;#  2.  {x-yf. 

4.  {2x  +  y)\  5.  {x~2yf. 

7.  {2x  +  3yY.  8.  (2x-Suy. 


10.  (.rH2/7 


2\2 


11.  (x-^.-f) 


3.  (x  +  y){x-ij). 

6.  {x  +  2y){x-2y). 

9.  (2x  +  3)/)(2x-  3//). 

\2,  {x'  +  f){x'-f). 


I  to  obtain 
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14.   (a'-bcf. 
17.  {ax-huf. 
20.  (3./;2-4)2. 
23.   (8m''~r.my;-')^ 


15.  {a''  +  hc){n}-hc). 
18.   {av  +  hy){ax-bij). 
21.  (4,r^+l)(4.r^-l). 
24.  (9.c  +  7//)(72/-9./). 
26.  81  X  79. 
29.  257'^- 2431 


1.1  (a'  +  hcy. 

16,  (ax  +  hyf. 

10.  (l+.r2)2. 

22.  (5m-7i  +  6wm2)2 

25.  (.'•-v/)(.r  +  y)(.t^2/'-')0^  +  2/^). 

27.  97x97.  28.  88x92. 

30.  9  X  11  X  101  X  10001.     (Use  Ex.  25.) 

31.  4(«  -  3/>)(«  +  3b)  -  2{a  -  Qby-2{a''  +  6b'). 

32.  .r(x'-'  +  y^-^  -  2,rV'-'(.r  +  .y)(.r  -  y)  -  {,^  -  ff. 

33.  lG(a^  +  /;-")(a2  _  6-')  _  (2a  -  3)(2a  +  3)(4a-^  +  9) 

+  (26-3)(26  +  .3)(462  +  9). 

34.  («  -  2b){a  +  26)  +  (26  -  3c)(26  +  3c)  +  (3c  -  d){Zc  +  d). 

35.  Show  that 

{{ac-vbdf  +  {ad-bcf]  {(ac  +  bdf-{ad+bc)-}=(a*-  b%c^-d% 

68.  To  form  the  square  of  a  trinomial. 


rt  +   6   +  c 
a  +    b    +   c 


a  +   b 
a  'r   b 


c 
c 


a?  +    ah  +    nc 
+   ab+    b-  4-  be 

+   ac  +  bc  +  c- 


a-+   ah~   nc 
+    ab+    b- -be 

-   ac-bc  +  c^ 


a-  +  -lab  -  '2ac  +  b'^  -  26c  +  c^ 
=  a-  +  6^  +  c2  +  2a6  -  2«c  -  26c. 


a-^2f?6  +  2«c  +  6-+26c+o''' 
-  a-  -»-  6'-'  +  c-  +  2ab  +  2ac  +  26c. 

These  results  consist,  in  each  case,  in  two  sets  of  terms  :— 

1.  The  sum  of  the  squares  of  each  term  of  the  trinomial. 

2.  Twice  the  product  of  each  pair  of  terms. 
The  sign  of  each  of  the  square  terms  is  positive.     The  sicrn 

jof  any  product  is  positive  or  negative  according  as  the  signs  of 
the  terms  from  which  it  is  formed  are  alike  or  different.  It  is 
jwortliy  of  note  that  the  signs  of  the  products  in  the  square  of 
lany  trinomial  are  either  all  positive,  or  two  z^re  negative  aud 
lone  positive,  ^ 


J' 


2     ^ 


^ 
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69.  A  little  consideration  will  show  that  the  square  of  any 
polynomial  is  formed  in  the  same  way  as  that  of  a  trinomial. 
The  most  convenient  arrangement  of  terms  is  according  to  the 
following 

Rule. — To  the  sum  of  the  squares  of  each  term  add  twice  thi 
product  of  each  term  into  each  of  the  terms  that  follow  it. 


EXERCISE    XIV. 
Perform  the  operations  indicated. 


1.  {x  +  y  +  zf. 

4.  {.r-y-zy. 

7.  {a  +  b  +  2c)\ 

10.  {\+x  +  x')-. 

13.  (2/^-3,r  +  4)-. 

16.  {a~b  +  c-dy. 


2.   {x  +  y-zy-. 

5.  (.-x-y  +  zy. 

8.  {a--2h  +  ^cy. 
11.  (\-x  +  xJ. 
14.   (,r-.r2  +  2)l 


3.  (.r-y  +  zy. 

6.   i-x  +  y  +  zy. 

9.  {2a~b  +  3cy. 
12.  {x^  +  xy  +  yy. 
15.   (4-2.r2  +  a;)2. 


17.   {a:'  +  ab-ac-l>cy.    18.  (.<^  -  .r^  +  .r -- 1  y^. 


1  9.   (x  +  y  ^-  zy  +  (.r  +•  y  ■■■  zy  +  {x  -y  +  zy  +  {-x^y-^  zy. 

70.  To  foim  the  product  of  two  expressions  which  differ  only 
in  the  sign  of  one  or  more  terms,  we  first  arrange  the  terms  of 
each  expression  in  two  groups,  placing  those  which  have  the 
same  sign  in  the  two  expressions  in  the  first  group  in  each  case, 
and  those  which  have  different  signs  in  the  second  group.  The 
terms  of  the  second  group  in  the  two  expressions,  having  different 
signs  as  they  stand,  will  have  the  same  sign  after  being  enclosed 
in  brackets  with  a  positive  sign  before  one  group  and  a  negative 
sign  before  the  other.  We  have  now  to  find  the  product  of  the 
sum  and  the  difference  of  tvo  quantities,  which,  by  Art.  65,  is 
the  difference  of  their  squares.  The  work  may  be  arranged  us 
in  the  following  example  : — 

i^ff;.-— Multiply  a-b  +  c-d  by  a  +  b-r-d. 

{a-b  +  c-d){aVb~c-d)-=  {{a-d)-{h  ~cyf{{a-d)  +  {b-cy 

=  {a-df-{b-cy 
^d'-2ad  +  ir--((r-2bc  +  c') 
^a;'-b'-c'  +  d''-2ad+2bc. 


1. 
3. 


#», 


» 
■^ 
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EXERCISE    XV. 
Perform  the  operations  indicated. 

1.  {a  +  b  +  c)(a  +  b-c).  2.   {a  +  b-c)(a-b  +  c). 

3-  (2x -  y  -  3z){2x -  y  +  3^).  i.  {x~2y  +  Sz){3z  -  x  +  2y). 

5.  (x^-.r+l)(..-^  +  .r+l).  6.  (a^  +  a6  +  &^)(a2-a6  +  62). 

7.  (3.r-a6  +  26^)(3a^  +  «S  +  26^).   8.  (x'  +  2ax+2a^)(x^-2a.v  +  2a'^) 

0.  («  +  6+c-./)(a  +  i-c  +  rf).       10.  (a-i  +  c  +  c^X-a  +  J  +  c  +  rf). 

1 2.  {a'  +  b'-c'  +  2ab){c^  -  a?  -  6'-'  +  2ab) 

~{<^'-h'  +  c'  +  2ac){b''-c''-a?+2ac). 

13.  («  +  i  +  6-)(<(  +  6-c)(a-6  +  c)(-a  +  6  +  c). 

71.  To  form  the  product  of  ^.vo  binomials  which  differ  only  in 
l.eir  second  terms,  the  coefficients  of  each  of  the  first  terms 
I'emg  unity  and  positive. 


1.  X  +  2 
^  +  3 

;r+  27 
+  3.r  +  G 


2.  X  -2 
X  -  3 


X' 


2x 


-  3,r  +  6 


.r+  5x  +  G 


X--  5x  +  6 

4.  .r  -  2 
X  +  3 

+  3a;  -  6 


-    .1'  -  6 


0;-+    X  ~  6 


Tn  these  examples  observe— 
4 


I      l\ 


.'III 
I  5^1 


IS: 


HI' 
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3.  The  third  term  is  the  product  of  the  different  terms  of  the 
binomials. 

The  substance  of  this  Art.  is  briefly  expressed  by  the  single 

formula — 

{x  +  a){x  +  b)-=x^  +  {a  +  b)x  +  ah, 

which  also  includes  the  case  in  which  the  first  coefficient  is  any 
quantity  whatever. 

EXERCISE  XVI. 
Perform  the  operations  indicated. 

1.  (a;  +  3)(a:  +  4).  2.  (a;  +  2)(.r  +  5). 

5.  (^  +  6)(.r+15). 

8.  {x-?>yx-\Q). 
11.  (.c  +  8)(a;-l). 
14.  (j;-30)(x+10). 
17.  (a;H14)(x'-4). 


4.  (a:  +  9)(.r  +  12). 

7.  (.r-2)(,r-7). 

10.  {x  +  2>){x-2). 

13.  (a:-20)(a;  +  5). 


3.  (.r+l)(.c  +  6). 

6.  (x-  +  9)(.c+ll). 

9.  (.c-5)(,c-15). 
12.  (.c  +  20)(x-5). 
15.  (,r-21)(j;  +  l). 
18.  (a*+25)(.c*-5) 


16.  (a;«-10)(x-^  +  2) 

19.  (a:-5y)(.r  +  y).        20.  (x''-2^«)(A'-7y4  21.  {x  +  a){x-h) 

22.  (2jr-72/)(2.r-10y).  23.  (5j;- 2)(5,f-10). 

24.  (3a2-6)(3«^  +  c).  25.  (a.c  +  &)(«,r  +  c). 

26.  Show  that  x{x  +  \){x  +  2){x  +  3)  + 1  =  {x''  f  3.c  + 1)1 


"I 
i 
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72.  From  Art.  65,  {a  +  by  =  a-  +  2ab+     6' 
Multiplying  by  a  +  i  a  +   b 


we  get 


and 


a'6  +  2«6^  +     6» 


a  +    b 
(a  +  6V  =  J?T  4rt='6  +  Qa'b'  +  4a'y»  +  (/* 
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ent  is  anv 


In  the  above  exairple  observe 

1.  The  first  term  in  each  result  is  a  raised  to  the  same  power 
as  the  binomial;  in  each  succeeding  term  its  exponent  is  reduced 
]>y  unity. 

2.  The  second  term  contains  the  first  power  of  b,  and  in  each 
succeeding  term  its  exponent  is  increased  by  unity. 

3.  Each  result  is  homogeneous,  and  of  the  number  of  dimen- 
sK.ns  indicated  by  the  exponent  of  the  binomial. 

73.  The  powers  oia-b  should  be  written  out  in  the  same  way 
as  those  of  a  +  bin  the  preceding  Art.  The  results  will  be  the 
same  except  that  the  terms  containing  oc/c/ powers  of  b  will  have 
the  sign  -  prefixed.     (See  Art.  55,  3.) 

74.  It  is  sometimes  convenient  to  write  the  cube  of  a  bino- 
mial in  the  following  form,  which  may  easily  be  verified  :_ 

{a  +  bY  =  a'  +  b'+3ab(a  +  b); 
{a-by  =  a^-b-'-3ab{a-b). 

_  75.  The  coefiicients  of  the  terms  of  the  successive  powers  of  a 
binomial,  up  to  the  fifth,  should  be  committed  to  memory.  Tliev 
may  be  arranged  thus : —  J  J 

1st  power,   1,  1 

2nd      "        1,  2,      1 

3rd       '«        1,  3,     3,     1 

^<^h       «        1,  4,     6,     4,     1 

5th      "        1,  5,  10,   10,     5,     1 

This  list  may  be  continued  to  any  extent  by  carefully  studyin.^ 
Art..  72.  J     & 

EXERCISE  XVII. 

Perform  the  operations  indicated. 

i-i-^+iy.  2.{x~lf.  3.(x+iy 

4.  (-r-l)*.  5.{x+iy.  6.  (x-iy. 

10.  {a-2by.  11.  (2«  +  i)4.  12    (^_^^, 
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13.  {a^-xf  +  {a-x)\  U.  {a  +  xf'{a-x)\ 

15.  {x  +  yf  +  {-t-yf-  16.  {x  +  yy-{x-y)\ 

17.  Find  the  value  of  a"  +  6' +  c"' -  3a6c  in  terms  of  a  and  6 
(l)ifc  =  (a  +  6);  (2)  if  c= -(a  +  6). 

18.  Find  the  value  of  a2  +  62  +  c2  +  a6  +  6c  +  ca  in  terms  of  x,  y 
and  «  if  a  =  x-y,  b  =  y-z,  c  =  z-x. 

19.  Find  the  value  of  a^  +  W  +  c^-  ?>ahc  in  terms  of  ;r,  y  and  z  if 

(l)a  =  2/  +  2,     6=«  +  ^,     c  =  aj  +  2/j 
(2)  a  =  y-z,     b  =  z-x,     c  =  x~y. 

20.  Find  the  value  of  a'^  +  b'~  +  c'^-ab-bc-ca  in  terms  of  x,  y 
and  IS  if  a  =  x+y,  b  =  y  +  z,  c  =  z  +  x. 


CHAPTER    IV. 


DIVISION. 

76.  When  a  Product  and  one  of  its  factors  are  given,  Divi- 
sion is  the  process  hy  which  the  other  factor  may  be  found. 

77.  With  regard  to  this  process  the  given  product  is  called 
the  Dividend,  the  given  factor  the  Divisor,  and  the  factor  to 

bo  found  the  Quotient. 


Since  (  +  a)  x  {  +  b)=  +ab, 
{-n)x(  +  b)=  -ah, 
(  +  a)x{-b)=  -ab, 
{-a)x{-b)=  +ab. 


=  +a, 


=  -a. 


+  ab 
'Tb 

-ah 

'~+b 

-ah 
+  ah 


(Art.  53.) 


we  have  for  the  division  of  algebraic  numbers  the  followincr 

RvLK.~Divide  as  in  absolute  numbers  and  prefix  the  sign  + 
or  -,  according  a*  the  divisor  and  the  dividend  have  like  or 
unlike  signs. 

78.  Since  the  dividend  contains  all  the  factors  of  both  divisor 
and  quotient,  we  have  for  the  division  of  monomials  the  following 

RvLE.—Jieryi'ive/-om  the  dividend  all  the  factors  of  the  divisor, 
the  remaining  factors  will  be  the  quotient. 


4G 
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79.  Should  tho  divisor  contain  uiiy  factor  not,  found  in  the 
dividend,  the  division  can  be  indicated  but  cannot  loally  bo  per- 
formed. 


a 


Thus  the  quot  ient  of  ahy  b  in  j  ;  tlie  quotient  of  ^nh  by  H/^^r  is 

He'  "''• 

80.  Since  all  factors  found  in  the  divisor  are  removed  from 
tlie  divid(Mid  to  obtain  the  quotient,  it  is  evid<'nt  that  the  quo- 
tient will  not  be  changed  by  multiplying  or  dividing  both  divisor 
and  dividend  by  the  same  factor. 

81.  A  Power  of  a  number  is  divided  by  a  lower  power  of  the 
same  num])cr  by  subtracting  the  index  of  the  latter  from  that  of 
the  former;  thus  .r''' -f  .r'^  =  .r^,  since  two  factors  removed  from  five 
factors  leave  three  factors,  etc. 

82.  A  polynomial  is  divided  by  a  monomial  by  dividing  each 
of  its  terms  in  succession  and  connecting  the  partial  quotients 
by  the  proper  signs.  This  follows  at  onc3  from  multiplication. 
(Art.  62.) 

Examples : — 

1.   -12^4= -3.  2.  20^-.5=  -4. 

3.   30aic-^3a&=10c.  4.   naH>'~^<(?h  =  balr. 

5.  {(^a^b~'d(vU'+\2nU')~?>nh  =  %e-?>ah  +  ^i;\ 

Pivide  EXERCISE  XVIII. 

1.  +20  by  +5.    2.  -20  by  +5.     3.  -750  by  -15. 

4.  +  850  by  -  1 7.   5.  (-  Sf  by  ( -  2)-.   6.  -  250  by  ( - 1)^ 

7.  a^U"  by  a%\  8.  8a*Z-V  by  iah\        9.  72a'^6^  by  ^a-h\ 

10.  256a''a;/by  16a.ry.         11.  9Ga^6-' by  -iceb. 

12.  -45.rVVby  -5.rVV. 

13.  750«"'mVby  -30aWx°. 

1 4.  - 1 72So}-b'"(fd^  by  -  SMa'b'chP. 
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r)a=». 


IT).   (ia\ry  X  irmxy-)   l,y   30aV. 

IC.  {-:]m-x  ~b.ryx  -\2yz)  by  (fmy  x  -  S.rx). 

17.  .r'-l.t'-lx  by  .r.  18.  ,f-^ny/  +  hif  by    -y. 

11).  8a»-16a26-24ai'^  by  8«.     20.  2r>a-'-30«^i- -lOaV;- l)y 

•_'I,  mpx*  -  m-jr.t- ^  m]/  by  jw/?. 

22.   lGrV-28./V  +  36j;y  by   -4.rV. 

•J.l   -49.r«</r''+G3jV^  by   -7.rV^. 

21.  r)2««i''-Gr)aV/  +  78«V>«  by  1.3a''6l 

25.  3ia'b  +  5Wb''-GSa'b''  by  ITrt^ft. 

•-C.    -  1 4 4 x'l/  +  1 32.fy  -  1 20;r//''  by   - 1 2.ry. 

27.    -4Ga''/<'-'c;  +  69a='6V-lir)aVA</'^  by    -  23^'^^ 

83.  When  the  divisor  con.sists  of  more  than  one  term  we  pro- 
ceed according  to  the  following 

llvLE.~Arran(/e  the  terms  of  both  divisor  and  dividend  accord- 
ing to  the  powers  of  some  common  letter,  both  in  descending  or 
both  in  ascending  order. 

Divide  the  first  term  of  the  dividend  by  he  first  term  of  the 
divisor;  the  result  will  be  the  first  term  of  the  quotient. 

Multiply  each  term  of  the  divisor  by  the  first  term  of  the  quotient 
and  subtract  the  product  from  the  dividend. 

If  there  be  a  remainder  consider  it  a  new  dividend,  and  proceed 
as  before. 

If  a  remainder  occurs  of  lower  dimensions,  with  regard  to  the 
letter  of  reference,  than  the  divisor,  the  division  cannot  be  exactly 
performed.  Such  examples  will  be  considered  in  the  chapter  on 
Fractions. 

84.  The  reasons  for  the  preceding  rule  are  the  following  :_ 
1.  The  term  containing  the  highest  exponent  of  the  letter  of 
reference  in  the  dividend  must  be  the  product  of  the  terms  con- 
tiiining  the  liighest  exponents  of  that  letter  in  the  factors  of  the 
dividend,  i.e.,  the  divisor  and  tlie  quotient. 


!    I- 

i 

i ' 
f. 


'I 
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2.  Since  the  dividend  is  the  sum  of  the  products  of  the  divisor 
by  each  term  of  the  quotient,  if  we  subtract  the  pi  oduct  of  the 
divisor  by  one  term  of  the  quotient,  the  remainder  must  be  the 
sum  of  the  products  of  the  divisor  and  the  other  terms  of  tlie 
(juotient. 

85.  The  following  examples  show  the  proper  arrangement  of 
the  work  in  the  division  of  polynomials  by  polynomials : — 


Divide 


1.  2a;'  +  7.c»  +  5.i-i-100  by  x  +  b. 

2.  a^  +  P  by  a  +  b. 

3.  a'-P  by  ar  +  ah  +  b\ 

4.  lGaH4«V  +  a;*  by  ia'' -  2a.r  +  .r. 

1.  x  +  5)2.c'+   7x'+   5.c+100f2x'-3.r  +  20 
_    3,,;'^+    bx 


20.r  +  100 
20.t  +  100 


2.  a  +  bja^  +  b^fa'-ab  +  b'- 
a?  +  (cb 


-d'b+w 

-  d'b  -  ab* 

aV 
aP 

+  b' 

3.  a'  +  ab  +  b-)a^-P  \a-b 

a?  +  a-/>  +  ab^ 

""^26  ._  ah""  -  P 
-  a-b  -  ab~  -  P 


4.   W  -  2ax  +  x^ )  X&a*  +  ialt*  +    x*     |  4a-  +  2ax  +  x"^ 
Ida'-Sa'x  +4aV- 

8a^x  +    X* 

8a^x  -4«V  +  2aar' 


i(rx' -  2ax' +  X* 


4a-.r  -  2f«,i;»  +  x' 


i^m 
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86.  Um<r  examples  in  division,  in  which  tlie  exponents  of  th.; 
U'l'im  in  both  (livi(huul  Jind  divisor  f<,Uow  each  other  in  n-nlar 
order,  may  be  conveniently  worked  by  the  following 

Rule. —Arrange  both  divisor  and  dividend  in  descending 
powers  of  a  common  letter,  and  place  a  cipher  in  place  of  any 
term  of  the  regular  series  which  is  wanting.  Write  the  coefli- 
cients  of  the  dividend  in  a  horizontal  line,  and  those  of  the 
divisor  in  a  vertical  line  to  the  left  of  the  dividend,  changing 
tlui  sign  of  every  term  in  the  divisor  except  the  first. 

Divide  the  first  term  of  the  dividend  by  the  first  term  of  the 
divisor;  tlie  result  will  be  the  first  term  of  the  quotient. 

Multiply  all  the  terms  of  the  divisor,  except  the  first,  by  the 
fust  term  of  the  quotient,  and  arrange  the  partial  products 
diagonally  under  the  second  and  following  terms  of  the  dividend. 
Add  the  terms  in  the  second  column  ;  divide  the  sum  bv  the 
first  term  of  the  divisor;  the  result  will  be  the  second  term  of 
the  quotient. 

Multiply  as  before  and  arrange  the  partial  products  under  the 
third  and  following  terms  of  the  dividend.  Continue  the  process 
until  the  number  of  terms  in  the  quotient  is  greater  by  one  than 
the  difference  of  the  exponents  of  the  first  terms  of  the  dividend 
and  the  divisor. 

Add  up  the  remaining  columns;  their  sums  will  be  the 
coefficients  of  the  remainder. 

Attach  the  proper  literal  factors  to  the  coefficients  of  the 
quotient,  the  exponent  of  the  first  term  being  the  difference  of 
the  exponents  of  the  first  terms  of  the  dividend  and  the  divisor, 
and  the  others  following  in  regular  order. 

The  literal  factors  of  the  terms  of  the  remainder  will  be  the 
same  as  those  of  the  terms  of  the  dividend  under  which  tJu^v 
stand.  "  "-^ 


JO 
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87.    The    following    oxjiini»leH  show   the    urijingomftnt  of  the. 
work  :  — 

Ex.  /.—Divide 
6j:'-j-« -ll./'+16.cU.i:^  +  8.c2-19.r  +  20    by    2.r^  +  x--3,v  + 4. 


2 

-1 


6-1  -  11  +  10  +  1+8-19  +  20 
-3+    2+   0  +  1-5 
+    9-    6+0-3+15 

-12  +  8  +  0+   4-20 
IT- 2+   0~Y+5        ~ 


Quotient,   3.<*  -  2.«'' - .r  +  5.     Remaindor,   0,   since   the  sum  of 
each  of  the  last  three  columns  is  zero. 

Ex.  ^.—Divide 

2.c'  +  /'y  - 6/y  - 1 1.>V  +  2j V'  +  CV"  +  1  ^> '■2/'"' - 1 2/ 

by   .r^  +  2.rV-3/. 


1 
-2 

+  0 
+  3 


2  +  1-0-11+    2  +  0  +  10-12 
-4+0+    0+10-0 
+  0+   0+   0  +  0+   0 
+    0-    9  +  0-15+    9 


2-3  +  0-    5+3  1     +1-3 
Quotient,  2 x*  -  3.j;^^  -  5j*y^  +  3y'*.     Remainder,  xy^'-Si/'. 

In  the  above  example  the  coefficient  of  the  first  terra  beinj,' 
+ 1,  no  division  of  the  sums  of  the  columns  is  necessary. 

From  its  brevity  this  method  is  also  known  as  "Synthetic 
Division." 

T..    .,  EXBRCISB    XIX. 

Divide 

1.  x2+15.c  +  50  by  .t+IO.  2.  a;2-lla-  +  28  by  x~7. 

3.  x'^-x-oQ  by  x-8.  4.  a-'  +  a;-90  by  x+\0. 

5.  a:''+13.i'  +  54.r  +  72  by  x  +  Q.  6.  a;^  +  2.i''' +  2a:  +  1  by  x+l. 

7.  ar-P  by  a-b.  8.  a^-¥  by  a-b. 

9.  a^  +  b'^  by  a--ab  +  b-.  10.  a'  +  i''  by  a  +  b. 


HOHNEIl's   MKTIIOI)  OF   LHVISION. 


11. 


,■3- 


tx 


6  by 


12.  4.r''  +  5.r  +  21  by  2.f  +  3. 


\X  8rV272/M,y4.,''-6ry  +  9v/'.     14.  64.r''-l  by  1 


K  _a 


10.  6.i 


V+T/'+Gr  +  l   by  .r^+Sr+l. 
.r'y  +  2.fy+1.3r/+4y  by   2.r'  +  4y-3 


•y  l+4.r+lG.i'' 


ry. 


17.  //'-4a*i  +  4a'i2  +  4a''fr'-17r*//  12i-^'  by  a^-W'-^uh 
IS.  «H13.^^r^-6a'-V  +  4«V-UV.r''  by  «« -- .3reV  +  2«.^.  ' 
I  {).  a*  f-  r/-"i-'  +  ^><  },y  ^2  +  ah  +  h\       20.   ./•«  +  .r"  +  1   bv  r*  -  r 


>y  3' 


L'l.  ..'^'  +  y"  by  ..'"-.ry  +  yo.  22.  .r"-y.^-  by  .,-3_ 


'+1. 


••  _  0  ,  J 


25. 


2.»^+l   by  a-'-2.r+l.         24.  ;r«  +  2.rVl   1 


y- 


>y  ar2_.r  +  l. 


!5.  ^'»-;.y  +  yo  by^r»-.n/  +  2/^     20.   \r'^,^^U  by  2-^  ^  ^  ,3 
27.  2.i-*+2.ry-2.r2/^-7.rV-y  by  2,r^  +  y2 


y  -  xy. 


28.  l-51«'A'^-52aV>«  by  4«'i2 ^  .3ai  -  1 . 

29.  .r''7/-ry  by  .T'y  +  2,y  _  2./ V  -  .V*. 

30.  8y'-^«  +  21.ry-24,ty'  by  3.nj-x^-,f, 

:n.  81A+18.ry-5i..y-18..y-18.r/-9y7  by  3 
32.  2«^6  -  5a«i2  _  j  j  ^s^3  +  5^,^*  _  2Ca3^5  +  7,^2^0  _  j  ^^^r 


.i*+.fV  + 


y  +r 


33. 


.T»-3.i«-31.i'7  +  2.5.c''  +  3.f5-22.r<+44:r'-2x-2-l 


by  a*-ia^b  +  a'^b'^-3aP. 


5.r+10 


by  a;*-7.i-3  +  3.r-2. 
34.  .T'2-.ry  +  ;ry-a:3/  +  yi2  ^y  :r« - o^'y  +  ^V - ^y' +  y*. 

88.  When  several  terms  contain  the  same  power  of  the  letter 
of  reference  it  is  usually  best  to  collect  them  into  one  term  bv 
the  use  of  brackets.     The  following  are  examples  :-_ 

1.  Divide  ^~(a  +  h  +  c)x^+(ab  +  bc  +  ca)x-abc  by  x-a 

2.  Divide  a'  +  b'  +  c'-3abc  by  a  +  b  +  c. 

1.  ^-^)^-{a  +  b  +  cy+(ab  +  bc  +  ca)x-abc\x^-(b  +  c).v  +  bc 

,/,     — .  rtv^ 


ax- 


hex  -  abc 
hex  -  abc 
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2.    a  +  b  +  r)a'  +  b'    +c'    -  3abc  | a' -  « (6  +  c)j^  f,'  _  he  +  c' 
-  a- (A  +  c)  -  3ahr,  +  />''  +  <?» 


«(^j^6<H^  +  i-''  +  c' 

Jieginners  usually  fuul  considerable  difliculty  in  examples  of 
MPS  kind,  especially  in  tlu;  suhtr.iction.  In  diflicult  cases  the 
brackets  might  be  removed,  the  subtraction  perforn.ed,  and  the 
terms  again  arranged  in  order,  before  proceeding  with  the 
division. 


Divide 
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1.  ^'~{n  +  b  +  c).vU(ah  +  bc  +  ca).r-abc  by  .r~b  and  by  .r-c. 

2.  x^  +  {a  +  b  +  cy  +  ((,h  +  bc  +  ca)x  +  abc  by  x""  +  {b  +  c).r  +  be. 
S.  x*-{a  +  b  +  c  +  ciy  +  {ub  +  be  +  cd  +  ac  +  ad  +  bd).r 

-  (abc  +  bcd+acd+(,bd}x  +  (d>cd 
by  each  of  the  divisors  x^-(a  +  c)x+ac  and       -(b  +  c)xhbc. 

4.  x*  +  (r>  +  a)x'  -  (4  -  5a  +  i)..^  +  (4«  +  5b)x  +  4b  hy  x'  +  5x-L 

5.  (l+m).f3-(m  +  n).rV  +  (m  +  n)ry2-(n-l)y''  by  x'-x,j  +  ,f. 

6.  a»  +  63-c»  +  3a6c  by  «  +  6-c.      7.  a^-i^-cH 2ic-  by  «    i+<.. 

8.  Sa^-b'  +  c^+Gnbc  by  2rt-i  +  c. 

9.  .r'  +  xy  +  2^-2; -  2 //^  +  7*/^  -  3;s'^  by  .r  - y  +  3z. 

10.  2.r'-6y-122;2  +  .r2/+17y._2j-s  by  .^•  +  2//-3«. 

1 1 .  a%b  +  c)  +  b\c  +  a)  +  c\a  +  ^>)  +  3abc   by  a  +  J  +  c. 

12.  a\b  +  c)-\rb\a-c)  +  c\a-b)  +  abc   by  a  +  i  +  c. 

13.  a;3-8/  +  27^«+18,ry^  by  x'  +  iy'^dz'^'2xy  +  (S,j,--3.rz. 

14.  (:r  +  y)»-3(;r  +  y)22;  +  3(.f  +  y)^2_^3  ^^  x  +  y~z. 

15.  />(.i^  +  a')  +  a.r(.r2-a2)  +  „3(.,  +  ^^)  j^^  (a  +  6)(..  +  a). 

16.  b{x'~a')  +  ax{x'-a^)  +  a\x-a)   by  (a  +  i)(..-a). 

17.  (.t-''-lK-(^-^  +  i-2-2)a-  +  (4.r2  +  3.r  +  2)a-3(.r+l) 

by  (r^l)a*^-(.^  i) 


«  1  .>. 
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o9.     The  followirifr    nacaa  ^e  ^-     •    ' 

-1  shouK,  .e  ea.e^ui~^Crr  ^^  ''''''''''  " « 
If  n  stands  for  any  positive  integer, 

^l~r  i.s  divisible  by  .r-y  always; 
^„^;,.  .,         ..  ^^    ^  +  y  when  n  is  even; 

..'•  +  y'  «         «  .    ^  +  y  when  n  is  odd; 

-^  -^-y  never. 

By  actual  division  we  ol>tain 


=  a;»-.ry+y2; 


y* 


ar  ~y 


=  rVa-'y  +  .r2/2  +  2/»; 


=  ^*-a:V  +  .lV-.ry='  +  y. 


lii  these  examples  observe  that 

•)•  When  the  connectmg  sign  of  tl.e  divi.or  is  -    .!,„    •         . 
^He  ,uo.oue  .e  an  .  ;  otherwise  tha,  ..  TJa  -'  lueZt:,;' 

EXERCISE    XXI 
exlp^.^^"   *'^   ^^"^^-^^    %  -Pection  i„   the  Allowing 
1-  -^l-y;  by  .+^.      2.  .^-,=  by  .-y.       3..«-,«by.-„ 

|--H;-27yby2.-3y.  13.  .3^3  ^^^  ^^^ 


H-  .r'-32  by  a;-2. 

16.  j:«-81    by  .r-3. 

1^.  8.r3-.343y3  by  2,r-7y. 

-'0.  64r'-343y  by  4.r-7y. 


15.   16.c*-l   by  2.r+l. 
17.  216-;r3  ^  g_^* 

19.   27.t='+1000/by3.r+10y. 
21.   125.c3  +  512^/3  bv  «. 


Q.. 
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FACTORING. 

90.  In  multiplication  two  factors  are  given,  and  their  product 
is  required ;  in  division  the  product  and  one  factor  are  given 
from  which  to  find  the  other  factor.  Wo  have  now  to  consider 
how  to  find  both  factors  from  the  product  alone. 

91.  The  only  rule  which  can  be  given  is  to  examine  carefully 
the  process  of  the  multiplication  of  various  kinds  of  factors,  to 
note  the  results,  and  then  learn  to  retrace  the  steps  from  the 
product  to  the  factors  which  produced  it. 

MONOMIAL    FACTORS. 

92.  The  factors  of  a  Monomial  «ire  evident  by  inspection.  If 
each  term  of  a  Polynomial  contains  a  monomial  factor  it  may 
be  discovered  by  inspection,  and  then  the  other  factor  may  bo 
obtained  by  division. 

Ex.1.     10ac+156c=5c(2a  +  36). 

•    Ex.  2.     Zx^  + 1 5a;2  -  9a;  =  ?>x{x^  +  5.c  -  3). 

Ex.  3.     ia'b  +  Qa'b''  +  2a6='  =  2a6(2a2 + 3ab  +  b-). 

93.  This  principle  may  frequently  be  extended  to  groups  of 
terms,  thus  : — ■ 

Ex.  1.     ax  +  ay  +  bx  +  by  =  a{x  +  y)  +  b{x  +  y)  =  {x  +  y){a  +  b). 

Ex.  2.     ac-bc-ad  +  bd  =  c{a-b)-  d{a-b)  =  {a-b){c-d). 


EXERCISE  XXII. 


Resolve  into  factors 
1.  3.c^-15. 
3.  7/ -63/. 


2.  10.c2-15.ry  +  20//. 
4.  327>i'^-33»m-110n^ 
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5. 

7. 

9. 
11. 
13. 
15. 
17. 
19. 
L'l. 
23. 
25. 


35xhjz  +  lOxi/z  - 1  Qbryz\  8. 

{a-b)x-(a-b)y.  lo. 

3ax-ai/-3  bx  +  Jy.  12. 

x'^  +  ax-^-bx  +  ab.  14_ 

x'^-ax  +  bx-ab.  \q 

ax-bx-^ab  —  ru'-.  \  g 

ci^cx  -  obdx  -  abcy  +  i-(/^.  OQ. 

rtf/j:  +  ady  -  icr  -  bey.  22. 

a;5^_j.4_^_^2^j.^J^  24. 

6cr62  -  2aV  -  96"c  +  3abc'.  26. 


54a3^«  +  108a«68_  243^8^9^ 

2ac  +  2rt(?+36c  +  36(/. 
(fc  +  bc  +  a  +  b. 
^"^-ax-bx  +  ab. 
X-  +  ai-~  bx  -  ab. 
bx-ax+ab-x*, 

acx-acy  +  bdx-bdy. 
x'^  +  x'^  +  x+l. 

^(^■^-^by  +  cy~2ay  +  3bx-cx. 
abx^  +  acxy  -  abxy  -  acy\ 


TRINOMIALS. 

COEFFICIENT    OF   FIRST   TERM    UNITY   AND    POSITIVE 

.ecL"  at;  ^'"""""*  °'  ""'  ''^^^  '^^  "«  ■^'»"'-'  ""''  of  the 

2.  If  two  numbers  can  be  found  whose  akrebraic  sum  \.  fl 
c^oe,neie„t  „,  the  second  te™  and  wW  p..^u:rr;:e*;": 

Consider  the  following  examples  :— 

1.  .rH7,r-f-12.  2.  .t:'-7.r+13. 

3.  x'+   .r-12.  4.  ^2_    ^_i2 

We  have  to  find  two  numbers  in 

Ex.  1  whose  sum  is  +  7  and  product  +  12,  viz.,  +  3  and  +  4  • 

-7      "     +12,  "  _3  "  _4: 

+  1  "  -12      ««        ^    .. 

1-.  -3     *«     +4. 

-1     "     -12,  '«  +3  .  _4; 


"    3 

"    4 


t< 
(I 
II 


Hicrefore 


■f--   •t^-l2=(x  +  3)(.c-4). 


X^+    X 


l2  =  (.r-3)(.r+4) 


iG 
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EXERCISE  XXIII. 
Resolve  into  factors 
1.  x''  +  7x+U.  2.  a:*  +  7.r+10. 


4.  .r-+13.r  +  30. 

7.  .t;2-18.r  +  72. 
10.  a,*-22.c2+72. 
13.  .i-+2j?-35. 
16.  .C2-4.C-77. 
19.  a;" -13x3 -68. 
22.  .Ty  +  29.ry-390. 
24.  xyz^-lbxijz-XOO. 
26.  4.c*  +  4.T-24. 
28.  2ax''-10aV-28«'. 
30.  x-bx''-6x\ 
32.   -x^-5x  +  Q. 
34.  .t;'*-(a  +  6).c  +  «6. 


5.  .f2+ll.r  +  30. 

8.  ;c2_22.c  +  40. 
11.  x^  +  x-SO. 
14.  a:2  +  3.c-88. 
17.  x'^-7x-\S. 


20.  x«-.t='-12 


3.  x'^  +  7x  +  (j. 
6.  .r2-17.c  +  30. 
9.  x''-20xy  +  b\f/. 

12.  .T2  +  a;-42. 

15.  .T2  +  9.r-10. 

18.  a;* -11.1-2 -12. 

21.  x^''+19.r'-20. 
23.  .cy+15xV-100. 
25.  3j;''-3a;-216. 
27.  5x*-10xy-400/. 
29.  ll,ri«  +  55.c5-3300. 
31.  a'b  +  lSa"bx-VJu''bx\ 
33.  29-28,f-.i*''. 
35.  ab-ac  +  hc-b\ 


COMPLETE    SQUARES. 

95.  Since  {a  +  by=a'^+2ab  +  b'^  and  (a-ft)"  =  «2_2rt/>  +  6»,  wo 
see  that  a  Trinomial  is  the  exact  square  of  a  Binomial  when 
two  of  its  terms  are  exact  squares,  and  the  other  term  equal  to 
plus  or  minus  twice  the  square  root  of  their  product. 

96.  When  the  terms  are  in  order  and  the  coellicient  of  the 
first  term  is  unity,  the  coefficient  of  the  last  term  must  equal 
the  square  of  hidf  the  coefficient  of  the  middle  term.  Tliis  is  ;i 
special  case  of  the  preceding  Art.  which  deserves  careful  atten- 
tion. 

Ex,  1.     ix'+l  2xy  +  9y2  =  (2.C  +  ^f. 

Ex.2.       .r*-12x-' +36  =(.r-6)^ 


5. 
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97.  A  careful  study  of  Art.  08  »ill  enable  tl.e  student  to 
.ecognue  an  expression  wl.ioh  is  the  exact  square  of  a  trinliaT 

^^.    a>  +  4«'  +  9c'  -  4<,6  +  6ao  -  1 26c  -  (a  -  24  +  3c)«. 

The  terms  of  the  trinomial  are  found  by  taking  the  square 

oota  of  the  square   terms  of  the  expre.,sion.     T„  Jejune 

tl.c.rs,gns  we  notice  that  the  product  L  is  positive  an^ZI 

consequently  the  tern.s  containing  .  and  c  mu'st  have  tt's^l 

must  have  the  contrary  sign.  '*""«£,  o 

EXERCISE    XXIV. 
Express  as  complete  squares 
1.  ^'+10^  +  25. 
3.  ^'+20.cy  +  100y2. 

7.  .f«-38.r'  +  3r)J. 

11.  4.c''+12./y  +  9y/l 

13.  16a*-24a26  +  %l 

15.  ia'  + 25b' -20ab. 

17.  I)a'-'.r  +  496V-42a6/-'. 

10.  3Qa'+16b'-i8ab. 
'21.  3ftV-18a.rV  +  27^//«. 
•23.  (a  +  i)^+2(«  +  6)c  +  c'». 
25.  (•f-//)^+2(..-y)y  +  y2_ 
27.  (■f  +  y)^-2(..  +  y)y  +  y^ 

29.  i{ci  +  by+12{a  +  b)(c  +  d)  +  0{c  +  d)' 

30.  4a-'  +  i2  +  c2-4«6  +  4ac-26c. 

3 1 .  «^  H-  6'  +  c*  -  2a-6^  -  26^o^  +  2a'c' 


2.  a:*+18.r  +  81. 
4.  a'x^+iax  +  i. 
6.  wi*-I6mV+64;t*. 
8.  /'x'  -  2liuxi/  +  ui^ij^ 
10.  81.r«-18.i;2+i. 
12.   9.<;'^-30.ry  +  25y. 
14.  a-  +  96-  +  6a6. 
1 6.   25t« V  -  70  ?S.ry  +  4 96^'. 
18.  4c..^  +  25ay-20aVy. 
20.  24.*;2+54y2  +  72.r^. 
22.  3.i-y-18a.r/  +  27fty. 
24.  (a-J)2  +  8(«-6)+lG. 
26.  (.*:-y)^+2/c'^-y2)  +  (.,  +  2/^. 
28.  {x-yy  +  iy{x-y)  +  i.y\ 
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DlFFEllENCE   OF  TWO  SyUAllES. 


DIFFERENCE     OF    TWO    SQUARES. 

98.  The  formula  a'-¥  =  {a  +  h){a-b)  enables  us  to  resolve  the 
difference  of  the  squares  of  any  two  quantities  into  two  factors, 
one  of  which  is  the  sum  of  these  quantities  and  the  other  theii 
difference. 

Ex.L     9a'-Ub'  =  {3ay-{^bf 

=  (3a  +  46)(3a-46). 

Fx.2.     x'-y*={xy-{yy 

=  {x''  +  y')(x  +  y){x-y). 


Ex.3.     o?-{h-cf  =  {a  +  h-c){a-h-c) 

=  (a  +  6  -  c){a  -h  +  c). 

Ex.4.     a'-46^-9c2+126c  =  a2-(462-126o  +  9c^) 

=  (a  +  26-3c)(a-2i  +  3c). 


EXERCISE    XXV. 


Resolve  into  factors 


2.  x'-lQ. 
5.   16.»;*-4V. 

8.  256x8-1. 
11.  3a* -276*. 
14.  {a-hf-c\ 
17.  a? -{a -If. 


1.  x»-y». 
4.  4a;' -V. 
7.  16.c*-8l2/*. 
10.  5x*-20/. 
13.  {a  +  hf-c\ 
16.  a^-(6-c)l 
19.  {a^bf-{c  +  d)\ 
21.  {a^bf-{a-bf. 
23.  2bc  +  b^  +  c'-a\ 
25.  aV  +  6'y  +  2a6.ry-l. 
27.  l-16a--2562  +  40a6. 
29.  a^-\-b'^-c^-(P-'ioh-1cd. 
31.  a.'-6'Hc--d^  +  2ac-26c^. 


3.  25 -y». 
6.  a;* -16. 
9.  xS/-\00z\ 
12.  162.CV-2422;''. 
15.  a2-(6  +  c)^ 
18.  {a  +  2bf-b\ 
20.  (a-bf-ic-df. 
22.  x'^-2xy  +  y^-z\ 
24.  2bc-b''-c^  +  a\ 
26.  a^  -  462 -9cH  126c. 
28.  a2  +  62-c2-(?^  +  2«6  +  2cd 
30.  a^-b'^  +  c^-d'-2ac  +  2ld. 
32.  (5.t;-2)'^-(.r-4)-''. 


and 


;s. 

resolve  the 
vo  factors, 
)ther  theii 


■9c') 
26  + 3c). 


lOOz". 

f-2V2z\ 


be. 

ah  +  led. 

!ac  +  2i(7, 

■i 


«UM    AND   UIFFEUENCE   OF   CUUes. 


:5o.  (./'-25)^-(2,c+10)l 
:J7.  <>'fj-  +  c-cP-a-c''-b''(P. 
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34.  (.c2-io)2_36. 

36.  (2.c'+3x~5y~(.c^^0.c-iOy 
38.  (.t=^-..VT-(y-^V)«. 
99.  A  trinomial  liaviii"-  two  r.P  ifo  +^ 
-"K..ti,„es  be  oxp,.o».ed  a'. ^e  mlnrot^Z'  '""'"''  ="" 
tl™  !«  re.„,voa  iato  faeto.  a.  in  theTrol;:!:,!;!!  '"''' 

=  C^'  +  «')^-aV 

-(.^•'  +  ct2  +  a.,.)(,,.2  +  ^2_^^^ 

EXERCISE    XXVI. 
llesolve  into  factors 

1.  x*  +  .c^+l. 
3.  .i;*  +  9.<,'2  +  81. 

T).  .f^+D.ry+oy. 
7.  .t''-5.fy+4y. 

9.  4.f''  +  3.iy+9/. 

11.  9.c*-io.fy+v/. 

13.  4.c*-37.tV-i-9y. 

15.  {a  +  by  +  (a''-iy  +  ^a~by. 

17.  «*  +  6*  +  o*-2a''62-26V-2c;V. 


2.  .i'^  +  <l.f2+i6. 

4.  .'i-*f4v/*. 

G.  .t*-3,/y  +  y. 

8.  4.f'+l. 
10.  .r*  +  .i-2  +  25. 
12.  x«  +  x*+l, 

14.  4.t*-13,ry  +  9y. 


SUM    AND     DIFFERENCE     OF 


CUBES. 


100.  8ince 
and 


=  (r~ab  +  b^ 


a^  +  b^ 
a  +  b 


we  can  always  resolve  the  sum  or  Hip  .Hff 

-y  two  quantities  into  twoll:,^      ^"■'""  ^'  ^^'^  ^"^^  «^ 
^^^■.  i.     8c*='  +  276«  =  (2a)3+ (3^2)3 

=  (2«  +  362)(4«2-Ga62  +  9^.4). 


CO 


SUM   AND   DlFFiillENCE   UF   CUliES. 


=  {a!'  +  b'^){a*~a%^  +  b*). 

Ex.3.     a'-b''={a'  +  b'){<i'-b') 

=  {a-i-b){a:'-ab  +  b''){a-b){a''  +  ab  +  b''). 

101.  Since  x  +  ij  is  a  factor  of  .r"  +  y*'  when  n  is  any  odd  whole 
number,  and  x-y  is  a  factor  of  .c"-y"  when  n  is  any  whole  num- 
ber, we  can  always  resolve  the  sum  of  two  ecjual  odd  powers,  or 
the  difference  of  any  equal  powers  of  any  two  quantities,  into 
factors. 

Ex.     a«'  +  t"'=K)'*  +  (6'0' 

=  {a"  +  6^)(a»  -  a%^  +  a*b*  -  a'b'  +  6"). 

Similarly  the  sum  of  any  even  powers  can  be  resolved  if  both 
exponents  contain  the  same  odd  factor. 


EXERCISE    XXVII 
Resolvi^  into  factors 
1.  a'  +  b\  2.  a'  +  S. 


4.  8r'-i-27v/3. 

7.  x'^-1000. 
10.  6WI/'-\000c^. 
13.  243 +  y\ 
16.  l-ryV. 
19.  a"  +  6». 


22.  a'"-6^ 


5.  27x'+Gif. 

8.  729.*;^ -51 2^1 
11.  x^  +  y\ 
14.  x^-y'. 
17.  a"--U\ 


a" 


MO 


25.  a^''-b 

28.  {a-bf-^a 

31.  {a  +  bf  +  {a-by. 

33.  (a-26)='  +  (2a-6)».  . 

35.  a'  +  63  +  3a6(a  +  6). 

37.  a3-3a-6  +  3a6'^-6''-c='. 


23.  «'»  +  6'". 
2G.  {a  +  bf-a^ 
29.  (a-i^^'  +  Sil 


3.  27 +  6^ 

6.  x^-'f. 

9.   125^y-343;:'' 

12.  ^5  1-243. 

15.  ;r^-32//-V». 

18.  a'  +  b". 

21.  a'«'-6-'«». 

24.  a" +  6". 

27.  (a  +  bf  +  a^ 

30.  («  +  &)='- 8^''. 
32.  {a  +  by-{a-bf. 
34.  {2a-bf-{a-2by. 
36.  fi»-63-3rti(rt-6). 
38.  a;''-3j--^  +  3x-*-A-'-8. 


TllINOMIALS. 


Gl 


TRINOMIALS. 
FIRST   COEFFICIENT   NOT   UNITY. 

102  Trinomials  whose  first  coefficient  is  not  unity  may  some- 
tnno,s  be  resolved  into  binomial  factors.  The  method  will  be 
.mdorstood  from  the  following  example  :- 

£x.~neBo\ve  6x'-Ury  +  6i/^-  into  factors. 
1.  Each  factor  must  evidently  contain  both  x  and  v 
:•  ^^;«  P^^^^-t  of  the  first  terms  of  the  two  factors  must  be 
G.r,  and  of  the  last  terms  6/. 

3  The  algebraic  sum  of  the  products  of  the  first  term  of  each 
f.ictor  mto  the  last  term  of  the  other  must  be  -  1 3ry 

4  Smce  the  last  term  is  positive,  the  connecting  signs  of  the 
aeto,«         ,  be  alike;  and  since  the  n.iddle  term^  is^negative 

tliey  must  also  bo  negative. 

f  JL/lf'ir'°''  '"  ''^  '""'•  "  ''"=*°''  ""  2^-22''  "i"-^"  2  i-"  not  .-v 
t.ictor  of  the  given  expression. 

The  above  considerations  lead  us  to  reject  all  but  two  sets  of 

TtHaUr;  ^-^-ff '^-^>  ^'^^  (2-3,)(3.-2,),  and  it  is  only 
by  trial  that  we  determine  that  the  latter  set  is  correct 

Thus  (6^'  - 1 3^y  +  6/)  =  (2x  -  3y)(3a:  -  2y). 

Similarly        (6.c^-  37.ry  +  G^^)  ==  (  or  _  6y)(Ga:  -  y  ). 

EXERCISE    XXVIII. 
Hesolve  into  factors 

1.  2x'2+5j-2/  +  2y2. 

5.   I2.c2-5.ry-3y. 

7.  34.r*  +  21.»:2  +  2. 

9.  8j;2+22;r+9. 
1 1 .  Gax"^  -  35a:ry  -  Gay-. 
13.  rt^'+(a''+l).r?/  +  a/. 


2.  2.c2  +  5.ry  +  3y'. 

4.  15.i;2_26j-y  +  8y. 
6.  14*2  +  33^y_gy2 

8.  6.c*-13.cV+2/. 
10.   1 2.1-2 -2a:y- 30/. 
12.1  OaV  -~  la^xy  -  SS^y . 
H.  4.c*-17.fV  +  42/*. 
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TRINOMIALS. 


103.  To  find  the  factors  of  6.r  +  Uxy  +  "iif  +  %xz  -  2yz  -  ^z\ 

Reject  the  terms  containing  z  and  factor  the  remaining  ones 
as  a  trinomial,  thus  :  6a:*  +  1  !.»•»/  +  3y/2  =  {Ix  +  3//)(3.r  +  y). 

Take  two  terms  whose  product  is  -8;^",  attach  one  to  each 
factor,  and  then  find  by  trial  whether  the  factors  thus  formed 
give  the  terms  %xz-2yz  in  the  product.  Take  \z  and  -  Iz,  thus  : 
(2ar  +  3?/  +  42;)(3.c  +  2/-23).  In  the  product  of  these  factors  the 
term  containing  xz  will  be  (2.r)(  -  '2z)  +  (3j-)(4:;)  --=  8^2; ;  the  term 
containing  yz  will  be  (3(/)(-2s)  +  2/(4,^)=  -2y2!,  which  proves  the 
factors  correct. 

104.  By  rejecting  the  terms  containing  each  letter  in  succes- 
sion, and  factoring  the  remaining  trinomials,  we  can  determine 
the  complete  factors  without  further  trial,  thus  : — 

Qx-  +^xz  -  Sz"^  =  {2x  +  iz){3x  -  2z) ; 
3/ - 2yz -Sz'={y  - 2z){3y  +  iz). 

In  these  factors  iz  occurs  with  2x  and  also  with  3y ;  place  it, 
then,  with  the  factor  2x  +  3y  first  obtained  ;  similarly  with  regard 
to  -  2z.  We  thus  get  the  same  factors  as  before ;  the  first  method, 
however,  is  generally  the  better. 

105.  To  find  the  factors  of  a^  +  b^  +  c^  -  Sahc. 

a^  +  b^  +  c^-  3a6c  ==  a''  +  6^  +  3ab(a  +  b)  +  c'^-  3ab{a  +  b)  -  3abc 
^{a  +  bY  +  c^-Sab{a  +  b  +  c) 
^{a  +  b  +  c){{a  +  by-{a  +  b)c  +  c'^-?>ab} 
=  (a  +  b  +  c){a'  +  6^  +  c^  -  ab  -be-  ca). 

From  this  result  the  factors  of  Exs.  10-13  may  bo  written 
down  by  inspection. 

EXERCISE    XXIX. 
Resolve  into  factors 

1 .  2.1-2  ^  5  ,.y  +  2/  -  ".r:;  -  ^yz  +  6^^. 

2.  2j;2-r).r//  +  2y2  +  7.r3-5i/,^  +  322. 

3.  G.j;-  -  31  xy  +  G/  -  ^xz  -  ~)yz  -  z". 


TIUiVOMIALS.  Q3 

8.  72^2-8/  +  55.^y+i2y-lG9^  +  20. 

9.  15.r*-16//*-22^y+152^+14//V  +  50.rV. 

12.  «»-f6»4-8c'-Gai..  13.  Sa^^h^-21c^^u,i,, 

106.  The  following  exercise  consists  of  a  miscellaneous  set  of 

examples  arranged  by  combining  the  elementary  forms  explained 

m  th,s  chapter     The  student  should  not  try  to  work  them  a1 

onsecutively,  but  one  or  two  each  day  will  prove  a  valuable 

exercise  while  proceeding  with  the  following  cbapfc^rs 


EXERCISE 
Resolve  into  factors 

1.  4iV-(a2-i2_c2)2 

3.  (a-  -  5a)2  +  1 0{a'  -  5a)  +  24. 

5.  13a;y-9.r*-4/. 

9.  a'i-h'-a^b^-a'ib^ 
11.  (.*^+2/)*-7(.r  +  2/)V  +  s*. 
1 .'}.  a'-b-x*  -  (a*  +  b').cy  +  aWy\ 
15.  {x'^xy~yJ-{^-^-,,y_.,jiY,    IG 
17.  a-=+a5-a,r(jr'  +  rt3^.  jg 

19.  81.t<  +  90r'-10j:-l.  20. 


2 

4. 

6. 

8. 
10. 
12. 
14. 


21.  ^■'-2a.r«-a='.r  +  2«3. 


22. 


XXX. 

(«2-9a)2  +  4(rt2-9«)-140. 

a^  +  h^  +  a*  +  b*-.a-b\ 
a'-¥'~a--b^  +  a^b\ 

(^^  +  by  +  2(a'^-by~3(a-by. 
^'-^M^'-f)~y\ 

(^«  +  6)-  +  «2  +  t2+2(a3-ft3). 

ax^-{a'^  +  by  +  b\ 
{nc  +  bdf  +  {ad-br)\ 


24.  {a^+¥f-{a'^-by--{a-^.,b'^-,y^ 


G4 

25. 

27. 

29. 

31. 

33. 

35. 

37. 

38. 

39. 

40. 

41. 

42. 

43. 

44. 

45. 


TRINOMIALS. 

a'  +  i'  4-  c^  +  3at*  +  3a'6.  2G.  a'  +  i'  +  ti^b  +  ah"^  +  a  +  i. 

ar^  -  2/*  -  a;'2  -  xyz  -  i/z.  28.  a;*  +  xy  +  y*  +  x^  +  ryh  if. 

x^-if  +  x*  +  i/  +  xY.  30.  a»4-6'  +  a'  +  6--a'>. 

(^1  _  ^2  -  c2  +  </*)'  -  4  («f/  -  6c)l  32.  oi^  +  x*i/  +  ry  +  .rV'  +  V  +  2/^ 

c'(a  -h)  +  ab{a  -h)-  c{a'  -  P).  34.  a'-h'-  «(«"^  -  b')  +  Ha  -  b). 

{T-y){f-z')-{x'-i/){y-z).    36.  {x-y){f-z')-{r^-if){y-z). 

{ax  +  byf  +  (ay  -  tr)-'  +  rx""  +  cy. 

6»  +  b'^c  +  bc''  +  <?-  (a'  +  a'b  +  at^ + J'). 

{a-b){b'-c')-{a'-b')(b-c). 

{x^  +  xy  +  yj  +  (x*  +  a;y  +  y*)^  +  (x^  -  xy  +  y')*. 

a*  +  1 66*  +  c*  -  Sa^t^  -  8iV  -  2cV. 

Sa^i^  +  32iV  +  8c%2  -  a*  -  1 66*  -  1 6c*. 

(a^  -  bjix*  +  y)  -  {(a  + 1)*  +  («  -  by]xY- 

{rrC--nJ{{x  +  yy  +  {x-yY]-{x•^-yy{{m^ny^■{m-ny]. 

4{2(,r^  +  x)'^  +  3}^  +  28(.r''  +  x){2(.c2  +  a;)2  +  3}-275(x»  +  a')l 
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SIMPLE   EQUATIONS   OP   ONE   UNKNOWN. 

107.  An   Equation  is  a  stutement  of  tl.e  equality  of  two 
ulf,'el)raic  expressions.  ^ 

Thus  3.-4  =  2.r-6  is  an  equation. 

«    val         f ;.     w'  "'  "'""'  ''"  *""  expzessions  are  equal  fo 
all  values  of  the  letters  involved 

Thus  («  +  i)^  +(«-6)^=2K'+i=')  is  an  identity. 

109.  A  Conditional  Equation  is  one  in  which  the  two  ex- 
pressions are  not  equal  for  all  values  of  the  letters  involved  but 
for  one  or  more  particular  values.  ' 

Thus  4j-  +  8  =  2.V  +  2  is  true  only  when  :r  =  -  3 

EquaLn."   "'''"'''''""   ''  ^^"^''^^"^  "^^^   ^-    "Conditional 
110    A  letter  to  which  a  particular  value  or  particular  values 

111.  That  value  of  the  unknown  quantity  which  will  make  fl.P 
twosule.of  an  equation  identical  is  calleJ  a  Root^  \Te  eq  .: 
t.on.  and  is  said  to  satisfy  the  equation.  ^ 

Note. -The  two  expressions  connected  by  tl.e  siVn  -  nr«  „  ii    i  ., 
sides  of  the  equation.  "^  ^     ~  '^^^^  *^''^"«**^'  t'>e 

"f  ih«  first  d^yree  '  ''''°  """"''  ""  «i™t»" 


66  SIMPLE  EQUATIONS  OF   ONE  UNKNOWN. 

IH.  The  following  axioms  are  used  in  solving  equations : — 

1.  If  equals  be  added  to  equals  the  wholes  are  equal. 
Thus,  if  x-3  =  4, 

add  3  to  each  side  a'-3  +  3  =  4  +  3, 

that  is  x  =  7. 

2.  If  equals  be  taken  from  equals  the  remainders  are  equal. 

Let  2j:  +  5  =  3.r  +  7. 

Take  2r  +  5  from  each  side, 

then  2.r:  +  5-(2.r  +  5)  =  3.r  +  7-(2ar  +  5), 

or  0  =  a;  +  2. 

3.  If  equals  be  multiplied  by  equals  the  products  are  equal. 

Let  2.c+l  =  3. 

Multiply  both  sides  by  3, 

then  6.j;  +  3  =  9. 

4.  If  equals  be  divided  by  equals  the  quotients  are  equal. 

Ijet  4:i;  +  8  =  6j;  +  12. 

Divide  both  sides  by  2, 

then  2ar  +  4  =  3.1;  +  6. 

5.  If  the  product  of  two  or  more  factors  be  equal  to  zero,  then 
one  or  more  of  the  factors  must  be  equal  to  zero. 

Thus,  if  {x  -  2){x  -  4)  =  0,  then  either  ;r  -  2  =  0  cr  a;  -  4  =  0. 

115.  From  axioms  1  and  2  we  derive  the  following 

Rule. — Any  term  may  hi  transposed  from  one  side  of  an  eqna 
lion  to  the  other,  provided  its  sign  be  changed. 

Thus,  if  5a;-4  =  2j;  +  5, 

take  1x  from  and  add  4  to  both  sides, 
then  5a;  -  2j;  =  4  +  5, 

and  3a;  =  9. 

116.  Transferring  a  positive  quantity  from  one  side  of  an  equa- 
tion to  the  other  is  the  same  as  subtracting  that  quantity  from 
both  sides. 
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117.  Transferring  a  n^gath,.  quantity  from  one  side  to  ti.e 

Zzzr ''  "'*^ " '-"'  ''<■- ''"  ^-%  ^ 

118  To  solve  a  simple  equation,  bring  all  the  terms  containing 
the  unknown  quanUty  to  one  side  of  the  equation  and  al  1,: 
ron;a.nmg  terms  to  the  other  side.  Combine  the  like  t  m  and 
.l.nde  both  side,  by  the  coefficient  of  the  unknown  quantUy 


1.  Solve  the  equation 
Transposing, 
Combining, 
Dividing  by  coefiicient  of 

2.  Solve 
Simplifying, 
IVansposing, 
Combining, 

3.  Solve 
Transposing, 
Therefore 


and 

4.  Solve 
Simplifying, 
Transposing, 
Combining, 

Tiiorefore 


Examples. 

7.r-3.6-=-4-12. 
4.c=  -16. 
.r,  x=  -4. 

2.r-3  =  3(.r-2)  +  4. 
2.r-3  =  3j;-Gf4. 
3.c-2.i;=6-4-3. 
x=  -\. 

2.r-r«  =  i  +  c-3.r. 
2.v-\-Z.c=a  +  h  +  c. 

bx  =  a  +  b'h;, 

a  +  h  +  c 
x  = — 

5      • 

3(.r-«)  +  4(,r-5)  =  2(.r  +  a)-:r  +  6. 
^■>:-Sa  +  ix-4b  =  2x  +  2a-x  +  b. 
3.f  +  ix  -  2x  +  x  =  3a  +  ib  +  2a  +  b. 
6x  =  5a  +  5b. 

5a +  56 
x  = . 


5.  Sdve 
Expanding, 
Therefore 
Combinin":, 

ar.r] 


(x-iy  +  (,r-2y=2(x~3f. 
x"  -  2x  +  1  +  .i'2  -  4.C  +  4  =  2a;2  - 1 2.r  +  1 8. 
.<'  +  .r-2^'2-2.f-4.r+12.r=  -1-4  +  18.   ' 

6ar=13, 

13 

x=  —  =  2-1 
G        «• 
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SIMPLK   EQUATIONH   OF   ONIO    UNKNOWN. 


I 


2.  24.r     17r-;;0  +  4     I0.r. 

4.  rj.f  +  50-4r  +  r)(). 

G.  Tu-    <)  =  10.rfll. 

8.  r)r~(.Tr-7)=4.r    (Or     IJf)). 


BXERCISE    XXXI. 
Find  the  valuo  of  .r  in 

1.  :ir  +  6-12. 

3.  12-5./---=  10     V2.r. 

5.  3.r+lf)-31-2r. 

7.  13-3.r  =  n.r- 3. 

0.  9.r~3(r)r-r))=  -30. 

1 0.  fir  -  2(9  -  ij')  +  3(.5r  -  7)  -  1 0  r  -  (4  +  1  G,r  +  35). 

1 1 .  .r  - 7(4.r -11)=  1 4(.r - 5)     1 9(8    .»)    CI. 

12.  (.r  +  7)(.r  -3)  =  (.r-r))(.r  -15). 

13.  (.r    8)(.r+ 12)  =  (.»•+ l)(.r-C). 

14.  (.r+10)(.r-2)  =  (.r  +  9)(.r-3). 

15.  (.r-2)(.r-3)(,r-4)-.r(.r     l)(.r    8). 

1 G.  (r  +  7)(.r  +  2)(.r  -  1 )  =.  (r  4-  i){x    2)(.r  +  G). 

17.  (r  -  2)(7  -  .r)  +  (x  -  5)(.r  +  3)  -  2{r  -1)4-12-0. 

18.  (2r-7)(.r-h5)-(9-2.r)(4-.r)4-229. 

19.  (.r->-5)'-(4-r)2  =  21.r.  20.  {.r  -  If  +  {.r  -  2f  ^  2(x    if. 

21.  (.r-  l)''  +  (.r-2)H(.r-3)'-*  =  3(.r-  5)1 

22.  (.r -\Y  +  {.r- 2)'  +  {.r - 3)"  =  3(.r     1  )(,r -  2)(.r - 3). 

23.  (r  -  a){.r  +  a)  -  (.»•'  -  «>'^)  +  .r(A     a). 


24.  2r  -  (a -?>)  =  .r +  («  +  &). 

26.  4(fi  -  2,r)  -I-  5(a  +  .r)  =  9(a  -  .r). 

28.  x{a  +  ft)  +  a'  +  ft'  =  c"  -  2nb  -  o.r. 

30.  ;r  =  4  +  3r-{3-(.r  +  2)}. 

32.  (a4-/)(ft  +  .r)  =  (c  +  .r)(</  +  .r). 

33.  (,r  -  (OC.*-  -  ft)  -  {.r  +  «)(.r  +  ft)  +  ah  ^  0. 


25.   5(a  +  .r)  -2.r=3(a-n.i) 
27.  rtr  +  a2  =  ftr  +  2a'*-ft^ 
29.  2,r-  {l-(2,r-3)}=0. 
3 1 .  <i.t  -  h.r  =  a  +  ft.**  -  ft. 


•SIMI'Mi   E(i(;ATI(JNs   OF   ONE   UNKNOWN. 
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119.    VV(i   i)r()poso   iiitroducin.r  hero   »    f..«, 

foeu,r  .  0,  tl,„  wl,„l„  ,i.„„,ti(,j,  „,„,t  „  0.  ^^  """ 

^■/■.  A— Solve  ^»-«.'=0. 

F;.ct.„ri„g,  (^-m)(x+m)  =  0. 


iactorinir, 

'I'lierefore 

tlioreforo 


2(.'-3)(.r+l)^0. 
*-3  =  0  or  x+l  =  0; 
^  =  3  or  x=  ~  1. 
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SIMPLE   EQUATIONS   OF   ONE    UNKNOWN. 


EXERCISE  XXXII. 
What  values  of  x  will  satisfy 

1.  {x-a){:c-b)  =  0.  2.  (.t  +  a){x-b)  =  0. 

3.  {x-a){x  +  b)  =  0.  4.  (.r  +  a)(.c  +  6)  =  0. 

5.  x'^-{b-c)x-bc=^0.  6.  x'^  +  {b  +  c)x  +  bc  =  0. 

7.  a:^- 8.1; +12-0.  8.  2.i-2  - 8j;  +  8  -  0. 
9.  iB*  -  x\a  +  b  +  c)  +  x{(ib  +  bc  +  ca)  -  abc  =  0. 


10.  a:3_6x2+llx-6  =  0. 

12.  (a  +  %2-(«2-62)(a-6)  =  0. 

14.  a^- 26.^2- 36^j:  =  0.  ^ 

IG.  9a;«-9a:-28  =  0. 

18.  25.c'^-49  =  0.  , 

20.  ;c3  _  9^.2  ^23.c- 15  =  0. 


11.  3,c2-10,c  +  3  =  0. 
13.  x^-ax-1d'=^0. 
15.  6.c2  +  .T-12  =  0. 
17.  4.t'*-36  =  0. 
19.  .c3-3.f2  +  3.c-l  = 
21.  x^-^x'-x-l^O. 


0. 


PROBLEMS   PRODUCING   SIMPLE   EQUATIONS 
OP   ONE   UNKNOWN. 

122.  Algebra  is  extensively  used  in  the  solution  of  problems 
of  practical  value.  In  proceeding  to  solve  a  problem  the  first 
thin»  to  do  is  to  observe  carefully  the  facts  given,  or  data^  and  to 
exclude  all  that  have  no  bearing  on  the  solution.  The  next  thing 
in  order  is  to  state  in  algebraic  language  the  facts  given,  which, 
if  correctly  done,  will  result  in  an  equation  whose  solution  will 
give  the  required  result.  It  must  be  noticed  that  before  we  can 
have  an  equation  we  must  have  two  different  algebraic  expressions 
of  the  same  value.  Thus,  if  we  say  that  John  has  5  apples  more 
than  James,  we  have  but  one  expression  ;  for  let  x  represent  the 
number  of  apples  James  has,  then  John  wiU  have  a- +  5.  To 
obtain  an  equation  we  must  be  able  to  say  that  x  +  5  is  equal 
to  a  different  e,rpression.  If  we  add  to  the  fact  already  given 
that  John  has  10  apples,  we  have  the  statement:  a;  +  5  =  10, 
from  whicli  x  can  be  found. 


SIMPLE   EQUATIONS   OF   ONE    UNKNOWN.  U 


Let 
then 
and 
also, 
therefore 


a;  =  ihe  number; 
ar  +  7  =  the  number  when  7  is  added, 
J(x  +  7)=.twice  the  number  when  7  is  added  • 

2(.r  +  7)  =  32,  or  0^  +  7  =  16,  or  a;=9. 


^07.  ^, — What  two  numbers  ar^  fi,^o«      i 
difference  22?  ^'"''  ""'^^•^^  «"'"  i«  48  and 

.r-(48-.r)  =  22, 

a;-48+a;  =  22, 

2a;- 48  =  22. 

2a;=22  +  48  =  70 
x  =  S5  =  first  number ; 

48-^.=:48-35^13  =  second  number. 


or 
or 
Transposin, 

therefore 


S> 


We  might   liave   assumed  in  this   problem   thaf   f. 
number  is  .r  +  22-  thpn  fJ,n  ..  .  .  proDlem  that  the  second 

a  *i-4^^  men  the  statement  would  be  :— 

a;  +  .?:  +  22  =  48, 

2.r  +  22  =  48, 

2.r=26, 

ar=13; 

.".  .T+22  =  35. 


Here  the  second  number  is  the  greater. 


••tr 
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SIMPLE   EQUATIONS   OF   ONE   UNKNOWN. 


Ex.  5.— Thirty  yards  of  cloth  and  40  yards  of  silk  together 
cost  £6G,  and  the  silk  is  twice  as  valuable  as  the  cloth.  Find 
the  cost  of  a  yard  of  each. 

Let  X  =  cost  in  £'s  of  a  yard  of  cloth  ; 

then  2.c  =  cost  in  c£'s  of  a  yard  of  silk  ; 

therefore  30x  =  cost  of  30  yards  of  cloth, 

and  80x  =  cost  of  40  yards  of  silk. 

But  the  whole  cost  is  ,£G6, 
therefore  30.r  +  80.c  =  66, 

or  110j;  =  66; 

therefore  ^  =  i  'i  a  --  's  • 

Hence  value  of  cloth  is  £>'i,  or  12s., 
and  value  of  silk  is  £'i,  or  24s. 


EXERCISE    XXXIII. 

1.  Find  two  numbers  whose  sum  shall    be   lOO  and  Avhose 
difference  10. 

2.  What    value    of    x    will    make    the    difference    between 
(2i;  +  4)(3.c  +  6)    and    (3a;-2)(2.c-8)    equal  to  961 

3.  Add  24  to  a  certain  sum  and  the  amount  will  be  as  much 
above  80  as  the  sum  is  below  80.     What  is  the  sum  ? 

4.  The  sum  of  the  ages  of  two  brothers  is  49,  and  one  of  them 
is  13  years  older  than  the  other.     Find  their  ages. 

5.  I  bought  20  yards  of  cloth  for  10  guineas,  part  at  lis.  6d.  a 
yard  and  the  rest  at  7s.  6d.  a  yard.     How  many  yards  of  each 

did  I  buy  1 

NoTK.— Be  careful  to  express  the  various  sums  of  money  in  the  mmc 
deiioniiuation. 

6.  At  an  election  where  979  votes  were  given,  the  successful 
candidate  had  a  majority  of  97.    What  were  the  numbers  for  each? 

7.  Divide  87  into  three  parts  such  that  the  first  may  exceed 
the  second  by  7  and  the  third  by  17. 

8.  Find  a  number  which,  being  multiplied  by  6,  and  having 
12  added  to  the  product,  the  sum  shall  be  66. 
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9^  A  person  left  $700  to  be  divided  among  three  persons  in 
such  a  way  that  the  first  was  to  receive  double  of'wha     t 
second    received,    and    the   second    double    of   ^hat   the   th    d 
received.     Find  each  person's  share. 

10.  Two  persons.  A  and  B,  put  e.,ual  sum.  of  money  in  busi- 

double  that  of  y^'s.     What  did  each  lay  out  i 

if  ll'y^^A^  i?  T"^^"""  ^''  '^''''  ^^''^  ^'«'^'-«"<^«  i«  10,  and 
if  15  be  added  to  their  sun    the  whole  will  be  43  ? 

12.  A  father's  age  is  twice  as  great  as  that  of  his  son   but  10 
years  ago  it  was  three  times  as  ^reat.     Find  the  age  of  e!ach 

13  The  ages  of  two  mer.  differ  by  10  years,  and  15  years  ago 
the^elder  was  twace  as  old  as  the  younger.      Find  the  ages  of  the 

14  A  had  7  times  as  many  apples,  and  B  three  times  as  many 
as  C  had  A  parted  with  16  to  /;.  and  then  these  two  person^ 
had  equal  quantities.     How  many  apples  had  (7? 

15.  Find  that  number  of  which  it  can  be  said  that  four  times 

iLrt:  ir  ^"^' '-'-  ^^-^^ '''  - '- ''--  ^^^  --^er  is 

16    Two  trains  start  at  the    same  time  from   Toronto  and 
Montreal,  a  distance  of  333  miles,  travelling,  the  former  at  25 
mi^s  an  hour  the  latter  at  22  miles.     Where  will  they  meet 
and  in  what  time  from  startin^r?  ^  ' 

17.  A  man  bought  a  number  of  cows  for  $40  apiece  and  5 
more  horses  for  $120  apiece,  and  paid  altogether  $220o'  How 
many  did  he  buy  of  each  kind  ?  »  ^         .     now 

18.  How  much  tea  at  65  cents  a  pound  must  be  mixed  with 
•>0  pounds  at  75  cents  a  pound  that  the  mixture  may  be  wl  th 
.  0  cents  a  pound  ?  j'  ue  w  ortn 

conveys  10  gallons  more,  and  another  10  gallons  less,  than  the 
hud  per  mmute.     The  cistern  holds  DOO  gallons.     H„„  ,„„',' 
llows  through  each  pipe  per  minute?  -  ow  „»,„„ 

(i 


74. 
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20.  The  sum  of  .^500  is  divided  among  A,  li,  C  and  D.  A  and 
n  have  tog(^tlun-  $280 ;  A  and  C,  $260 ;  A  and  D,  $220.  Ho^^ 
much  does  each  receive  ? 

21.  Divide  $1520  among  A,  B  and  C,  so  that  A  has  $100  less 
than  />',  and  B  $270  less  than  C. 

22.  Find  two  numbers  differing  by  8  such  that  four  times  the 
less  may  exceed  twice  the  greater  by  10. 

23.  A  vessel  containing  some  water  was  filled  up  by  pouring 
in  42  gallons,  and  there  was  then  in  the  vessel  seven  times  as 
much  as  at  first.     How  many  gallons  did  the  vessel  hold  % 

2-i.  In  a  company  of  266  persons,  composed  of  men,  women 
and  children,  there  are  twice  as  many  men  as  there  are  women, 
and  twice  as  many  women  as  there  are  children.  How  many 
are  there  of  each  % 

25.  Divide  90  into  two  such  parts  that  four  times  one  part 
may  be  equal  to  five  times  the  other. 

26.  Divide  60  into  two  such  parts  that  one  part  is  greater 
than  the  other  by  24. 

27.  A  bill  of  $100  was  paid  in  dollar  and  fifty-cent  pieces, 
and  80  more  fifty-cent  pieces  were  used  than  dollars.  How 
many  of  each  were  used  % 

28.  A  bill  of  £100  was  paid  with  guineas  and  half-crowns, 
and  48  more  half-crowns  were  used  than  guineas.  How  many 
of  each  were  used  % 

29.  Thirty  yards  of  cloth  and  20  yards  of  silk  cost  $120,  and 
the  silk  cost  twice  as  much  per  yard  as  the  cloth.  How  much 
did  each  cost  per  yard  % 

30.  A  man  bought  30  pounds  of  suga.  of  two  different  kinds, 
and  paid  for  the  whole  $2.94.  The  better  kind  cost  10  cents  a 
pound,  and  the  poorer  kind  7  cents  a  pound.  How  many  pounds 
were  there  of  each  kind  % 

31.  A  man  has  tliree  times  as  many  quarters  as  half-dollars, 
four  time.s  as  many  dimes  as  (juarters,  and  twice  as  many  half' 
dimes  as  dimes.  The  whole  sum  is  $7.30.  How  manv  coins  hfi.«s 
ho  altogether?  " 


D.    A  and 

20.     How 

1100  less 
times  the 


)y  pouring 
1  times  as 

lid  ? 

in,  women 
re  women, 
[ow  many 

one  part 


IS  greater 


nt  pieces, 
rs.     How 

If-crowns, 
[ow  many 

?120,  and 
ow  much 

nt  kinds, 
0  cents  a 
y  pounds 

If-doUar.s, 
any  half 
coins  ha.'i 
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33.  A  wine  merchant  has  two  kind,  „f     ■ 
cents  a  quart  and  the  other  71  .     .  '  ""<'  '™'""'  'W 

>™hes  to  ,nake  a  mixture  of  100  „".,!  '^  ''"'"'''     ^™"'  "'°^«  ^e 
Ho.  many  «a.,o„.  must  he  take  of^lHildT  *'•'"  "  «''"■'"■ 

« "oi"  c:::':;:  r.:'"7"'r  "■"--  ^- '-» 

I'he  quantit,  remaining  in  o^    ;e  T-  ""'  ■"""""■  "'0  gallons. 

o.  er.  Ho.  much  didU  crrii:  aTrr  ""^' '"  "•» 
''^•«edXt:it;zr:r;7r"«  •"  ^^^^^^  - "« 

-  .»  have  twice  as  much  Z  dau„ht  *'T  u'"'«'''"^»-  '^  - 
than  all  the  children  tolh  r  t„  '  ""''  '^^  "'^^  *«00  ■>«- 
oach  !  =""'"^-     "<»>'  much  was  the  share  of 

36.  A  has  $80  and  It  has  «'!9  ,  j 

t>.en  ^  has  «ve  times  as  Tuctt  t  wttHh"  ""^''  """  ■ 
each?  ^'      ^"'it  IS  the  sum  lost  by 

«  los;s  »™0,  id^lnr'ee '™m'ef  J"""^-     "  8"'"'  ^^OO  and 
How  much  had  each  at  iirT!  '  "  """"  '°  "^^  """^  ^'». 

^  -«ed  among  them  wtaS:  ea^rL^ifr  ^-^  '^  '" 
'0^  evetl^r—T-fJ^  «0  da,s  oncondition  that 

-ery  day  he  was  absent  he  shouwlTT-'  ''  P^'"^'  ''"^  for 
"f  *e  time  he  had  20  shilling  tl  "  """"'•     ^'  ""^  «"d 

*'ys  he  worked.  ^   '"  "'"^'™-     ^^d  the  number  of 

^'.-  yards  more  t.han  thX^t'^L^r ^f^:^:  "^^ 


CHAPTKi;     VII. 


COMMON    FACTORS  AND   COMMON    MULTIPLES 
HIGHEST    COMMON     FACTOR. 

123.  'riu>  mctlHMls  of  rosolvinj,'  a  siujrU^  algcbniii'iil  oxprcssion 
into  fiu'lors  \m\v  alrnuly  been  nivcn.      Wo  proocod  now  to  i»x 
plain  how  (o  (iHtMiuino  (ho  factors,  if  any,  which  are  contained 
ill  oudi  of  two  or  more  j^iveu  oxpr('s.sit>ns. 

124.  A  Common  Factor  of  two  or  moro  alt,'(>l>raical  (upros- 
sions  is  any  cxpr<\ssion  wliich  is  a  factor  of  each  of  thorn.  Two 
expressions  Imxin-jj  no  common  factor  except  unity  arc  said  to  ho 
prime  <»>  •'•u-h  other. 

125.  Th(^  Highest  Common  Factor  of  two  or  more  alge 

hraical    expressions   is    tlio    factt)r    of   liij;li:>st    dimensions   and 
!j;reatest  Tiumerical  co(>lHcii'nts  which  is  a  f.u-tor  of  eacli  of  them. 
The  lH«j;hest  Oonnnon  Factor  is  usually  denoted  by  the  letters 
H.  C.  \\ 

126.  -V  Multiple  of  an  ali>:ol)raical  expression  is  any  expres 
sion  of  which  the  given  expression  is  a  factor. 

The  terms  "Measure"  and  "Multiple,"  used  in  arithmetic, 
are  not  very  appropriate  for  alt>ebraical  cxjn-ossions.  The  former 
is,  therefore,  replaced  by  th'>  correct  term,  "Factor";  (ju>.  lattci' 
is  retained  b<'causo  we  have  ao  other  word  to  supply  its  place. 

127.  The  11.  C.  h\  of  two  or  more  expressions  will  evident Iv 
Ix^  the  product  of  all  the  factoivs  common  to  each,  and  may  tlierc 
fore  be  found  by  the  fi)llowing 

Rule. —  Rcsofre  eacli  expression,  info  elemenianj  /acfor.-',  and 
the  product  of  all  the  /actors  conimo)i  to  each  expression  irill  l>r 
t/ie  H.  C.  F.  required. 


lUOMKsT  COMMON    rAOTOlt. 
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f..m„l.  "  ""•'  ""'""""  *'""•"■■»  *ill  U.  ,e.-uliiy 

';•  ;■ """'  *'"'  "•  «•  •"•  "f  ■•■'-*'..■',  6o,«,,.»,  3r,„w. 

>•*>",  G ,  are  aiJ   tliosi!  wliir>li  mi..!  ^,.      i  • 

.•.v,.,,,»,i„„;    H.„„,f„„,   .W  i.  U,„  il    0    1  ■  '"  """'' 

lo  MIC  n.  o.  r.  rccjuired 

^^.  iV-Fin,l  the  JI.  C.  R  of  ."^-i^,  ^i^^.   „3^.^, 
«'-*'"  (a +  i)(a-i) 

Tlie  only  factor  found  in  each  f^  «  4.  A       i  •  i    •      . 
1 1.  a  R  miuimJ.  ^''   ''^"^'''  ''^  ^''«''^'f<^'«  the 

A'.r.  ,9. —Find  the  Jf.  C.  V.  of 

(2.r-a)(..-r.)(.V--4)    and    15.r3..  128..^+ 309x- ooq 

t.ietors,  if  anv    nnw<   l.„  p        i  oi^t"-      llie  comwon 

EXERCISE    XXXIV. 
I'^ind  the  H.  C.  P.  of 

->    w  -  ■,  4  1  .  ■.  ..  ,  ^-    «/.'  //,  Mry  find  51.r?/3 

-    r  .,  n        ,  J     '  ''J-  Old  ij  ^  >'"•'  yVand  )r)  A/M 

•'•  ^"t'  +  5«.rand3y;<y  +  r)/u-//    10    S/^  +  '?..2  •>        ,   /. 

1 1  •  «»/  +  2/-  and  abc  +  hr„.  .  o    ,.,;  ..,„,,        ,  ^  ' 

-J  :-.  air  r  a-b'  and  a'bcd + ab'^cd. 
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13.  .T»-5.r  +  6  and  ;r«-ll.r  +  24.   14.  r'-ryr-li  and  .r'  +  x-b(i. 

15.  .r'^-  1  and  .r'  +  20.r  f-19.  16.  ;r- 14.r-r)laiid.r-7.r  -  170. 

17.  .r«  -  y  and  .c« + y».  18.  .r*  +  xy-  +  i/  and  r^  -  yl 

1  i) .  .»•»  -  2/''  amd  .r"  -  y".  '  20.   .r"  +  y"  ant  I  j-'"  +  //'». 

•J  I .  .r«  +  .ry  +  y«  and  u-'^  -  y^\         22.  .r'-i  -  4.r  -  77  and  .r'  +  343. 

23.  S.r'  f  27// and  Cr*  +  r).r^  -  G;*/'.  24.  a='  +  />■'+  2a/>(a  +  6)  and  a^* -  i •. 

2r).  ./•<  +  \.t^  + 1 0  and  .r*  -  8.  26.  .r'  +  1  an(  1  x^  +  mx-  +  w.r  +  1 . 

27.  1 2;').*-''  -  64*/'  and  75.1-"'  +  6O/7/  +  48.ry-. 

28.  .r(.r  +  1 )-,  x%x'  -  1 )  and  2x{x'  -  x  -  2). 

29.  6(a    b)\  S{n--lry  and  10((t^    (/). 

30.  (ic{a-b){a-c)n,iu\bc{h~a){b-r). 

31.  {a  +  by-{c  +  <ff,  («  +  (•)'■'-(/>  +  (/)•- and  (a  +  df -{b  +  cf. 

32.  6.»"'     G.r*/-'  +  2x-ij  -  'lir  and  1 2.r  ^  1  n.ry  +  3//"^ 

33.  3«='-3»r/>  +  a/*-  ^^  and  la-     ^hih  +  lr. 

34.  3.r'  -  3.r7/  f  ,r//'    //'  and  4.r'  -  .r//  -^  3.n/-. 

35.  20.r*  +  .r-  1  and  75.r'+ 15.r'    3./- -  3. 

129.  The  followinj^  pi-inciples  (Mial)lo  us  to  find  the  H.  C.  F.  of 
any  two  algehraioal  oxpre.ssions.  For  their  denuui.stration  see 
Arts.  136-139. 

1.  Tf  one  expres.sion  is  a  factor  of  anotlier  it  will  also  be  a 
factor  of  any  multiple  of  the  other. 

2.  If  one  expression  is  a  factor  of  two  others  it  will  also  be  a 
factor  of  the  8un\  or  the  dill'erence  of  any  multiples  of  the  others. 

3.  If  one  expression  be  divided  by  another,  the  remaindei',  if 
any,  will  be  the  difference  bet\ve«ui  tlie  dividend  and  a  multiple 
of  the  divisor,  and  will  therefore  contain  all  the  factors  conmion 
to  the  two  expressions. 


130.  To  find  the  H.  C.  F.  of  any  two  algebraical  expressions 
we  have  from  Arts.  127  and  129  the  following 

Rule. — If  the  expreiisions  contain  any  common  factors  ivhich 
can  be  discovered  by  inspection,  strike  them  out  and  reserve  them 
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..^Mlar.  „/,/«  //.  C.  F.      /.•,.„,„  ,,„„.,.  ._,■,..,„  ,,,„„..,.„  ;^^ 

.nk.  on.  unU  r,,,.t  a,,y  „,/,„.  ./«„«.A,,„^ /„,<„,,  ilj,,  JZ 
iltKcomred.  ^  <^io  un 

lake  tl,.:  „,„,„,„&,.  „„  ,,,„„^  „„;  „■„  ^„^,^^  ^;, 

11.  O.  r.  required. 

131    When   th.  first   term   of  ,.„y  divklon.l   i.s  not  exactiv 
.i.v.».l  e  l.y  tl,e  fi,.»t   term  „f  tl.o   co,.„..sp,„„,i„,,  ,„,,;"'. 
"..H  .,ly  ,.„cl,   t,.,.,„„t  tl,e  ,.ivi,le,„l  by  „ucl,  a  Ltor  ^Z 
'•-HlH-  .'.  exactly  .livisibk.     Tl,i»  ea„„„t  affect  the  H    C    l' 
»..,«,  all  ,„,„„„„ial  facto.-,,  are  ,„p,,„„„<l  to  ,„,.„  been  r^nu-ve.! 
t-m  theg,v,.„  ,.x,>re.s,io„.,,  a„,l  therefore  n.ultiplyi,,,,  „„„xpre 
......  cannot  ,„tro,l„,.„  any  ,.„,„„.„„  factor.     Hu,nLy,  anyf.Lr 

»Lu-h  .»  clearly  not  a  part  of  the  if.  C.  F,  n,ay  be  re  nov'l  f 
^'"y  r..,ruun,le,  l„.fo,v  usinj;  it  as  a  divisor. 

s  \i  "">■  ■■«-""Je'-  c-an  be  n-solved  into  ele„,ent,ry 
.acto,.  the  H  C.  F.  „,ay  he  found  by  trying  these  factor,  in 
™cee.,s.on  a.  d,v«or.,  of  one  of  the  given  ex;re»sio„, ;  fj  „ " 
factor  of  a  remainder  will  divide  both  of  the  "iven  exnr.  ^in,,! 
".  *J.  of  them.  Thi„  follow,  from  Art.  I.d'  a'i,^  ^r  '  ^ 
P.™.d,ng  ,,.n,.nder.  may  be  tested  instead  of  one  of  tl^  ,iven 

„,!■  J  rl:|l'*"""^  """"'P'"^  *'"'  ^"e  .application  of  the  pre- 
Ex.  i.— Find  the  11.  C.  F.  of 

1  ^cH  -  3«^A  -  1 2aH.  ~  3a^i  and  1 2a  .  -  6a*c  -  9a«c  +  3a'c 

\%C'c-^aSc-    9a^c  +  3a^.=  3aV(.{«^-2«^-3«4-l) 
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Now,  3a2  is  evidently  a  factor  of  the  H.  C.  F,,  but  h  and  c  arc 
not.     Proceeding  with  the  remaining  expressions, 

4a-l 


6a3-    a^- 
o 


4a3-2a'-3a4-i;i2a='-2a2_8a-2('3 
12a'' -6a'' -9a +  3 

4a'*+   a-5 
=  (4a+5)(a-l) 

Now,  if  these  expressions  have  any  common  factor  it  must  be 
one  of  the  factors  of  this  remainder,  4a  +  5  is  evidently  not  a 
factor  of  either,  and  by  trial  we  find  a  - 1  is  a  factor  of  the 
former;  therefore  3a'^(a-  1)  is  the  If.  C.  F.  required. 

Ex.  ^.— Find  the  H.  C.  F.  of 

4x*  +  1j?-\ 8.^2  +  dx-b  and  6.f5 - 4,6* -Ua^-  3.r  -?,x  -\. 

6,5-    Ax'-Ux^-      'ix^-   3.f-    1 
2 


4.r*  +  2,<'3-18.r  +  3.r-5)12./'^-    8./-^- 22.1-3-      G.r-    Or-    2f3r 

12^+   6x-^-54.f3+      9i'--15i; 

-14r*  +  32.t3-  15/-'+    9j;-    2 
2 


-28.*-^  + 64.tr'-   30.fH18j'-   4f-7 
-28.f*-l  4.r' + 1 2  6.r  -  2 1  .t-  +  3  5 

78.^3 -]56.r  +  39.c- 39 
=  39(2.c3-4a;2  +  r-l). 
2.r''  -  4.r2  +  a;  - 1  ;4i'^  +    2.1-3  - 1 3  j;2 + 3.^  _  5(^2.r  +  5 
4x*-_8^+   2i-«-2x 

1 0.1-3- 20/'' +5.r-r» 
10i:3-20i-2  +  5.r-5 


Therefore  2 x' -  4z' +  a;  - 1  is  the  H.  C.  F.  required. 

Explanation. — We  first  multiijly  the  dividend  by  2  to  make  tlie  first 
term  exactly  divisible-  by  the  first  term  of  the  divisor.  This  will  not 
mcrease  the  H.  C.  F.,  because  2  is  not  a  factor  of  tlie  divisor.     Again,  we 
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reject  the  factor  39  f.o.n  a  remainder.     This  cannot  decrease  the  H  C  F 
since  39  ,s  not  a  fad.n-  of  either  of  the  given  expressions  ' 

bonietunes  the  Mork  can  be  abbreviated  by  reversin.r  f  hp  n.rU.    t  i 

Ml  bcaNoided      It  IS  a  general  principle  that  either  the  hicrhest  or  the 
l.n  est  power  of  the  leading  letter  n.ust  be  elinnnated  by  d  v     on   bu 
only  experience  can  determine  the  best  method  in  any  partiLJ  etn,!;:! 

134.  The  following  example  illustrates  a  difference  between 
aSion  ""^'^-^^--^  operations,  and  is  worthy  of  careful 

The  H.  C.  F.  of  ..^-1-4.. +  3  and  a:^+8.-  +  7  is  .•  +  ] 
Now    if  for  .r  we  substitute  any  whole  number,  we  may  bo 
certain  that  the  value  of  r  +  1  will  1.^  n  «^  ^ 

,    ,         e    ,     ,        /  "^ ''^  •'  + ^  ^^"^  »e  a  common  measure  of  the 
values  of  .c- +  4.r  +  3  and  /-' a.  « ,.  _l  7   i    i.  , 

it  will  1,^  ;*;'+•' ■'"1;'  +«'  +  '."'ut  we  cannot  be  cerUiutlmt 
It  will  be  then-  greatest  common  n,easm-e.  I{^^2  the  exnres 
».on,  become  15  and  27,  and  .+  1  =  3,  and  thi.  is  thei.  gX, 
oom„.o„  measure;  but  if  .3  the  expressions  becon.e  24:nd  4^ 
,  ""'■=■■.  "*'"'''  '»  '«"  their  greatest  connnon  measure.  The 
explanation  lies  m  the  fact  that  the  other  factors,  .,•  +  3  and  r  +  7 
lav^  no  connnon  measure  for  „U  values  of  ,r,  hut  they  have  fo,'- 
l»rHcu/ar  values  of  .,  viz.,  when  .  is  any  odd  numj. 

135.  The  following  is  the  substance  of  the  theory  usually  -iven 
...  connection  with  this  subject.  The  reasoning,  1  oweve  it  ,'t 
suita  le    or  beginners,  and  should,  therefore,',  on,    ted  u," 

onsKlerable  progress  has  been  made.     The  same  remark  ap^he 
to  the  corresponding  Arts,  in  L.  C.  M. 

136.  If  P  is  a  factor  of  A  then  it  is  a  factor  of  mA  ■  for,  since 

137.  If  /•  is  a  factor  of  A  and  £  then  it  is  a  factor  of  mA±„B  ■ 
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138.  Let  A  and  Ji  denote  any  two  expres- 
sions whose  H.  C.  F.  is  required.  Let  them 
be  arranged  and  the  divisions  performed 
according  to  Art.  130,  and  let  the  various 
quotients  and  remainders  be  denoted  by  the 
letters  in  the  margin ;  then  we  have  the  fol- 
lowing results  : — 

A=pB  +  C,     B=(jC  +  D,     C  =  rD; 


B)  A  (p 
pli 

~VJ]i(q 

D)C(, 
rD 


:.  A=^'pB  +  G 

=  p{qC  +  D)  +  rD 
=- p{qrl)  +  D)  +  rD 
=  D{pqr+p  +  7') 

Therefore  i)  is  a  factor  of  both  A  and  B. 


B  =  qC+D 
=  qvD  -\-  D 
=  D(qr+l) 


139.  Again,  since  every  expression  which  divides  A  and  B 
divides  A  -pB,  that  is,  C,  therefore  0  contains  all  the  factors 
common  to  A  and  B.  Similarly  D  contains  all  the  factors  com- 
mon to  /y  and  C,  that  is,  all  the  factors  common  to  A  and  B ; 
therefore  D  is  the  H.  C.  h\  required.  Also,  every  factor  of  A 
•md  B  is  a  factor  of  D. 

140.  If  we  are  required  to  find  the  H,  C.  F.  of  three  expres- 
sions, A,  B  and  C,  find  the  H.  C.  F.  of  two  of  them,  A  and  B; 
let  it  be  D.  Then  the  H.  C.  F.  of  D  and  C  will  be  the  H.  C.  F. 
required ;  for  every  factor  of  I)  and  C  is  a  factor  of  A,  B  and  C, 
and  every  factor  of  A,  B  and  C  is  a  factor  of  D  and  0  ;  there- 
fore D  is  the  II.  C.  F.  of  ^,  7^  and  C. 

EXERCISE  XXXV. 
Find  the  H.  C.  F.  of 

1.  .r'' -t- 3.c^ -f  4.r  +  1 2  and  .t^  +  4.e^  +  ij- i-'i. 

2.  r"  +  .r' ~  2.1- -  S  and  x' +  2x'' +  x  ~  A. 

3.  x^  +  x^  +  x~S  and  x^  +  S/'  +  5x  +  3. 

4.  r^  +  x'  -I3x-  i  and  3.<3-h  lO./"'     13,r-20. 
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p 

1 

1            ' 

n  Oi 

rC 

8 

^i^^'        1      ^■ 

1          10. 

11. 

12. 

13. 

U. 

15. 

I  and  B 

IG. 

?  factors                         1 '  • 

ors  com-                         l'^ 

"""/;             19.' , 

.or  or  A 

20.  , 

21.  '^ 
!  expres- 

and  B;                        .^^ 
H.  0.  F.           ■ 

i  and  C,            1         -•^-  ^ 

;  there-           B         24.  a 

I        ^^^-  ^ 

1        26.  . 

1        27.  ;>. 

1       28.  a. 

■       29.  a' 

1 

30.  a, 

3.r'  -  1 7.r'^  -  5.r  +  1 0  and  S./r'  -  23.^;2  +  23^  _  g. 
2r'-a;Hx  +  4  and  2.i* - .i» - .^ "^  +  7.^ _  4^ 
2,r3-19irH38;r-21  and  3.t='-20.f2- 12.f  +  35. 
3,r3- 13.,'^ +  23.^-21  and  6r^  +  .r^-44.r  +  21. 
.i'-3.t^  +  2.c'  +  x~l  and  a-^-a;^-: 
.?'^  +  5a,*-.i'-'-5j:  and  x*  +  3.r''  -x- 


U  +  2. 


ar-3. 


o,.* 


0,3 


r"  -  1 2.1-3  +  1 9.1-2 -6.r  + 9  ^^^  ^^ 
-11j;2..9  and  4a;^+ ll,p*  +  81. 
.r'+Sx*  -  8.r-'  -  9,r  -  3  and  .ir«  -  2./;"  -  B.r^ 


18.r2+19.r-3. 


+  4.1-2+ 13.1- +  6. 


0,.5_K^4 


.r-5.r*+.r3-9.r'-H^  +  G 


9r'+ll.t-3-2  and  81.r^+ ll.,.4.4. 
r'-209.r  +  56  and  56.r^- 209.c«+ 1. 
ifHl  and  .t^+x*-~x^-x'^+x+l. 
2a'  +  3a-lr  -  9a\c'  and  Ga^t-  -  17  a^.^-^  +  1 4 
a\v^-a?b.ry  +  ab-.vf~Py^  and   2a'b.ru~ab' 


md  3.r^-8.c*-4.,-3  +  5.r2_5^_3 


.3_ 


3«j 


-9.i--+26.t;-24,  a-='-10.r'  +  31 


//-i3^3 


1 0,^-2 + 9,  X*  +  1 0*,'^  +  20a;-'  -  1  Oa^  -  2 1 


'i--30and.<-3-lla;2  4-38a;- 


40. 


^~P^+px^-fx  and  x^-p\ 
'  +  {P+^^'  +  {p+\)x+p  and 


and 


:f^  +  4a;  -22 


Ia;--4a;+21. 


^^+{P~l)x-'-{p-.\)x+p. 


ax  -  h  and  aa;^  +  («  _  5)^.2  +  («  _  ^^^  _  ^ 
'  +  2m:^  +  ,n V  -  n^  and  ..^  +  (,,,  _  1  )^..  +  (^  _  ,,^^^  _ 
'  +  (5m-3>r  +  (Gm-- I5m,a  -  18m'^ 


w. 


and 


-  (a  -  6).,-'-'  -  (i  -  c).r  _  c  and  2a.r''  +  (a  + 


'  +  (m-3)a-2-(2m''+3m>-f6/> 
f  r/  and  ;.ar^  -  (^  +  q)^s  +  (^  ^  ^^_^  _ 


'2b)x'  +  l^b  +  2c) 


+  iH  c»  -  3aic  and  a{a  f  2i)  +  *(*  +  2c)  +  c(o  +  2<c) 
=^(a;^  +  6'HMV  +  a-'^-)  and  aa'(2/« +  //')  + ^,j,(^^,.  ^.  ^: 


■<*  -f-  c. 


V). 
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LOWEST     COMMON     MULTIPLE. 

141.  A  Common  Multiple  of  two  or  more  algebraical 
expressions  is  any  expression  of  whicli  each  of  the  given  expres- 
sions is  a  factor. 

142.  The  Lowest  Common   Multiple  of  two  or  more 

algebraical  expressions  is  the  expression  of  lowest  dimensions 
and  smallest  numerical  coefficients  of  which  each  of  the  given 
expressions  is  a  factor. 

The  Lowest  Commjn  Multiple  is  usually  denoted  by  the 
letters  L.  C.  M. 

143.  The  L.  C.  M.  must  evidently  contain  all  the  elementary 
factors  which  any  one  of  the  given  expressions  contains,  but  no 
other  factor ;  therefore  for  finding  the  L.  C.  M.  of  two  or  more 
algebraical  expressions  we  have  the  following 

Rule. — Eesolvs  each  of  the  given  expressions  into  elementary 
factors,  and  the  product  of  the  highest  pou-^'rs  of  all  the  diferent 
factors  which  occur  will  be  the  L.  C.  M.  required. 


EXERCISE    XXXVI. 
Find  the  L.  C.  M.  of 

1.   Id-b,   3ai-,  Q>abc. 

3.    18;;V,   \QqS'\   ItyrY- 

5.  a!^-li\  ab  +  b',   a'  +  ab. 

7.  .r'-l,  A-2-1,  ;r2  +  .r+l. 

9.   4(.i'-^-r),6(.r-i/)-',  10(,r  +  y)'-'.  10.  34r^-l),  5//(.rfl),  a^-a-+] 

11.  d'-P,    a^-b\    a*  +  db'  +  b\    d-  b\ 

12.  d'\-b\    a'-a'U'  +  b',    d-b\    a^-h\    a*     b\ 
U.  x'-bx-\-Q,    x'-^,    /^     9,    .r-7.r+12,    .r-16. 


2.  Ga^iV,  106W,  Voabcd\ 

4.  2\lhn\   yoin'n\   70m'n'p. 

6.  a^~b^,  a-b,  a- +  ab  +  b-. 

8.  x'-.vf;  xf-+f,  .,^-xy 


*« 


14. 
15. 

16. 
17. 

18. 
19. 

L'O. 

21. 

00 
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..^-1,    .r'+l.    ..o_,.    ,._^^    ^,^^3^^_  ^> 
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2.  ..^-a^    .f<-a^.,,.-«,,^  +  ^,3^    a.r' +  a^, ^ a^c^ ■ 


a* 


I.et  ^  Md  ^  denote  the  two  expressions,  Z)  their  H  C  p  ■  ,  t 
«  an<U  denote  the  other  factors  of  A  a^d  3,  Z  "..^jj^^ 

aD.bD     AB 


Then 


abD  = 


D 


D  • 


Tn  prrx'tice  it  is  easier  to  divide  onp  nf  fi,^ 
".  a  ..,  and  ..tip,,  the  ^^I^^^^t^^^Z^^.  "" 

notation  of  the  last  Art    if  1/ K  "'"Itiple;  for,  using  the 

■tf-*/);  if  it  contains  ano^  erfl'to   '1^'"""/ Z"""-".  the" 
proves  the  proposition.  '     '     '°  ''^=  '™*'°'  "  "* 
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146.  To  find  the  L.  C.  M.  of  any  number  ot  algebraical 
expressions,  A,  B,  C,  etc.,  we  have  the  following 

Rule,— ii^iW  the  L.  C.  M.  of  A  and  B,  denote  it  by  M ;  find 
the  L.  C.  M.  of  M  and  C,  and  proceed  as  before  until  all  the 
expressions  have  been  used.  The  last  multiple  thus  found  will  be 
the  L.  C.  M.  required ; 

For  the  L.  C.  M.  of  M  and  C  contains,  without  excess  or 
defect,  the  factors  of  M  and  C,  that  is,  the  factors  of  A,  B  and  G. 
Similarly  for  any  mmiber  of  expressions. 


EXERCISE    XXXVII. 
Find  the  L.  C.  U.  of 

1.  x^-%x"+\\x~(i   and    .c^- 9.r2  4- 26.r  -  24. 

2.  .r3-9.r2-t-19.c  +  4    and    .^•3  -  B.r^  +  4.r  +  1 . 

.3.  2j;='+9.r  +  7;c-3    and    3.r^  +  5.^^  -  1 5,i -f  4. 

4.  x*-x^-x  +  \    and   ,i*  -  2.c^  -  a;'*  -  2.T  +  1 . 

5.  ^x^  +  x-y-\\xf--Qf   and    Qx'+Wx'y  -  xy- -^y\ 

6.  x^  +  ax^ -  9a".c2  +\Wx-  4a*   and    ,i*  -  aa? -  ^d^x'  +  ba\t  -  2a\ 

7.  x^-lx-&   and   .i-^  -  4.r^  +  4,r  -  3. 

8.  .c*-10.c2  +  9,    .f*  +  10.i;3  +  20.r2-10.j;-21 

and   .r*  +  ix^  -  2  2.i-2  -  4,r  +  2 1 . 

9.  x^+'ix^-x-^,   2x'  +  bx^~hx^-bx  +  ^  and  2a;*  +  3a;»  +  2a;2- 1. 

10.  a;*  +  4a:2+16,   ai^f  2^'*  +  4.x'^  +  8.r-'+ 16a;  +  32 

and   af  -  2a;*  +  ^a?  -  Sa;^  +  16.^-  32. 

11.  a;3  +  6,x-+lla3+6,   x'^  +  lx^+lix^S  and   .r^  +  8a;- +  1 9a; -f- 1 2. 

1 2.  a^x  +  rtV''  -  2aa;^,    a^x  -  ai^x^  -  %noi?   and    rr  -  2d^x  -  5ax^  +  6x\ 

13.  ar* -3a;'^  + 3a; -1,   a;' -  a;'-*  -  .f  +  1 ,    x-*  -  2.r^  +  2a;  -  1 

find   a;*  .3.r'-i-3a:'-2(«+l. 


CHAPTER   VIII. 


FRACTIONS. 


147.  A  Fraction  is  the  quotient  of  one  expression  h.r        .u 

Thus  -,  -  are  fractions  •  but  "~*"         t      .- 

,.46  ""«^  ^^"t   -,  __  are  fractions  inform  but 

not  in  reality. 

148    The  expression  to  be  divided  is  called  the  Numerator 
and  that  by  which  it  is  to  be  divided  is  called  the  DenoStor 

of  itc':"^  ^"^ '''  ^-^-^--  -  eaiiedrr^s 

149.  Any  expression  may  be  written  in  the  form  of  a  fraction 
by  considering  it  the  quotient  of  itself  by  unity. 

150.  As  division  is  the  reverse  nf  «.»i*^-  i-    i.. 

sion  „„,v  be  Written  as  .  C  „  w  th  'XrZ'o''"'  T'T 
first  multiplying  it  by  that  deno.ina  oVanI TrittTh":  ,  I 
H»  numerator  over  the  given  denominator  ^        ^'°^'"' 

151.  Since  the  numerator  is  a  dividend  i,,.)  th^  ^ 

i'.^  divisor,  .e  learn,  from  Arts.  78  and  ^O,  ^l' W  ^Zr'' 

1.  If  the  numerator  of  a  fraction  be  muitiplie,!  or  dtv  1  <  b 
an.  f,^.  the  fraction  itself  will  be  multiplied  o":  d'  S  ^ 

2.  If  the  denominator  of  a  fraction  be  mulHnlJ.rl  .      i-   -^    , 

irir • '"  '^-"- '-'  -'  -  -r  ::!:;;;;;:;- 

3.  If  both  numerator  and  denominator  be  either  .nultiplied  or 
d-M  by  the  sa„.e  factor,  the  value  of  the  fraction  will'  l^  Z 


88        UKIH'CINl!    FUArriON'S    TO    rilKlll    I.OWKST   TKKMS. 


I.    If  tho  si^'nsof  all  Iht^  ttMins  in  hotli  miiiu'rator  uiitl  (Unomi 
luitor  ho  i'lianj;<Hl,  iho  vahu*  of  the  fnictioii  will  remain  tlio  same. 
This  is  rt|uivahMit  to  multiplying'  hotli  by  -  I. 

;').   Tf  tlu<  sij»n  of  citiuM'  nunuM-ator  or  (Icnonunator  be  rhangeil, 
the  sii-N  of  tlu^  fraction  will  he  I'lianifed. 


Thu^ 


a 

T 


a 


a         a 


a 


X    //     //    .t: 


h       -b  b  -ft'    b-o         c-b'    a-b     ba 

rhese  examples  should  he  earefully  tthservi'tl. 


,  etc. 


HKDUCING     FRACT'ONS    TO    THEIR     LOWEST 

TERMS. 

152.  ^\'hen  the  numerator  and  denominator  contain  no  com 
mon  factor  except  unity  the  fraction  is  said  to  he  in  its  lowest 

terms. 

^1  /rartion  is  rediuri/  to  its  loirrst  tcniis  hi/  dividiiuj  both 
numerator  and  denominator  by  their  II.  C.  F. 

153.  In  the  folK)win^  examples  the  factors  of  the  various 
niunt>rators  and  denonnnators  are  e\  ident  by  inspection,  or  mav 
be  determitu'd  by  metluMls  already  given  : — 

•Jrt-  -  'lab     'la  {a  -  b)     'la 
[\ab  -W  "  -M,  {a~b)  ^  Sft  • 


Ax-.  /. 


Ea 


ab' 


a*     «V>  -  a-ft-  +  ab^ _  a%H--  b)  -  ab\a  -  ft)  _  a' 
a-'  -  a'b  -  rtft^  +  ft^"  "  a\a^-b)  '+b\a'-b)  ~  'a'~^l7 

a  (a-  -  ft-)        _      a 
"'  '{a'  +  ft-)(«-'^^'0  ~  rtN^ft- 

EXEIRCISE    XXXVIII. 
Reduce  to  their  lt)west  terms  the  followinfl:  fractions : — 


4. 


:U'b 
C.fft-' 

'11  f  in  n 

{^aW'e- 
•_»7«-'ftV" 

laOaftc" 

■  tirvt'^ft'"" 

MS. 

1  (Unoini 
tho  same. 

changed, 


-.t; 


,  etc. 


a 


)WEST 

I  i\o  com 

s  lowest 

ling    both 

Pi   various 
ri,  or  mav 


a 


a'+b- 


UKUvvim  riiACTjoN 


WOj-Yz' 


«  ''<)  TIIEin   LOURST  TKllMS. 
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12x 


10.  ^'^'-y 


i;{. 


1 2r)x^ 

xy 

-y-b.rir 


8. 


11. 


i>Vy'V' 


240/ 

lHO//VyV' 


1  w. 


14. 


>;i-' 


ht  -\- 
K;.     ^'^V  (i^V     ,,    ;5.,v-a 


lea^'A 


15.  ^"y,-!^ 


1-V: 


^n/~\2i>'^^  ^^-    (5 


l!>. 


■).) 


•»S 


8a<- 1^(5,1  • 

a? -ah-  '2fP 
a'-'M/)  +  2b'^' 

a' +  b^  ~  c^ +2ah 

a-  -  b-  +  (r^2 


20. 


nbc^x^  ~~abd^ 


23. 


J6. 


Jt-'^  +  2ax+Y(^^ 


18. 


21. 


24. 


2rt-+  4a6" 
8a;''-16.>;y+8y-" 


.2  ..2 


«',f-^  +  a* 


»;"  +  «' 


,« 


27. f 


ar*-  1 


\nc 


29.    -Zi*!.T_*'t2rr6 
«*-«"+2ac" 


30. 


^*-ar'-j;2. 


X 


154.   Whon  the  factors  of  neither 
m  bo  easily  ohtained,  the  H.G 


''>y'+2x^  +  2x+l 

[*;■"-  rt^  -  bx  +  o6 
^'  —  ax  +  Ax  —  o"/; 

(3.x.^'-iy-'+(,,.3_3;^.-    • 
34.  (^Lj.tfyf  ■*)>c'} 

36.  ?l+y!_+#.-  ^^-'-y) 


x'~ 


r  +  z{z  +  2x) 


numerator  nor  denominator 


of  <livi,siun 


F.  must  be  found  by  the  method 


-Red 


uce 


a^~4x^- -19x^14^ 


■>...;! 


-';« 


i'li^  H.  0.  F.  of  th 


9.7-^-  ;5y^^y  to  its  lowest  terms. 


usual 


'   wc  m>t 


^^  nu.norator  and  denominator  foun<l  by  the 
•""  ■—  ^oth  terms  of  the  fraction  by 


ptocess  is  .,;  -  7.      Dividin-r  b^ 


the  result 


recj  aired, 
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REDUCING    rilACTIONS  TO   THEIR    T.OWEST  TEUMS. 


EXERCISE    XXXIX. 
Ilcfluce  to  their  lowest  terms  the  following  fractions  : — 

y-'-  11.I-+28  4.x-+l^;i;4-9  x*+x'+  1 

x'-4x-'2l'  '2^-5x^12'  '        af--\     ' 


4. 


X'  -  X 


X*  -x''  +  6x' 


6. 


3r7.^-  22<7-ir) 


9. 
11. 


13.  - 


x^T2aF-~lix~+20' 

a?  -  5.x=  +  1 0.6-  -  8 
27«?^9"^MT7iC^2* 

2.i;^-13jr'+19a:-20 

~2x^+ '7^^"-~rn« + 20  ■ 

4,r-  -xy  —  3^- 


15. 


1 2.r'  -  1  'Ixhj  +  4,ry'^  -  iy^' 

x'  +  2.b2  +  '2x 
X'  +  4a; 


(a  +  ftf  +  K-ft)' 

a;"^  -  x'^y  +  .-r".//'-'  -  .^-y^' + xy*  -  2?' 

.r-  -y"^  ~z-  +  2//;^  .r  +  y/  -  g 
2;-  -  X'  -  if  +  'Ixy  -V  y  +  z-x' 

x^+(2U^-^yi+^ 
•"^-    a;^  +  2a,»;''  +  a^^-6** 


•>r, 


8. 
10. 
12. 
14. 
16. 
18 
20. 


5a*-17a-'+  I8r« 
a-''  -7x  +  Q 


x'  + 

3,e'^  - 

4x' 

3,x^ 

-16.r 

+  23.r  -  6 

2x'- 

-llx'' 

'+17.^-0" 

2x^ 

+  9a;= 

+  7a-  -  3 

'Sx'  +  ba- 

-15,»-  +  4' 

X*- 

ar'  -  .r  +  1 

99 


24. 


26. 


x*  +  x^-x-l' 

3n-x*  -  2ax^  —  1 
TaV  -  2a-x'  -"3a"a;M^  I " 

J    (.'«'^  +  4a;)^-2(a;2  +  4.T)-ir) 
x'-  ]OaF+d  ' 

nb(.7P  +  y^)  +  X!i{ar  +  h^ 
ab{x^  -  y-)  +  xy{a^  -  h'^)' 

a?->rb^  +  c"  -  Sabc 


{a-bf  +  {b-cf  +  {c-af 

a;-f  {a  +  b  +  c)x  +{a  +  b)c 
a~+2ab  +  6^- ^        • 

2.xV  -  3.r'-'y'^  -  2.vV  +  3,/ 
3a;^;:-  +  2i/*^2ixry'  -  %fz- 


2i 


^    ax^  +  {be  -ab  -  ac)x  +  abc  -  b'^c 
~~^'^-2ab^~+a^^'-aV'        * 

(t/z  -  ay  -  (ca  -  y'^){ab  —  z-) 


28. 


(be  ~  1 )  (7/.^  -  n)  -  (~  -  by)  {y  -  cz)' 


O      *>    '>* 


CHANGI^S   IN   THE    ,  OHM   OK    FUacions. 

'^(1 -.)(!+ c)-c(l_  a)(rH:^y 

— ^  «:^+  c;^^  +  a-d  +  /ic- 


01 


:{1 
32 

3k 
35. 


CHANGES    IN    TMc     tr^,^, 

IN    THE    FORM    OP    FRACTIONS. 

155.  If  the  degree  of  the  numerator  of  a  frn.ti„ 
exceeds  th;.t  of  the  denominator  th     i  "  "^l""'''  "■■ 

to  the  form  of  a  mixed  oTTnt  '°"  """^  >*  "Ranged 

n"n,erator  l.y  the  denTnlTr 'Th/r^r  ',^  f  "■•"»"  '"» 
K-al  part  of  the  result;  the  remainder  7  "'"  '"'  "■"  ""«- 

"-.  -  -  di.isor  the  den::;: at':;  :KioX:r ■ 


E. 


=--*  -a-'V  +  a.-r-v/S^ 


2/y* 


«r2/''-2/\-  +  yx2-.rV 


2a;< 


I 


ac-cordingasweoontiderojor.,  tl,„i      i-      ■  '''^^ 

*e  fractional  part  is  wrLen  be,  d  't"®   '"""■•     '"  "'•"*"■««<' 
'—»;  h„t  this  is  no      dm,'       :    nlrt'™'- '""■  ""  ^'«" 

-.ders,.od.     Th„s3|means3.-^,H„t„*„eans„!*-«^ 
The  dividing  line  between  numerator  anrJ    i''        •  ""       '  ' 

--  --  as  a  hrae.et;   ^^^^:l:t  ^"^^ ^;^ 


IMAGE  EVALUATION 
TEST  TARGET  (MT-S) 


k 


A 


//       .v^^- 


:/. 


f/a 


& 
^ 


1.0  ^^^  m 


I.I 


1.25 


'^^M   1125 


2.2 
2.0 


IHi 


1.4 


1.8 


1.6 


/ 


vQ 


^;. 


^5. 


c* 


erw 


■% 


^  > 


m 


^ 


-« 


7 
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CHANGES   IN   THE   FORM   OF    FHACTION8. 


■    II, 


before  a  fraction  the  sign  of  e  ery  term  in  either  numerator  or 
denominator  must  be  changed. 

156.  A  mixed  expression  may  be  reduced  to  a  complete  frac- 
tion  as  follows  :  — 

Multiply  the  integral  expression  hy  the  denominator,  to  the 
product  annex  the  numerator,  and  under  the  result  write  the 
denominator. 


Ex 


:.  a-\-o r— ' — -^^ ■  = 


, ^ ,  _  2a6 

a  +  b  a  +  b  a  +  b' 


157.  A  fraction  whose  numerator  consists  of  several  teiins 
may  be  split  up  into  an  equivalent  number  of  fractions  connected 
with  the  proper  signs. 

Bx   "L.^^''tl^—=y_     '^^'^     •2d%''_a      3      2 

The  truth  of  the  above  is  evident  from  the  division  of  poly- 
nomials, Art.  82. 

EXERCISE    XL, 
Reduce  the  following  fractions  to  mixed  quantities : 


1. 


5a^  +  Ix  -  3 


a,"^  4-  if 
x-y' 

„    3.r'-7.^"+l 


5. 

8. 


a-'  -  ax  +  03- 

a->rx 
'2x*  -  a^  +  2x  ~  3 


3. 


'SaPj-Sf+C) 
x-y 


■    3a:-  -4  ,»•  +  3  " 

Reduce  to  complete  fractions 


x^  ~x+l 
5.X-"  -  x-  +  5 
5.rM^lr~r 


G. . 

3ffl+  1 


9. 


x^  -x+l 


10.  1  + 
13.   1- 


1  -  X 

X  -  // 


11.     1+X  + 


IG.  a-b  + 


X  +y 

(a  +  by 


«  -  6 


U.   2a~b~- 
17.  .r  +  f) 


1  -  X 

2nb 


12.  a-b  + 


a  +b' 


a+b' 
2.r-lf) 


la.  a  +  b-- ---. 

a  +  b 


.c-3 


18. 


2.t^ 
x+  y 


(x-^y. 


imercator  or 


LOWEST  COMMON  DENOMINATOR. 


93 


19.  .•^  +  :ry  +  y'  +  _^.  30    x^-.y  +  .^^.    V" 


21.    l+.r  +  ar^-   t±t._ 


.r+y 


22.  x-a+y+'^iz^yiv: 


2X  x+l-t 


^•'-4.r2  +  8 


•r  +  rt 


{X  -  2) 


0\2 


24.    l  +  2y  +  22/2+2y+?^±^y'' 

1  -  V- 


.Separate  into  fraction,  with  a  single  te,™  i„  tl,e  numerator 

28 
ahc  +  hcd  +  cda  +  dah 


3^^      ~— •         28.   '^:fy±f^'^±a.fz  +  xyz' 


29.  --^ 


abed 


axyz 

30    Mf!jLi?i^l+_75^-  150 
■  iOCr 


(a-  -  i-)(„,-'  _  ,,•-')  •  •i-   -- ^;,-— .^^-^y 

LOWEST    COMMON     DENOMINATOR. 

158.  Since  the  value  of  a  fraction  is  unchanged  by  multiolvin. 
l)oth  numerator  and  denominator  by  the  s-tn.e  Uol  'I'/^'P  f '"» 
that  two  or  more  fractions  may  be  'r:X^Z^;lTr' 
t.ons  havmg  a  common  denominator  by  the  foHowir  "    '"^■ 

-^merator  and  denonnnator  of  each  fraction  by  ''   ^^ ^''^' 
ol'fumed  by  dividina  t/w  /    C    U  I      ./"""^^'^y    ^^*«   quotient 
J         amy  tiu^.  l,  c.  J/,  by  its  own  denominator. 

^x-.  7, -Reduce  to  equivalent  fractions  with  the  low««f 
mon  denominator  lowest  com- 

2a       3i         4c 
Sic'     5r-a'     lOal.' 
L.  C.  M.  of  denominators,  30aic 
Quotients  of  30a6c  by  denominators,  10a,  G6.  3c. 

Fractions  required   -^5^      _i?^        ^2rj'^ 
'  SOa/'^r'      30a/.o'     .'Uj;^;;.- 


w^ 
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ADDITION   AND  SUBTUACTION   OF   FRACTIONS. 


Ex.  S. — Reduce  to  equivalent  fractions  with  the  lowest  coui- 
uioii  denominator 

2  3         .r  -  3 


.r+  r     x  -  1'     x^-l' 

L.  C.  M.  of  (lenominators,  x'^  -  1. 

Quotients  of  .r-  1  by  dtnioniinators,  .»■  -  1,  r  +  l,  1.' 

.     ,    2.V-2      3.«  +  3      x-3 

Fractions  requneu,    „ — -,     — . .,     -r, — 7. 

X  —  I       a."   —  i       X  -  I 


EXERCISE    XLI, 

Reduce  to  equivalent  fractions  with  the  lowest  common  de- 
nominator 


1. 


2x    4x    7x 

y  y  io* 
2      3 


8;«-3    2-3.r 


4^' 
a 


Gx 
h 


a     h      c 
be    ca    ab 


<t  ■\-h    a  -  b       ab 


a  —  b    a  +  b 


6. 


X 


V 


9. 


a  -  V  a  +  //  (t"  -  b' 

X  +  4  a-  +  2 


x'-bx+  G'  a;'^-7r«  +  12' 


11. 


b  +  c 


c  +  a 


8. 

10. 

:.  12 


5 


xy-y'^  x--xy' 

7  8 


2a; -4'   3.t;  +  G'   5.t-^  -  20' 

x  +  2    x  +  3     if  +  4 

I  -X     X—X'     X-'Jf 

c(a  +  h)  a{b  +  c) 


{a -b) (a -<';)''  {b-a)(b-c)'     ""  ab{a~c){b-cf  bc{b-a){c-a)' 

ADDITION     AND     SUBTRACTICN     OF 
FRACTIONS. 

159.  The  rule  for  the  addition  and  subtraction  of  fractions 
follows  at  onco  from  the  principle  of  Division.  To  divide 
the  sum  or  difference  of  quantities  we  divide  the  quantities  in 
succession  and  connect  the  quotients  with  the  proper  signs. 
Conversely,  the  sum  or  the  difference  of  two  quotients  is  equal 
to  the  quotient  of  the  sum  or  the  difijrence  of  the  dividends  by 
the  common  divisor ;  therefore 


jomiuon 
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ADDITION   AND  SUimiACTKJN  OF   FRACTIONS, 
160.  To  ac3d  two  or  more  fractions  we  have  the  foliowin, 
ll^^LV.- Reduce  the  fractions   to  e^i^caXerU   ones  haviny   the 
lowest  con.non  deno.ranator.     AM  their  m.merato.s,  and  und^^r 
their  sum  as  numerator  urite  the  annmon  denominator. 

JF1.  Jo    subtract   one   fraction    from   another    we   have   the 

RVLE.--Jied«ce  tU  fractions  to  e,r.ivalent  ones  with  the  lou.,l 

■   !    ,;        "^  ""  """■""."'•  "'"'  '"'■'•'«  ''-  «'«'«'■««  as  nume.ator 
oier  the  common  denominator. 

Ex.  i.-Simplify  -J—  H-  _i_  .  "Isil 

1  +  u.-      1  -  X-      1  -  x'- 

Reducing  the  fractions  to  equivalent  onrs  having  the  lowest 
coumion  denominator  we  <^et 

\  +x    \  -X   \-x'   1  -.r^"^ i~:'+fr;?i 

=  1,"^+  ^  +  ■^'  +  ■>'  ~''i_X-   1 

i-x" 


l-x' 


l_-^» 

1-;.;^^ 


Ex.  ,^.— Simplify " _*__ 

'  (a+b)h     (a-b)a 


1  +  x 


a 


L_  ^    "'(^  -]>)_  _     b'(a  +  b) 


ab{d'-b-)      ~'     "      ahjd'^)'"- 


Simplify 


EXERCISE    XLII. 


I     •*'  .  2.f     3a;     5a; 


•i    ''jj^-     2a-a;     aj-« 


3rt     5a     7a     56 
8       8  ^10^24- 

5  10    "^    T5~^- 


mmm 


mmmmmmmm 


m 


ADDITION   AND  SUBTRACTION   OF   FRACTIONS. 


6. 


7. 

9. 
11. 
13. 
15. 
17. 
19. 
21. 
2-3. 
24. 
25. 
20. 
27. 
28. 


3jr-8     2.7  +  4     6 

~7~'*"~r4~'^r 

2.C-9     4.1-3     33  -  14j; 
14    '*'    21     "''""42      ■ 


2       1 

--  + 


1       y-1 


5//     22/     lOy        y 

1       1       2 
x'     y'    xy 

a  h  2ah 

+ :  + 


-    4jr-5     2x     4.r+2 

^-  -io--'y'-25-- 

8-111 
X      2x     Sx     6aj' 

,-    a-b     b-c     c-  a 
10.   — -  +^— + . 


ab         be 


ca 


,  ,    a  +  26     b+2c     c  +  2a 
be  ca  ab 


a  +  b     a-b     a^-b'-' 


.  .    x-\     x-2         5 - 2a; 
14.  --^-|-_^  + 


x-2     07-3     o;'^  -  bx  +  G 


1 


-z4 


2 


+  -r-T-' 


16 


.V 


+ 


x 


.  +  - 


a; -5     a; -7     a.*'^- 12a!  + 35'  x^  +  xj     xij+y"^     x-\-y 


H-  . 


X         y  X* 

-  +  -^-  +  ^—     . 
y      X  +  y     x'  +  xy 

b-  -  ab     a^  +  ab 
ba  -  a'     ba  +  b^' 

X'  +  xy  +  y-     x^  -  xy  +  y 
X-  -xy  +  y-     .7!-  +  x>j  +  y 


18. 


20. 


x-y  x+y 

72  "^  :j 


a:-  -  xy  +  y^     x'  +  xy  +  y- 

a        ab-b"^      a-  -  i^ 
r7+ 6  "^  «'^  3T^  "*"  (ar+ 6)2 • 


,2' 


-_    a^  +  b"^     „     a^ 
22.  +  2  A — 


1             x-y          xti  ~2x^ 
\.  _ ?. — ^  +  _tL , 

.T  -  2/     a;-  +  a;y  +  y ■       a?- y^  ' 


x+\ 


^  + 


a;-l 


+ 


a;*  +  a;  +  1     a;"''  -  a;  +  1     ar*  +  a--  +  1 ' 

1 ^-  _ --> — !-" . 

ax+by     ax  -  by      a-x'+b^y'^  ' 


1 


2aj 


+  - 


1 


ii-  +  3a;  +  2     a;*  +  4a;  +  3     a;^  +  5,*.'  +  6 ' 

1  -  2a;  1  +  a;  1 

3(a;'^  -  a;  +  1)  "*"  2{x^'^T)  "^  6(a;+l)* 

a;  -  1     a-  +  1     3a;  -  2     Sx  -  4 

.  + + + _  . 

a;  +  1     a-  -  1      a;  +  3       a;  -  2 


ADDITION   AND  SUBTRACTION  OP   FRACTIONS. 


o: 


Simplify 

.     Sx     5x 

i       14 


a 


n-h     a  +  b' 


EXERCISE    XLIII. 
n    4.rr-7     2c -9 


5.  ?+J^_^zy 


x-1     x+l 


X  - 


y     -r  +  y 


6.  — 


«-c     6+, 


a-h     a  +  b' 


a 


~-7 -..    8. 


•'•(a  -  .i)     a{n  -  x) 


m+n        m+n 


mn~n-     m'-mn 


9. 


.r-'  +  i 


?/ 


«  +  .r 


10.  --— fll:l^ 


ax  +  .r" 


a(a-.r)     a-(a-.r)' 


11. 


a  +  ,r 


a 


2(a-.r)     2(. 


12. 


14. 


1+, 


1- 


l+ar  +  a:^     l_.r  +  , 


13.  -„- 


1 


1 


1 


x'-Sf  + 


ir» 


iO     .r--5j:  +  6 


15. 


X'-xy  +  y' 

1 


^'"'-y'   ^-2/* 

t^  +  ar2 

i'-xy 

1 

.r-'  +  a-y  +  2/2- 

1 

.-r'-^-19.M-84     a-'-'-llTT^ 


16.  ^-. 


31 


18. 


12.t2-.r-20     12,2='257+T2 
(a;-3a)(.r-7a)     .r-5 


r-^.  17. 


.T=  +  8r+15 


x-\ 


x'-lQai-\-2^d^     x-^a 


19. 


a-  +  7.r+10     .r+2" 
3rt  +  6 


a+76 


fr  +  3a6  +  262     a2  +  r)«6+66- 


.r2  +  .r-5 


?0.    :^^-'JL. 


.r2  +  .r-  1 


-;;.  21. 


2:r2-ll.r+12     2x^ +txv -'U' ^^-  J^ 


a 


00 


23. 


X-  — 


*)(«-c)     (a-6)(i-c)" 


4a -36 


8a -6 


7«6(a  ~b)~2{d'-  V^     Sab  (a  +  b)^2(„^Ti^' 


24.  -  ^•^'"  ~  rLtA,  _  2'*'*  -  •'*■■'  f-  5.^^  -  2 


(2.x--3.r;  +  4)''     ~      (2x--"ra 


a; +8 


•  +  4)* 


o- 


25.  Fr 


it? 

om 1- 


X 


X -a     x~b 


X 


X  -  c 


a 


take 


+ 


x-a     x-b 


-c 


wsmmmmmmmm 


wm 
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ADDITION   AND  SUm'HACTION   OF   FllACTlONS. 


162.  In  simplifying  algebraical  expressions  two  forraulai  are 
frequently  of  service,  viz.: — 

2.  {a  +  by-{a-by  =  iab. 

They  should  be  remembered  in  words  as  well  as  in  symbols, 
thus : — 

1.  2%e  square  of  the  sum  of  two  quantities,  plus  the  square  oj 
their  difference,  is  equal  to  twice  the  sum  of  their  squares. 

2.  llie  square  of  the  sum  o/  two  quantities,  minus  the  square  of 
tlieir  differeuce,  is  equal  to  four  times  their  product. 

The  following  examples  will  show  that  a  proper  giouping  of 
the  fractious  to  be  combined  lessens  the  work  required  : — 

P      r       «•       rt      a  +  ba-b     2{a'-b') 

^a;.  i.— Simplify ,+ r ---.-,,-• 

'^    ''    a-b     a  +  b        a^  +  b^ 

a  +  b     «-^_2(a-'  +  6'), 
a-b     a  +  b       d^  -U-    ' 


a" 


b' 


d'-vb' 


If  we  had  found  the  L.  C.  M.  of  the  three  denominators  and 
combined  all  the  fractions  at  one  operation,  the  labor  would 
have  been  considerably  increased. 


Ex.  ^.—Simplify 


a? 


7^+: 


xf  "Ixy 


X 


y 


y{x-yY     x{x-yy     {x-yY     y      x 

Grouping  the  first  three  together,  and  also  the  last  three,  and 
then  combining  the  results  with  the  proper  sign,  we  get 

a--^         ,         y'        _^     2a;y    ^  .r*  +  y^  +  2  jr-y  _  i^  +  ff 
y{x-yf     x{x-yf     {x-yf        xy{x-yY        xyix-yf 


xy{x-yf        xy 


xy{.,;  -  yf  xy{x  -  yf     (x  -  yf' " 


ADDITION   AND   .SUBTRACTION   OF   FRACTIONS. 
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Ex.  5.— Simplify 


1 


{x-2){x-b)  (^-3X5-.r)'*"(3'-:r)(2-ar)- 
Observe  that  ^-3  and  3- r,  :r-  5  and  5 -a:  are  not  different 
factors  except  in  sign;  they  stand  t,o  each  other  in  the  same 
relation  as  a  and  -a,  and  the  quotient  of  one  by  the  other  is  -  1. 
Tiie  L.  C.  M.  of  the  denominators  is  (a;  -  2)(^  -  3)(j:  -  5) ;  the 
(|Uotient  of  the  L.  C.  M.  by  the  first  denominator  is  ^-3  •  by 
the  second,  -{x-2);  by  the  third,  x-5.  In  the  second  case 
one  factor  in  the  denominator,  b-x,  is  the  negative  of  the 
corresponding  factor  in  the  L.  C.  M,  which  gives  the  negative 
sign  before  the  quotient;  in  the  third  case  there  are  two  such 
factors,  and  consequently  the  quotient  is  positive.  We  get, 
therefore,  the  following  result : 

2(x-3)-3(.r-2)  +  (^-5)_ -5 

{x  -  2)(.r.-  3)(.."  -  5)       ~  (^^^r3y(^  • 

The  result  may  be  written  with  a  positive  sigi.  in  the  numer- 
ator by  reversing  the  terms  of  one  factor  in  the  denominator, 

thus : — 

5 

(.^-2)(^3y(5^7)- 
In  connection  with  this  example  read  Arts.  55  and  151  (5). 

EXERCISE    XLIV. 


tSimplify 

1  1 

+ 


1 


2?/ 


0. 


7. 


9. 


x-y 
X 

\~x 
1 

3 


x  +  y 

X 

1 


■y 


2. 


+ 


X 


\+x' 


~1' 


2y        if 

x  +  y     x'  +  f     x*  +  y*' 

1 X-  2 

4(.i:+l)     4(.r-l)     2(^U-Ty 

5      15  4 


1 

1-x 

-JL. 

x-y 

X 


1 


+ 


2x 


l+x      1 +  X 


X 

x  +  y 


2yy 

X--y^ 


a:      af 


x+1     (x+iy 


8. 


10. 


X~y 
1 


y        x-  -  y^ 
•^  +  y     x'^+y 

1 


,2' 


2(.r-l)     2(.r +1)  ■*■{/-< -l7- 


1      1      3 


X' 


X- 


r+r 
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It  1 1 
II 11 


- 1 
if 


11. 


13. 


1 


1 

+  - 


2f+l 


3(.c-l)     X     :i(.*-'  +  .r+l)' 
3  7        4  -  20j; 


\-'2x     l+2.r     \c'-\' 


12. 


14. 


1 


1 


2j;-1 


3(x+l)     X     3(.i"-'-.c+l)' 


a 


+ 


3rt 


'lav 


a  —  x     a-^x     ir  —  x^' 


(a -by 


15    •*'(16-^)     2.<^  +  3     2-3.g  ar-a     o'-i 

72--4  2-x       ;r+2"         '  J^b'^^>^     (.1^-1^(7'- Oy 


,;,     .r  +  w  1/  xiP-i/' 


•   {z  +  xy~f     lr  +  2/y-z'^{y  +  zf-x'' 


18.  1—2/^    2y      y''  +  .ry- 

X 


A-y     a^  —  xy'^' 


20. 


a  +  b 


b  +  c 


c  +  a 


{b-c){c-a)     {c-a){a-b)     {a-  b){b  - c) ' 


or -be 


21.  __^^J21_,+ 


b--\-ac 


c-  +  ab 


{a~b){a-c}     (b-a){b-\-c)     (c-a){c  +  b)' 

22    2-3.r     3-4.C       l-2.r  +  .r^         2^^'*'_ 
"■  6-4.C     6  +  4.C     9-l2x  +  AJ'^3^lti?' 

03    i+  1  -  ^  -   _i__4.^Jll_  _J__ 

'^  ■  £r*     a,--'      a?     (.»'''+ 1 )-     .r' + 1     x%i''+\y' 

24.  -A  +  ,1-  +  J-  +  (^* - ^>'  +  (^' - 'T-  +  (« - «)' 


25. 
26. 


a  —  i     />-c     c  -  a 

5x+r3 

+ 


{a-b){b-c){c~a)      ' 

3.r  +  5  4<-  +  12 


(3.r  -"5  )(4.r  -  1 2)     (12-  4  ^■)(5.f  - 13)     (o  -  3.r )( 1 3  -"n.r) ' 
1 


1  X 

+ 


y  .-  +  "(_''t2/1(i*'  +  2/--«) 


a -a;     a-y     (a-.r)'-     {a-y)-  {a-xy{»-yy     ' 


27.  ^ 


1 


1^1  1 


4 (x  +1)3     4(a;  +  1)'^     'U{x  +1)     l0(.c -  1)     8(j-  -  l)^' 

28  1  1 .    _J ^ 1 

•  16(^--1)^     i6(.r-l)"^160r+l)-^     16(.r+ 1)'*'4(1^N^ 


1 

4(.r^+l)' 
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MULTIPLICATION     OF     FRACTION; 
163.  To  find  the  product  of  "*  and   - 


a 


.Since  ^  means  that  a  is  to  be  divided  by  6, 

..    ^  X6  =  a;   similarly  ^  xd^c. 

6  "*■'  ^  =^-5^'  ^^««  -^y  Js  the  product  required. 
a=bx,  c  =  di/, 
.'.  OG^bdxy  or  ipy  =  "-. 


Now, 


.h JM,:Ii!;  ''^"'""'  °'  '""  "^  --  '-'■"-  we  have  therefore 
JlULK.-3fuhiphy  together  all  the  numerators  for  th. 

lowest  terms.     The  process  mnv  K     i      .        ,  ,  ^  **  *°  **» 

56c     27c«     16a6     5  x  27in6^«^2  =  g' 


f^^ 


III 
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MTILTIPIJOATION   OF    FUAcrriONS. 


fe. ,.»!+■-■' 


1  a  -  X 

X X  -. X 


a*     .r* 


d^  -  2ax  +  .«■*     r«  +  iC     d'  +  ax  +  x^     d*  -  ax  \-  x* 

(a  +  .v){n^  -ax-i  .«')        1  a-x  (a  -  .r)(d'  +  ax  +  .r?) 

{a^xY 


a+x    a'  +  ax  +  mr 


d^  -ax  +  yr* 


since  for  every  factor  in  any  numerator  there  is  an  equal  factor 
in  some  denominator. 

=  (6j:  cJ     h-  +  c'    b'~  he  +  r- -        h     __    6  -  c 
6-  +  c^"  *  b-c  "       b-         '  ¥+1-"  ~  b(b  +  c)' 


3a     2a 
^'  ib'^Zb' 


EXERCISE   XLV. 
5n      36 


2i  -7  X 


C6     lOrt' 


5.  8a^6-x 


1 
id'h' 


6(fb    3562« 

.    7x-i/z         dabc^ 
'  TSd^c^  2Si^^' 


2a     4b     5c  4.r2      .3,/-'      105~-'    ^    4^-'-6rt6         45:^^ 

56     3c     brt  ^i/z      tzx      (2x1/  1:^x1/        Sab- I2(r 


a-x  -  ah}/      ac'^  -  bed 
abc  -  h'd     adx  -  bdt/' 


a? 


11  ^-^'  ^^y-r 

*•»•        .,  '^   -5- — r. 

ic-  -  .ry     rt^  4-  ab 
13    ■'«--H.r  +  30     .x--'  -  Zx 


12    2^(:!LZi^x- 

ca:  {x-y){x]-yf 

u.  f  X  (ft/-^)  x  (1  — ^).  15.  ^;4;x^x'^«_*±i' 

6a;     \        a/      \       a-^xj  a-^  +  b^     a-b     d^  +  ab+b'' 

16.   (^*--2    X -j—  x-2  -X2X  («a;+l  +  , ). 

\        a-V  aaj  4- 1  a^  -  i'*      \  1  -  nxj 


17 


xy  -  2y-      a?  -  xy        .r'  +  xy  -  2y^ 


MI'I/lfPMcATION   OK   FRACTlUx\y. 


loa 


(i-  -  nh  4-  h-       a'' 


A"" 


rt'-A» 


''-  -  'lab  +  b' ""  a"  +  6-'  ^  ^rMT^^^r^- 


-'(). 


r"-;,/ 


a;  +  ;// 


A- 


-^-^Ji!x-'^'+^-^'  +  3''5 


.1;'-'  +  .r  -  2 
24.  ^i^:t^."L^:t^,^-*^  +  a.r(2a^  +  a.c) 

='(-('vi)-'('*.-*i)')(.{.-A)lV.-y)- 

165    Tl,e  pr^luot  of  two  expression,  consisting  of  sevor.1  frae 
y   a^n  te,mof  the  other  and  connecting  the  partial  products 

p"  i:7i:t  "^  '""T-y  """"pH-tfon,  or^h:^  t 


or 


'^-  (^^^^)(^l)= 


^     5.r      1 
4''"36~  6' 
1\     3,c2+2.r  +  3   3.r-2 


6 


•^6  4"'''3a~6* 


lot 


MUI/riPLK^ATlON    OK    FUAfl  IONS. 


E, 


■'■-   G-^l)(^'^^)  =  (^.^)- 


+  2+    ,-1. 


=   1  +  1+     4- 

4  .1* 

All  tho  various  artifioos  iisod  in  (lio  previous  chapters  to 
ahhroviatr  Ihr  work  in  multiplioation  ami  <Hvision,  and  also  the 
various  forms  of  factoring,  may  be  applied  in  the  same  way  to 
fractional  expressions. 


EXERCISE    XLVI. 


■■a^)(:-;)- 


II, 

13 
IT) 


+ 


\\/.r      3 


2      .rj- 


-(■'■^■^•)(-i)- 

12  (..+i+j,)(.»_u_;.). 


1 


Ui  VISION   OF   FKACTIONS. 

DIVISION     OF     FRACTION& 
166.  To  divide  "  bv  - 

Let  -^-x,'^^y,  then  ?  is  the  quotient  required. 


105 


a     b 


X 


dy' 


•     1x''~'""^d         "d    X 

■■  ^  b-urv'To-Tj- 


.Z^  one  faouon  b,  .„„ehe,.  „  have  tWo.  the 

I  he  reciprocal  of  a  number  is  unity  divided  hv  tK 
thu,  the  reciproca,  of  2  i,  ,_.     The  re^tltf  ^'fractio^nTst'; 

^..  .-Divide  g  b,  g. 


i7y'^  '  9y     27y/-' 


\ 


n 
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Simplify 


DIVISION   OF   FRACTIONS. 


EXERCISE    XLVII. 


ix'^'i/ 


'■,>fl 


33p'q 


.3^3 


5.r 


10 


ox 


3'  x-l 


■  .ry  -  y  •  a;2  _  j:^' 

„    a^  -  4.r^     a''  -  2a.r 
7. ^ , 

a^  +  iax  '  ax  +  ix^' 


8. 


ax  -  x^  _      (rt-ar)2 
a''  +  x^   '  x^-  ax  +  a^ 

26^        ^6{ab-b') 


a{a--'b'')  '  ~a{a  +  by' 


1       1 

6      c 


)■ 


3a^ 


77  „     43 


33 


U.  :^-4,.*+g-.r^--.-«-:^.r  +  27^---..  +  3. 

15.  -  -  1 ,  +  -  +  -..  -^■»*  -  a. 

a  a      a^     x      x- 


.„    a^     X      a     a?     X      a 


a''     a      a; 


x^     a      X 


17. 


a 


'?-^¥~cr  +  2ah     a  +  b  +  c 


c'-a^-b'^+2ab  '  b  +  c-a 

18.  (•4±i;-^;u(f±2'_L^jjA 

{a  +  by-(c  +  d)\  (a-cY  -  (a'  -  bf 


19. 


20. 


(a  +  cf  -  (6  -h  (ly  '  (a  -  by  -  {d~  cf 

x*-b*      ^x^+bx\  ^  {  x^  +  b^  x^^br  +  b^ 

,r-     2b.r  +  b-  '     x-b 


7   •   lr°-6V  •  x'--Ibr^ri>ivV- 


COMPLEX   FRACTIOXS. 


23.   (^  +  ^-^^UAc4*      ^2a4i)A^ 
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COMPLEX     FRACTIONS. 
167.  The  division  of  one  frnnfi«»,   u 

of  a  complex  fraction      Such  f^.T  '""*'' '"  "">  f"™ 

hy  thepLeding  rales.  "'  °™  "'""y^  ^e  simpIiHed 


1+^-  ^    ^    /         «        a  +  6     ^~-- 


^a;.  2.    1  _ 


=  1- 


1  + 


l  +  X 


=  1- 


.-r* 
iT^ 


a;" 


l+x 


1  +a; 


-e  of  the  ,..,er  fraction  JdCpel.'X^  ^  ^r^ 
1  -  ,r  -  J:_      1  -  ^^^  ^^  multiplying  numerator  and 


1  +x 


denominator  by  1  +  a;. 


1  ^  l_+£     ]  ^T^T^p  by  multiplying  by  x\ 


I 


its 


108 


Simplify 


^-i 


X 


6a; -1(3  + 5a:) 
l^-i(x-6)' 


1  + 


1- 


b'  +  a? 
~~2ab~ 


a 


?  +  P       W 


10. 


9«,-! 


za"       a'  + 


6=^ 


a^  +  i 


Id' 


W 


a 


+  h'' 


X 


COMPLEX    FRACTIONS. 


EXERCISE    XLVII! 


2x 


8. 


1  - 

ti^- 

2)' 

2^ 

-li^- 

■2) 

Kx+1)- 

4^* 

1  +.r     1 
1  -x'^l 

—  X 

+  x 

1  + 

X      1 

-  X 

i(3a;+l)- 


X 


\{x+l)  + 


X 


9.  —. 


a  +  2b      a 
a  +  b       b 


a +  26 


a 


11. 


1  -  a;     1  +  a: 

i      i      J 

ab     be     ca 


a 


+  6 


a- 


{b+cy 


12.  -^, 


a6c 


/a      x\  / a      x\ 
\x       a/\.r       a  i 

(TTi)7T7T) 

\a:      aj\x      u/ 


a 


+  b 


a 


-  b 


13. 


X  —  ?/     x^  —  y 


U. 


+  rf 


c  -  d 


a 


+  6     a  -  6 


15. 


xy  +  y'     x'  +  xy 


c  —  d 


+ 


+  d 


X-  1  + 


1  + 


ar  +  a     a;  —  a 


16. 


X 


X 


X  -  a     x  +  a 


x-a     X +a     x+ 


a     X  —  a 


17. 


a 


x-a     x+a 


a 


b  +  cf^      js^c^'-a^l 
—V^—2b-]- 
b  +  c 


b- 


a 


o-l     6-1     c+1 


a  + 


18. 


3<t6c 
bc+  ca-  ab 


a 


1-4- 


1       1       1 


19. 


a 


+    T    - 


a  —  ' 


1- 


a 


a 


a 


1- V 


6  + 


a 


a 


1  +  7 
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20. 


\      i/na    X)  (l-2my-(l  +  2w)» 

23.  diJ-^L-^lfJl^E 
{xj¥2yU2x  +  rf 

y{^  -  yf      X(X  fyf 


L"^^^     ^X  %x 


1  - 


22.   ^--^     ^^^^     l4.:r^     T-r-. 

^-X'       l+a;4        1+^2 


EXERCISE    XLIX. 
MISCELLANEOUS    EXAMPLES    IN   FRACTIONS. 


1.  Divide  t^t^^^yf^ 


2.  Dividf 


) 


by  6.r- 


ay. 


'^f>*  by  (rt  +  6)3  +  (a_5)a 


3.  Find  the  value  of 


X  ~  a     X 


when   X  = 


Simplify 


2a5 

a  +  6" 


{. 


a  -  6 


a 


+J_2(a«+  62)  U 


a  +  6     a  -  6        a^-fi 


) 


a  +  6' 


J).  - 


(a.r2- 


no 


COMPLEX   FRACTIONS. 


!  - 


{a{jc  +  y)  +  b{x-y)y'-{a{x-y)  +  b{x  +  y)y       ' 

q  {{<^+by-c'+{<^-f>)VV-{i<^-i>y^'+i<^+b)yy 

^'   {ix  +  y)y  +  {x-yYbY-  {{x-y)W  +  {x  +  yyb-Y 

10.  {(«-^)(-^+y)+(^+^)(>-y)}'+{(^+^)C^+y)-(«-6)(ar-?/)}-^ 

{ax  -ay  +  bx  -  byf  +2xy{a  .-  bf  -  '2ab{x  -  yf  -  iabxy 


(m     n     ,\  /m     n     ,\ 
-+-+!-+ 1 
n     m       /  \n     in       / 


+  1 


\{m  +  nf  -  {m - nfJXm''  +  n'^  J 

fd^  -  ab\  /a'  +  nb  +  b'\      /   2a^    _  i  \  / 1 2a6       \ 

V^TVV      a  +  6      /"^W  +  6'       /V       a2  +  a6  +  6V" 

13.    -7. r  X  -A T-^  X  -^ X  ^  ^ 


'.j;-2a\='    (.r-a)(y/+6) 


ar*  -  a;"''  +  .c  -  1 


,^     /x-2aY    {x-a){y+b) 

14.      — -—     +7 ;-;- — 7  (when  a:  = 

Vy  +  a/      {y-c.}{x-b) 

,„    a:  +  2a    ar-2a        4a6        , 

IS-  771 —  +  i7in lu -2whenar  = 

2b-  X    2b  +  X    ib^  -  x^ 


a  +  b         a  —  b 
,  y  = 


2 
a  +  b' 


2 


1 6  {*^y-^-^f-i^-^-^!fy + (*:y -*•*')'' + ^^'^ ~ ^'!ff 


17. 


(a  +  6)(y-ar) 
1+rt    1+6    1  +  c 


when  a=  — — ,  b- 


l-a'l-61-c  ^+2/'        y  +  2 

\  qs       rh       s'       rs^      qr      s )   '  \r      s  j 

Za{x^  +  ax-\-a?)    2.r?^Zax^-^o? 


z        z  -x 
-.  c= . 

Z  +  X 


19. 
20. 
21. 


3a        Sax  -  Sa" 

1 . 

x^-ai^  a^  +  a^  x  -  a    x'^-ax  +  a^' 

{a  +  b){l-ab)  n(\-b')  +  b{l-a') 


{l-aby-{a  +  bf    ( 1  -  a") ( 1  -  b'')  -  4a6" 

(c  -  d)a-  +  &ibc-bd)a  +  9(b^c-b''d) 
'{he  -bd  +  c^  -  cd)a  +  3(6''c  +  b?"-  b'd  -bed)' 


22. 

23. 
24. 


COMPl.tX  FRACTIONS.  m 

{2b-c-ay-(2c-_a-br 
{c-af-{a-bf 

If  y^z  +  u  =  ar,    z+u  +  ^  =  by,    u  +  ^  +  y^^cz,    x  +  y^z^du, 

1 


prove 


1 

— T  + 


1  1 

■  + 


=  1. 


25. 


2G. 
27. 

28. 

29. 

30. 


a+1     6+1     c+i     d+\ 

lix^-y^  =  a\    y'-zx  =  b\   z^-^y=.c\  find  the  value  of 
c^x  +  bhf  +  c'^a; 
x  +  y  +  z 
a-b       c-d 


in  terms  of  a,  b,  c. 


If 


A  6  ~c       </— a 


+  T- 


31. 
32. 
33. 


Find  tlie  value  o£ 

Find  the  value  of 

(^^+a)(^ +  m6)^-^(^  -  7na )( .c  -  6)  2a6 

If  s  =  a  +  6  +  c  +  rf,  prove 

If  2s  =  a  +  6  +  c,  prove 

_l_  +  J_  +  _i__  1  ^ abc^ 

8-a     a-b     s-c      s      s{s-a){8-b){s-cy 

If  a:=^Azf,  prove  1±±'' J^-f'  +  cf  +  '^ab 
a  +  b  +  c    *^  b  +  ax^'     (b^^^H^^y+J^b' 

If  x  +  y  +  z  =  0,  prove  ^Mz,^)  +  2^(^1:1^1)  ^  ^(^y^)  ^  ^ 


y-2 


If<  = 


w  = 


z  — 


»/  


li-y 


z-x 
2-x' 


X-y 


'  y  =  -^~,i  P**"^'p  that^=;^. 


_%^«^'-^--^','»-'''m~m-miai^ 


mi 


¥ 


I 
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34.  If  6» ,  prove  -  +  ~ + 


a+o 


_^ ^  1  _  1_ 

a-  b  '  b -c     c-a      c      a 


35.  If  a-^y--,   y==:z+-,  prove 


z 

-  +- 

X      y 


+1  M/-1)  \a+b^a-bi  \^n-^;-rbj- 


THEOREMS    IN     FRACTIONS. 
169.  The  following  theorems  are  of  great  practical  value  :— 


a 


I.  Let  -  and  -  be  any  two  fractions  equal  to  each  other,  then 

a~b     c  -  d' 
In  other  words,  if  two  fra^Aions  are  equal,  the  sum  of  the  numer- 
ator and  denominator  of  the  one  fraction,  divided  by  their  differ- 
ence, will  be  equal  to  the  sum  of  the  nx>   lerator  and  denominator 
of  the  other  fraction  divided  by  their  difference. 
a 


Proof —Let  -  =  -.     Adding  1  to  each  side, 

a-hb_c-hd 

IT' 


(1) 


Again, 


a 


J  =^»  subtracting  1  from  each  side, 

a- b     c - d 


a 
b 


from  (1)  and  (2), 


Simplifying, 


1=1-1    or 

d  b 

a+  b  c  -\-d 

~T~  ~d~ 

a-  b  c  ~d' 

~r  ~d~ 

a+  b  c  -[.  d 

a- h  c  —  d 


d    ' 


(2) 


..  i*X- 
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ir.  If 

For,  let 
and 


c 
d 


a 
b 

a 


a 


■-.,    then    »  ^If+f 

'^  b  b  +  d+f 

•     '''  ^  e 

• '    ^  =  ^   and  ~  =x' 

d  J'     ^, 


.'.   a  =  bjr,    c  =  dx,    e  =  fr, 
ft  +  c  +  e=bx  +  dx+/x 

=  x(b+d+/); 

"   b  +  d+/~''~  b  ~d"f- 
Hence  we  see  fha<-   ^v  ^ 

If  ?    =   f    _    « 

b  d'f^"' 

then  each  f raccion  _  rnn±nc  ±2^e .... 

-hen  m,  n, ;,....  arc  any  multipliers  whatever. 


Proof.— As  before,  let  -  =  f  =  f 

6      ^/      /•••••-  ir, 


then 


•dividing, 


b      d~f 

a^bx,    c=dx,    e^fx..,, 

ma  =  mbx,    nc  =  ndx,   pe=pjx... 

ma±nc±pe. . . .  =  mbx±ndx±p/r . 

=  ^'{nib±nd±pf, 
'!^^^±nc±pe^  ^        a      c      e' 

^b±n.i±p/,.,r''~h^d^~f 


•). 


NoTK-Theorem  I.    n,ight   have  been  p„,ved   i„   tho 

o   J  -  ^  -«..  and  then  substituting  for  a,  bx,  and 


for  .,  ,/..  in  «  +  *  ^,^^   c  +  rf 
'»-^  e-d 


----s:-..^f" 


iiik 
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171.  Another  proof  is  sometimes  given  for  Theorem  II.: 

"  b+d+f  l+d+f 


But 


a      c 
h~d 


e 

7' 


■At)^'i^:)<^At)^'{j)<t)-~(^^^-f)i' 


a 


(b+d+/)4 

a  +  c+  e     ^         ^-^ ' b      a 


Ex 
If 

then 

or 


'•  h  +  d+f       b  +  d+f 
I  +  X     6/1  +x  +  x^> 


1      Tf  ]_±^_  ^  /I  +a;  +  a;'-'\ 


prove  X 


_  c      e 
b~"d~f 

b  -  a 


.3_ 


b  +  a 


1  +x_  b^/\+x  +  x\ 

\  -x~  avr^^+^7' 

(1 +a;)'(l-a;  +  a;'0      ^ 
(1  -  a;)(l+a;  +  a;-)~  tt" 


1  -03^      a" 

Adding  numerator  and    denominator   of   each  fraction,   and 
dividing  by  their  difference  : — 

l+ar*+l-ar^    _b  +  a 
1  +x^  -  (1  -ar')~6  -  a 

2  6  +  a 


or 


that  is, 

and  iavertinjj;  each  fraction  : 


2x^     b  -  a* 
I      b  +  a 

b  -  a 


ar'  = 


6  +  a* 


a 


b     d 
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+  (P 


ab  -  W^ 
a^    ab     , 


C(i  -  iW 


a'     a 


g'  -  aft  +  b^  _b^~l? 
ab  -  ib'^  ab 

6* 


-4 


-  r  +  1 


a 
T-4 


But  since 


a 


b      d* 


Another  proof .-l^t  ^  =  ^=^'  •'•  «=*^and  c^dx. 


also 


ab-  4b'^  b'^x  -  W  x-4     ' 

c^-cd+d:'_dr-a?-d^x  +  d''     a'-a;+l 
cd  -  id'  d''x  -  id-'  x-i     ' 

c^ab  +  b'_c''-cd  +  d'     .              ,,                   x^~x4.l 
ab  -  il/'  cd-id'  '  ^^"°®  ^^"^^  fraction  = -1-, 

3u  —  *t 


Ex.  3.~U 


a 


-b 


then  each  fraction  = 


ay+bx    bz+cx    0^/ +  az~  ^J+J^T^' 
1 


-,  when  a  +  b  +  c  is  not  =  0. 


X  +  1/  +  z 

For  each  fraction  equals  the  sum  of  the  numerators  of  all  the 
tractions  divided  by  the  sum  of  their  denominatc.-s ; 

a-b+b-c+c- a+a+b+c 


each  fraction  = 


<^!/  +  bx+bz  +  cx  +  ci/  +  az  +  ax+bi/  +  cz 
a+b+c  1 


(a  +  b  +  c){x  +  i/  +  z)     x  +  y  +  z 
when  a +  6 +  c  is  not=0. 
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If  a  +  6  +  c  =  0  the  sum  of  the  numerators  divided  by  the  sum 
of  thedenominators=^,  the  value  of  which  we  do  not  know. 
Hence  the  necessity  of  the  condition  that  a  +  6  +  c  is  not  =  0. 

^ar.  4._If  ^ii  =  J±f_  =  _^+fL 


then  8a  +  96  4- 5c  =  0. 


a-  b     2(6  -  c)  ~  3(7IT) 

{a-b)  +  (b-c)  +  (c-a)  =  0,  .-.  m{a-b)  +  7n{b-c)+m{c-a)  =  0. 

Hence,  if  the  quantities  (a  -  b),  (b  -  c),  (c  -  a),  in  the  denomi- 
nators  of  these  fractions  can  be  made  to  have  the  same  coefficient 
the  sum  of  the  new  denominators  will  be  =  0.  Multiplying  botli 
numerator  and  denominator  of  each  fraction  in  turn  by  that 
quantity  which  will  make  the  common  coefficient  of  (a-b) 
ih  -  c),  (c  -  a)  the  L.  C.  M.  of  the  given  coefficients,  we  obtain 

a^  b_e{a  +  b)  _H]^±^_2(c  +  a)_ 
a-b     6(a-b}'~Q{b-c)~G{;rr^)  =  ^' 

.-.  6{a  +  b)  =  6k(a-b), 

S{b  +  c)^Gk{b-c), 

2(c  +  a)=:Gk{c-a). 

{Sa  +  9b  +  5c)  =  Qk{a-b  +  b-c  +  c-a) 
=  6A;(0)  =  0; 
.'.  8a  +  96  +  5c  =  0.      , 


Adding 


Bx.  5.~U  — 


X 


,^ y^ 


r,  then 


a  +  b  -c     b  +  c  -a     c  +  a-b' 

(a  -  b)x  +  {b-  c)y  +  (c  -  a)z  =  0. 

Since  we  require  («  -  b)x,  let  us  multiply  both  numerator  an<l 
denominator  of  the  first  fraction  by  {a-b).  For  an  analo«.ous 
reason  multiply  both  numerator  and  denominator  of  second  frac- 
tion by  (6  -  c),  and  numerator  and  denominator  of  third  fraction 
by  (c  -  a). 


lerator  and 
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.-.  {ri~h)x  =  k{a-b'-c.{a-b)}, 
(6-c)y  =  <fc{62_c2_a.(6-c)}, 
{c-a)z  =k{c'^ -a'-b .{c-  a)]. 

But        a'-6'-c(a-6)  +  6'-c»-a(6-c)+c'-a»-6(c-a) 

•'•    («  -  ^y  +  (6  -  c)y  +  (c  -  a)2  =  yfc(O)  =  0. 
Examples  4  and  5  show  that  if  the  sum  of  the  denominators 
or  any  number  of  fractions  is  zero,  the  sum  of  their  numerators 
IS  also  zero 

EXERCISE    L. 

I-  Ji  ~      r  =  ~i  prove  -—  ='!LZJ1 

a      b       c     "^  a+b     a  +  c     b  +  c' 

'y    If  ^  ^y      "  ^      inx  + 1111  +  nz 

<^      o       c  a      ma,  +  nb  +pc' 


3.  If  "^  =  |,  find  the  value  of  -±^ 


5      8 
a      c 


'!/  +  8' 


az  +  b 


i    Tf  -  -  ax  +  o 

^.  n  ---,  prove  -^^  has  always  the  same  value,  what- 

fiver  be  the  value  of  x. 

6.  If  ^=^.  proveitl'  =  M_ll'^^ 

7.  If   -=-     prove  ^'  +  ^"^  +  ^'_g^^ +jg 

6      d'  c'  +  :icd+(P     'Zcd+Sd^' 

8    Tf  •'^  -  -^      ^ 

a-b=c'  ^^'^^*' 

.r'  +  f  +  z-'     (x  +  y^z)-'    ^y+yz  +  zx    «' 

-.9   I    Z2.'      2        ''  ^ ~'^~ —  =  ._ 


■  u-  -\-  c 


(a  +  /J  +  c)  -     ab  I-  ac  +  he     o? ' 
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prove 


J.  It  -  =  -  =  _  J  prove  ^ = '1 

a      0      c     ^  a'  +  P  +  c'^      ax  +  hy  +  cz 


10.   If 


X       y 


a  r  +  bi/^  +  cz^ 


•r"  +  y^  +  z^ 


-  —  i  =  -,  prove = ■' 

a      b       c     ^  iv'  +  b'  +  c'       a^x  +  b'v  +  cV 


AA-  It    ~  —  T  —  -f  prove  -~ :!_=  _ 

a      b       c'  ^  a^+b'  +  c^-3abc     a?' 

-.^    ,.      ad -be  ac-bd 

^-   ^a-ir-'^Vd^a-V+7~d'   ^^^'"   '^^^"   a  +  6  =  c  +  «?,    and 


each  fraction  = 


a+b+c+d 
4         • 


i-i  It  ^~y  y~'^  ^-^    1 

1 .3.  ir  =  — -—  = ^  then  shall  a  +  b  +  c=^Q. 

0  c 


a 


14.  If 


a+  b  _b+  c     r  + 

J+y     y'+z~z 


— ,  show  that  each  fraction  is  equal  to 


<^^^>^c        J  ,,    ,   rt      b       c 

,  and  that       =  -  =  _ . 

x+y+z  X      y       z 

10.  It  -; = =  .. -1^  then 


h - c  c -  a  a -b 

{a  +  b  +  c){x  +  y  +  z)  =  at:  +  by  +  cz. 


16.  If 


a           ('?           c 
7- — = — ; —  = r,  prove  a  =  b  =  c. 


b''  +  c''-a'_c''  +  a'-b'    a-'  +  P-c' 

b(r~ ca ^ ab — '  ^^^^^  ^^^^^  fraction  =  1 . 

'^-        a:Va^  ~  o^o;^  =  ;^,Z^'    «^«h    of   these   fractions 

\  +  X 

-,  supposing  ffli  +  a2  +  «3  not  =  0. 


l+y 


19.  If 


20,  If 


ay  -  A.r     ex  -  az     bz 


c  b 

x+y       y+z       z+x 


- — ,  then   -=•!  =  _, 
a  a      b       c 


3rt  -  6     36 


3c- 


a 


,   prove 


.''■  +  2/  +  2;         a  +  b  +  c 


ax  +  bi/  + 


ty  +  cz     a' 


+  b''  +  , 
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fraction  =  1. 
je   fractions 


21.  If  .- 


X 


_     y 


22.  If 


b  +  c-a     c  +  a-b~aTb^c'  P"**"''® 
(«  +  6  +  c)(yz  +  zx  +  xy)  =  (:r  +  y  +  z){ax  +  by  +  cz). 
b^  o? 


a* 


a'x  +  b^y  +  c^g  =  {a?  +  62  -f  c^)(.r  +  y  +  2). 

.93    2f  ^^'^  ~  ^y_  £i^1j  c»'Z_ay-  bx 

~b  c '  P''^^®  •*'^'  +  6y  +  ce=0. 


a 


24.  If 

25.  If 

26.  If 


f'  +  b    _    Z>  +  c  c  +  a 

3(a  -  6)  ~  4(6^  "  5(^"^) 

^  y  z 


,  prove  32a +  356  + 27c  =  0 


•^'  ,  ;'/     « 


a(y  -  z)    b(z  -  ^)  -  ^(:r:jy  IP'^^^  «  +  k  "^  L-  =  ^• 


-       .V 


ct(y  +  z)    b(z  +  x)~-^^y  P''^^*' 


^(y-.)  +  |(._.,)+^(^,_y)^0 


27.  If  - 


x^  -  yz     y2  _  ^p     ^n 


a^ 


b- 


xy 


—  —  =  1,  show  that 


d'  +  b-'  +  c'    ' 


m     n      r 


-'8.  Jt  -  =  — =  -    and    -;;  + 


.2        ,./2  ..'' 


y      z- 


—  =  —  =-    and    -  +  ~  -A =1      nrovo 

—  +  'i^  +  '*'!-.  *^*^  +  w'  +  r" 
a'      b''     c-  ~  l?'^+~f  +  z^ ' 


hx     ky     Iz 


•2     ,,2       'I 


29.  If-  =  ^y=-':^and-'^4-2'4-^      1 

a2     j2     ^..  ^nd  ^-^  +  ^  -  +  --,  =  1 ,  prove 


30.  If  --±jl±i  ^ y' _+  "y  +  ^ 

x'  -  2.r  4  3     if  -  Oy  +  3 


,  each  fraction  r^^JLll 
xy-3' 


Jl 


CHAPTER    IX. 


FRACTIONAL    SIMPLE    EQUATIONS. 

172.  In  Chapter  VI.  we  gave  examples  of  simple  equations  of 
one  unknown,  without  fractional  terms.  We  now  proceed  to 
give  examples  of  equations  involving  such  terms. 

173.  A  simple  equation  involving  fractional  terms  can  be 
solved  by  multiplying  both  sides  of  the  equation  by  the  Lowest 
Common  Denominator  (L.  C.  D.)  of  the  different  fractional  terms, 
and  then  proceeding  according  to  the  rule  laid  down  for  solving 
equations  without  fractions.  The  object  of  multiplying  throu^^h 
by  the  L.  C.  D.  is  to  clear  of  fractions. 

If  a  fraction  is  preceded  by  a  minus  sign,  the  sign  of  every 
term  of  the  numerator  must  be  changed  when  the  fraction  is 
multiplied  by  the  L.  C.  D. 

_^,  a-b  +  c      , 

Thus,    -j~  X  o?e  =  e (  -  a  +  6  -  c). 

174.  The  different  methods  usually  adopted  for  solvinty  such 
equations  can  best  be  made  clear  by  examples. 


Ex.  J. — Solve  — = 


503     5a;     U 


o  —  X 


Multiply  both  sides  by  4,  the  L.  C.  D., 

Then  IOj;  -  5.r  =  9  -  (6  -  2.r) 

or  10x-5ar=9-  6  +  2.c; 

.'.    Sx=3   or    r^  1. 


3  equations  of 
w  proceed   bo 


terms  can  be 
)y  the  Lowest 
ctional  terms, 
vn  for  solving 
lying  through 

sign  of  every 
he  fraction  is 


solving  such 
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i^-a;.  ^.-Solve       f^lf_•^•-4  3x-l 

Multiply  by  15, 

Then  5.r  +  20-3,r+12  =  30  +  3.r-l. 

Collecting  and  transposing,  x=3. 

the  two  sides  will  bfconrirntica,        '''"'  '"""'  '°^  ^'  ^^«'^'  "  ^ t' 


Sol 


ve 


EXERCISE    LI. 


.r-3      17 


'     3 

3 

5.r  +  3 

3-ix 

8 

3 

5,c-7 

2.C+7 

2 

3 

3.f-f.,5 

2.r  +  7 

2.  2a:- 


31     9-5,i; 


5.r-4 


l-2j 


6 


=  3.r-14. 
+  10  =  ^. 


9       1 


--.    4. 


lO.c  +  3    6.C-7 


-2-  =  10(ar-]), 


8. 


7.f  +  5     5.g-6     8- 
6        ~ 

3.r-4     5.r  +  3 


5j; 


12 


+ 


-43 -5a:. 


^(27-2.r)=-  -_i(7.^_54^       10.  ^flL^ _ ?:^8 ^ ^^^i 


11. 


8.r-15     11a:- 1     7^  +  2 


11 


2 


13 


12.  2a:-  '  = 


1       2 


(3-2a-)+'r, 


13-   i2(-^-3)-g-(3^-2)  =  ^(4a--3).   14.  l?^_iO+^_^^ 


2 


1|  + 


15. 


+  ;r-=l. 


^      3a:     4      2a: 
3-.^     3-1     6 


16.    7x-t:X  =  ±x4.^- 


8 


io'^"+r5 


H- 


X 


+ 


+  a:      a; 


12'  ^^• 

1 


«+l     3      ou     5 


X 


X 


2(11  -^)-3(13h-2^-)-.|(15-3..) 


S       20. 


,(')+g(lI-.r)=l-^(^_2). 
8 
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175.  If  the  denominators  contain  both  simple  and  compound 
expressions  it  is  frequently  best  to  first  combine  the  simp'e 
expressions  and  then  clear  of  fractions. 


Ex.  1. — Solve 


9.T+20_4(.r-3)     x 


36 


5(,ir-4)     4" 


X 


Transposing  - ,  and  combining,  we  get 

9x-+20-  9.«_20  _4(,c-3) 
36  36 '"  5  (~^^) ' 

5  _  4  /.r  -  3\ 

Clearing  of  fractions,  '2bx  -  100  =  36.r  -  108, 
from  which  we  obtkin 


8 


Ex.  ^.— Solve 


Transposing, 


9.r+15     Sx-1     3G,r+]5     41 


14      '*'6a;  +  2 
9a; +15     36.C+15     41 


14 


56 


56 


Combining  fractions  on  the  left  side, 


56"l4 


C6 

8^  _7 
6.r  -2" 

8.r-7 


^66- 


Clearing  of  fractions, 


.'.    118.1  =  96    or   .r  = 


6.r  +  2 
6.1  +  2=  -112,c  +  98; 
96      48 


118     59' 


Solve 

8a;- 5     7.r-3_4.-K  +  6 
^-  "lI"^6.r+2~     7 

10a; +17      12.«  +  2      5a;-4 


FXEROISE    LII. 


"■   '  14    "^i^rr+i      f~' 


18 


nx-  1 6 


9 


4. 


6.r+13      3a; +  5      2aj 


15 


5.r-25      5 


FIIACTIONAL  SIMPLE   EQUATIONS. 


12.3 


(yx+7     2.e-2     2;^+! 


15 

7x- 

-6 

5 

7x-  6 

X 

-5 

X 

35 

Ge- 

- 101 

~5' 

4,r  +  5 

ar- 6      2 

■•                             A       ^^     ^~ 

x-3 

JO 

5 

G. 


8. 


6r+l     J5j:£_2.«-1 
15        7a;-16        5~* 

4x+3_^8x+Vi     7a; -29 


9 


18         5a;- 12" 


10    ^_^-5a;_2 
'   3       3a;-7  "s* 


176    Complex  fmctions  generally  should  be  simplified  beforp 
moceedm,  to  find  the  lowest  common  multiple  of  dUminatl 


J^^x.  1. — Solve 


3-lf 
9      1 


Ix 


-3 


4         4         10    • 
Simplifying  first  and  third  fractions, 

^Llif'^  1  _7a;-27 
36         4      ~~^(J~" ' 

Multiplying  by  L.  C.  D., 

135-20.r=45-14a;  +  54. 
Transposing  and  collecting  like  terms, 

6a;=36,    .-.   x=Q. 


25-  ^x 

6        lG.r  +  4l        23 

-"  +  -7r— -^= +5. 


Ex.  ^.— Solve  

a^+1      '     3a;  +  2       ^T+I 

Simplifying  complex  fractions, 

75 -a;  ^80^+21        23 

~+^- = +5. 


Transposing, 


3(.x-+l)     5(3x-f-2)~^rn 
75-. r        23       80a; +  21 


3(a:+l)     a;+l"*"5(3a;  +  2) 
75 -,'»•- 69     80.r+21 


=  5; 


+ 


H-^+1)       5(3|r+2) 


=  5. 


..i^-iii-  t*-i^'. 


^  r^ti-  ■  ■«-.™:-  ,^E,iW,^„  „ 


124  .      FKACTIONAL   SIMPLE    EQUATIONS. 

Multiplying  both  sides  by  15(.x+  l)(3.r+2), 

5(3a;+ 2)(6 -a;)  +  3(a;+ l)(80a;4- 21)  =  75(a;+ l)(3a;  +  2). 
Multiplying  out  and  collecting  terms, 


8a;  =  27, 


a;  =  3|. 


I 


Solve 


EXERCISE    LIII. 
5a5  _  4|x  +11     7ic  +  5 


^•1- 


16 


12 


2.   10|(^a;-^-)  +  l(3fa;+7)=21^. 

2x  +  5  ,  x-15  _x{5  -  2^) 
■      21     ""3|  14      • 

x^      56  -  2a;  _        7ic  -  2 
•  6^'^5pT5i-^~~8|~- 

8f  7^  10|    "a; -46" 

g    _3a;-2       2-3.T     S^x-b 


Hx+ 


1      l+2a;      4a;  +  2' 


4-? 
.r+1^     10-a;  s'*'       1 


3f 


11 


ir 


8. 


"-3^"-^)     31     l^l^ 
3  "^36  5         • 

2  1  x-1 


25 


^ 


^ 


FttAOTlONAI.  SIMPLE  EQUATIONS. 
10.    ^^    -3     ~X     3    "'-3^^ 


125 


11    ^-3a;       5^     2.r-3     a;- 2 
12.  ..53J  +  i5^UL^^l:2_.3cc-.6 


.6 


.2 


.9 


13     5_^'5a;     24 -.3a; 

a,_2  8 —  =  .375:c. 


14.    .1533  + 

15. 


•135a; -.225     .36     .09a;  -  .18 


.6  .2 


.9 


33 


.livisioro??al  :„  JL:^^^^^^^  .^^  --P^-  the  actual 

combination  of  fractions  accorlLtT.u  .^V  *  ^''^''^^"' 

..eat  value  in  fucilitatin; Xlt^f.         '"''  ^^ -tors  is  of 


^a;.i.-Solve    ?!^±??  +  l^^±93_  18a;  +  86     6.r  + 


2a; +  5    '    2a;+ll 
Divide  each  numerator  by  its  denominat 


2a;+9        '2x  +  7  ' 


.'.   4 


2a^  +  5  +  ^  +  2^:ni  =  ^  + 


or, 

5  5 

2a;  +  9  +  ^  +  2;^J 


+  • 


5 


**    2x  +  5     2a;+ll     2^9"^2^rr7- 
t)ividing  b^  5  ^1 


— -+— L_^    1        1 

2.^  +  5     2X-+11     2^rr9"^2^T7' 


k 


!       i 
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Combining  in  pairs, 


4.T+16 


4a;+16 


or 


{2x+5){2x+n)     (2x-+9)(2x+7) 

4a;+16        _        4a;+16 
ix^  +  32a;  +  55 ""  4a;'"' +  32a;  +  63' 


In  these  fractions  the  numerators  are  equal,  the  fiactions 
equal,  but  the  denominators  unequal.  How  are  we  to  reconcile 
the  apparent  inconsistency  ?  Only  by  putting  the  numerator  of 
each  fraction  =  0 ;  the  fractions  will  then  be  equal  for  all  values 
of  the  denominators  except  zero.      .'.  4a;  +  1 6  =  0  or  a;  =  -  4. 

This  result  may  be  obtained  otherwise.  Bring  both  fractions 
to  the  same  side  of  the  equation,  then 


4a;+16 


4a; +16 


or 


("^^''i^i 


4a;'''  +  32a;  +  55     ^x^  +  32a;  +  G3 

1 


0 


1  =  0. 


I.e+55     4a;"''+32a;  +  63j 
But  the  second  factor  is  not  =0,  .'.  4a; -i- 16  =  0  and  x 


-4. 


i' 


I 


Ex.  ^.— Solve 

Transposing, 

Combining  in  pairs, 

Simplifjdng, 
Clearing  of  fractions, 


3a;+l      x  +  1       1  _  4 
2x  +  3  ~  G.f  +  y     3a;  ~  3' 

3a;+l         a;+2  4 


^4  _J_ 

2a;  +  3     3(2a;  +  3)"'3     3^' 

9a;  +  3  -  a;  -  2     4a;  -  1 
3a; 

4a;- 1 


3(2a;  +  3) 
8a; +1 


3(2a;  +  3)        3a;    " 

8a;2  +  a;  =  8a;-+10.T-3. 
1 


9a;  =  3  and  x  = 


3" 


I     I 
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Kx.  5.— Solve 


Transposing, 


Comb 


i.ning, 


the  fiactions        | 

v^e  to  reconcile        1 
5  numerator  of        1 

Transposin< 

for  all  values        | 

r  a;=  -  4.                ■ 
both  fractions       H 

Combining, 

1 

Simplifying, 

^  =  ^                       1 

3}=^-                   1 

Combining, 

and  x=  -  4.          H 

'gj 


a;+l       iB+2       (;«+l)(x+2) 


=  6- 


6a;+ 17 


— ,+ 


«  +  1     a;  +  2 


1       .  ^x+\1 
x-\-i 


+ 


=  6  + 


1      '  6.X-+18 


a;+  1 


03  + 


__3(ac  +  5)_ 
(a.'+l)(^+2)' 

6  +  -Jl^i). 


(a;+l)(x+2)' 


a:+  1 


T  + 


a;+2 


-6 


1      .6.1'+ 18- 6a;- 12 


a;+  1 


+  - 


a3+2 


+ 


"(a:+'l)(a;+2y 

'(a;+l)(a;  +  2y 
^^_3(a;  +  5) 


a^+l     aJ+2     (a::n)(^T2) 


7a;  +  8 


3a;+15 


(a;+l)(a!  +  2)     (x-v\)(^^^) 


7a;+8  =  3a;+15,  or  4a;=7 


and  x  = 


Holve 


1    r).r  +  3     2,r  -  3 
x~\    ^2.r-  2~*^- 


EXERCISE    LIV. 


2    tt^_2^+3S 
'  2a;+l       a; +  12"^^' 


3.  i^^'''+'^^3^7a;'-3,r-9 
5a; -4     ~      7a;- 10     ' 


5.  ^~  ^  (^^^zl^x  -{■c_x^  +  ax~b 


4. 


__^^^:i9^^     a^ 
a^-2     a; -7     a;-l"^^T6 


6    L±:^  +  -^''^^<52    1  +  a- 


oy-m-^^-bx  +  c     x^-ax  +  b-     ""   fr^lT^  =  gg  •  y- 


7    ■'^J^j'^     4a;  +  a  +  25 


8  ^'^~^    i!^zj_  ^ 

'■   2r-l     3.r-2"  6' 
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9     -1      +_L-    J_ 


■  3-^     2-a:     rri^"^- 
29         2 


II,  —  + — ^2x.      12.  + __  __ 

•^-1  -^+1  x-S     2.jr-lU     24     3i'-24 


— m  . 


13. 


ID. 


*  +  ' 


r+  2     j:+  3     x'-'  +  Tu  +  G 


37  .r  -  4     .r  -  5     .r  -  7     .r  -  8 

T.    14 


3 


.r+  1 


rr' 


*  -  1     a;  -  1      1  -  .f!** 

17.  -U+     *     + 


16. 


a; -5     ar-O     .r-8     a; -9" 
a?-8      .r-T)     j-7     x-4 


ar-10    a;-7     u;-9     ur-G 
9  86 


18. 


«+  1     2j!-1     3j!-1     Gx-l* 

4        g-  2^a;+  4     2(g-l) 
a; -6     «-3     a;-5""x-4' 


4.r-17^10.r- 13     8.r-30     5.r-4 
.r-4         2.C-3        2.r-7       «-r 


178.  In  some  equations  known  numbers  are  represented  by 
letters.  Those  are  called  literal,  ecjuations.  The  same  artifices 
and  methods  are  employed  in  solving  these  equations  as  when 


figures  are  used 


Note. -Usually  tho  Jird  letters  of  the  alphabet  are  employed  to  repre- 
sent known  mimbera,  the  Ici^t  letters  niiknoim  numbers.  But  this  rule 
does  not  always  hold  good,  as  any  letter  may  bo  used  in  either  way. 


Ex.  i.— Solve 
Transposing, 
Factoring, 

Dividing  by  (a  -  h\ 


ax  +  bc==  b.c  +  ac. 

ax-bx  =  aa-  be. 

x{a  -  6)  =  c{a  -  b). 

cja-b) 

X  — —  =  c. 

a-  0 


x-  ., 


1    +  X 
1  -  X 


=  1. 


29^      2 


- 

■7 
■8 

.r- 
X  - 

8 

r 

-7 

T 

— ' 

J-9     ur-G 


FKACTIONAL  SIMI'LK   E^UATlUNS. 
-Sol  ve  {a  +  x  +  b){a  +  b-x)  -  (a  +  .r)(6  -x)- 


12U 


a6. 


Multiplying, 


(a  +  by  -x^=ab  +  x{b  ~  a)  -  x"^  -  ab. 


{a  +  br=.x{b-a)   and   xJ^L+M 


Kx.  5.— Solve 


6-. 


Zax  -  2b     a.r -a     ax     2 


36 


26 


b      3' 


I  raiisposi 
Com  bin 


nir, 


o» 


3«.r  -  26 
~~36  ~ 


26     ~T' 


ing, 


6a.r-46-3aj;4.3a-6a.g         2 
66"  "-3 


or 


Clearing  of  fractions, 


-  Zax  -  46  +  3a         2 
66  -  "  3* 

-3aj'-46  +  3a=  -46, 

'.  aar  =  a  and  a:«=l. 


resented  by 
nie  artifices 
ins  as  when 


jyed  to  reprc- 
But  this  rule 
er  way. 


Solve  EXERCISE    LV. 

1 .  a{x  -  b)  =  b{a  -  X)  -  (a  +  b)x.     2.  (a  +  .r)(6  +  .r)  =  (c  +  x){d  +  x). 

4.  -^ -^  =  aa^  +  6l 


G.r  -  a  _  3.r  +  6 
4.jr  -  6     2.r  +  «' 

b  {■  c     c  +  a     a  +  b 
7       ^  c  a-c 


X  +  a     x  -  c     X  +  a-i 


9    "■^'"  +  6.r  +  c  _  ;?.r2  +  ^^.r  +  , 
a.r  +  b  p.c  +  y"~ 

'  (.r  +  6)^     a- +"^+"26" 


a  +  x 
1 


a6  -  aa;     be  -  bx 


etc  —  ax 


a+b-c+x 


— .       10. 


a  +  b 


a 


X  —  c     X  -  a     X 


.ty    X  +  a     X  +  b     X  +  c 
o  +  c       c  +  a      a  +  b 


ISO 


FIIACTIONAL  SIMI»[.K   EQUATIONS. 


2,r  +  rt     x-b     ^ax  +  (a-by  m(x+a)     n(x  +  b) 

I  J.  — . — ■» J .    14. 9 — •{ =Min+n. 

0  a  ao  x  +  b  .r  +  a 


15. 


a-{-c 


b  +  c 


X  +0 


(a - b){x -a)     (a-  b){x  -b)     {x- a){x - b) 


■\-x  -a. 


a^c 


1 0.   (a  +  x){b  +  .r)  -  a(6  +  .t)  =  -7-  +  •^• 

,-    X  -  a     x-b     X  -  c     X  -  a—  b  —  c 

17.  ~-j—  + + = -. . 

oca  abc 

1 8.  (r  -  a  f  +  (jr  ^  bf  -\-{x-  cf  =  3(.r  -  a){x  -  b){x  -  c). 
19  '  '  ' 


(.r  -  a){x  -  6)     (x-  a){x  -c)     {x  -  b){x  -  c) 

1  2 


1 


{x  +  a){x  +  b)     {x  +  a){x  +  c)     {x  +  b){x  +  c)' 

EXERCISE    LVI. 
MISCELLANEOUS    EXAMPLES. 

Solve 
1.  (3x-\y  +  {ix-2y  =  {r)xSy.  2.   {x  +  2a)(x-ay  =  {x  +  2b)(x-by. 

(.V  -  a\  -     X  -  2a 


\2x+\)  ~4x  +  a  ■    [x  -  b)      x-2b' 


5. 


.r+  1  \-_  x  +  a 
27+1/  ~4x  +  a 

.r2  -  1 1  .r  +  lQ  _  jT  -rrc  +  7 
"^r^-U    ~  ^+  7,f  -  23" 

1  2     _     3 

*a;-l     a:-2     x  ~  S' 

l+x     3  +  2.C"'' 


9.  l-x- 


l  -  X      2  -  2.r 


6. 

8. 

10. 


x+  6     .r-  6_2(.c-  6)" 
X  -   i      X  +   1  u^  -I 

2.t^  -  3.r  +  1  _  2.r  -  3 
a;"^-2j:  +  2"  ~  .r  -  2  * 

a  +  i         rt  6 

= + -. 

X  +  c     x+a     X  +  b 


11.  {x+]){x  +  2){x  +  3)  =  {x-S)(x  +  ^){x  +  5). 

12.  (x+l)(j-+2)(r  +  3)  =  (ar-l)(,r-2)(,r-3)  +  3(4.r-l)(.r+l). 

1 3.  {x  +  b){x  +  c)  +  {r  +  r){x  +  a)=  {2x  +  a){x  +  b). 

14.  {x-a){x-2a)  =  {x-'ia){x~Aa). 


.s   -  - 


2(.r- 

6y 
1 

2.C-3 

;r-2* 

b 
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ir>. 

IG. 

17. 
18. 

19. 

20. 
21. 
22. 

23, 

24. 

25. 

26. 


3 


(3ar+l)(2.f-3)     (5x-4)(27^' 


(3r-l)(j--2)     (2^-l)(^^4)' 

{X  -  9)(.r  -  7){x  -  6){x  -  1)  =  (ar  -  2){x  -  4)(.r  -  C){x  -  10). 

(r-2a)»  +  (.r-26)»=2(,r-a-6)» 


3«6(^         rt^i^        (2a  +  6)i2p 


=  Sex  + 


hx 


a+  b     (a  +  b^^       a{a  +  bf 

2r  -  3     3.r-2  _  5.r2  -  29,r  -  4 
j:-4       ar-8  ~.t^- 12x  +  32" 

(j- +  a)(x  +  6)  +  (x  +  c)(a- 4- a)  =  (.r  +  6)(a- +  c/)  +  ( 


.r  +  c/)(j?  +  c). 


m 


»i 


X  -  a     X  —  b 


+ 


w 


n 


P 


X  -  c     X  -  c     X  -  a     X  -  b' 


x-2n  x-2b  .r-2c 


b  +  c  - 


+  — 


«     c  +  a  -  b     a  +  b  - 


=  3. 


x-2a 


X 


-2b 


x-2c 


3x 


b  +  c  - 


a-x 


a     c+a-b     a+b-c     a+b+c 


b- 


d-  -  be     b'^ 


+ 


C  —  X 


ac     c 


-  ab     a  +  6  + 


^i:i_5.^_2^    c-a_a+6     6  +  c     «  +  26  +  , 


x  —  c 


•^7 


28. 
29. 


X  -  c     X  -  a     X  -  b     X  -  a     x  -  b 

ab-  be     be  -  ca     ac  -  ab     a^-¥     P-c^     c^  _  a^ 


x  +  c 


+ 


x  +  a 


+ 


x  +  b 


+ 


+ 


+  a     x  +  b     X  + 


a  +  b     b  + 


X  -  c     X  —  a     X 


c  +  g  _       2(a  +  i  +  c).c2 


a 


X  -  7/i(/     a 


■  + 


6     {X-  a){x  -  b){x  -  c)' 


^~xT^  =  ^  '^  «4-6  +  o  +  </  =  0. 


wic     X  +  wiA 
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PROBLEMS    PRODUCING    FRACTIONAL 

EQUATIONS. 

179.  The  solution  of  problems  resulting  in  fractional  equations 
is  accomplished  by  employing  the  same  methods  and  principles 
as  were  used  in  solving  problems  not  producing  fractional  equa- 
tions. It  will  be  well,  however,  to  give  specimen  solutions  of 
different  types  of  problems  frequently  occurring  in  practice. 

Ex.  l.~A  can  do  a  piece  of  work  in  6  days,  and  B  can  do  the 
same  work  in  8  days.  How  long  will  it  take  A  and  B  working 
together  to  do  it  ] 

Let     X  =■  number  of  days  it  takes  A  and  B  to  do  it. 

Then  -  «=  amount  A  and  B  can  together  do  in  a  day. 

Lut  A  can  do  it  in  6  days,  /.  A  can  do  -  in  1  day, 

and  B  can  do  it  in  8  days,  ,\  B  can  do  -  in  1  day ; 

therefore  A  and  B  can  together  do  -  +  -  in  1  day. 

0      o 


But  A  and  B  can  together  do  -  in  1  day, 


6      8      ;r" 


Simplifying, 


24 
.r  =  — =  3;J  days. 


Ex.  2. — A  tank  can  be  filled  by  two  pipes  in  24  minutes  anil 
30  minutes  respectively,  and  emptied  by  a  third  in  20  minutes. 
In  what  time  will  it  be  filled  if  all  three  are  working  together? 

Ijet  X  =  number  of  minutes  it  will  be  filled  by  all  three 
together. 

1  

Ihen  -  =  amount  tilled  in  1  minute  by  all  three. 
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TIONAL 


onal  equations 
and  principles 
:'actional  equa- 
n  solutions  of 
practice. 

I  B  can  do  the 
nd  B  work  in  ■' 


But     -  =  amount  filled  by  first  tap  in  1  minute, 
and     -  =  amount  filled  by  second  tap  in  1  minute, 

also     -  =  amount  emptied  by  third  tap  in  1  minute  ; 

1       1        1 
•*  24  "^30  "20  =  ^'°^"''*  ^'I'^d  ^y  3  taps  in  1  minute. 

But     -  =  amount  filled  in  1  minute  by  3  taps, 

X     24     30     20' 
Simplifying,   \-~==~    :.  :r  =  40  minutes. 

E^  3  K  person  walks  to  the  top  of  a  mountain  at  the  rate 
of  -,  m,  es  an  hour,  and  down  the  same  way  at  the  rate  of  3A 
.m  es  an  hour  and  is  out  5  hours.  How  far  is  it  to  the  top  of 
the  mountam  ?  ^ 

Let  X  =  distance  to  the  top  of  the  mountain. 


and 


X 


gY  =  time  to  walk  down, 


X         X 

"  2l'^vi~  ^^^^^®  time. 


But  whole  time  of  walking  up  and  down  is  5  hours, 


X         X 


3.r     2x 


bx 


■•^  +  ;rr  =  5or^-  +  —  =  5        .f^     r 


7  mileg. 


I'yx.  ^, — -Find   the  tirpp   V,pf,,,fiO"    **   =»    1    ^     '  ^     ■, 
>"»  of  a  clock  are  at  right  »;,::       ""'  '  ""''^^  "''™  '"» 


!i  i 
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Bill  1 


ll 


If     ^ 


The  minute-hand  of  a  clock  moves  twelve  times  faster  than 
the  hour-hand.  When  the  hands  are  at  right  angles  one  hand  in 
15  rainute-spaces  ahead  of  the  other.  At  3  o'clock  the  minute- 
hand  is  at  12,  and  therefore  the  hands  are  at  right  angles  at 
that  time.  There  is,  however,  another  solution ;  for  the  minute- 
hand  may  get  15  minute-spaces  ahead  of  the  hour-hand.  To  find 
the  time  when  that  occurs:  The  minute-hand  at  3  o'clock  is  1.') 
minute-spaces  behind  the  hour-hand,  and  it  has  to  gain  this  space 
and  get  15  minute-spaces  ahead  of  the  hour-hand,  so  that  it  has 
to  gain  altogether  30  minute-spaces. 

l^t  a:  =  number  of  units  of  space  moved  by  hour- 

hand  from  3  o'clock  to  time  required. 
Then  12x=  number  of  units  of  space  moved  by  minute- 

hand  ; 
.'.   1 9.r  -  .c  =  1 1  ,r  =  spaces  gained  by  minute-hand. 
But  spaces  gained  are  30  minute-spaces, 
.'.   11j:  =  30  minute-spaces, 
x  =  2 1**,  minute-spaces. 
But  time  is  shown  by  minute-hand,  which  has  passed  over  12x' 
spaces, 

.-.   1 2a:  =  1 2  X  2,8f  =  ^o  =  32,^  minutes 
Therefore  the  time  is  32^^^  minutes  past  3  o'clock. 

EXBRCIS3    LVII. 

1.  Find  a  number  whose  third  part  exceeds  its  fourth  part 
by  14. 

2.  The  half,  fourth  and  fifth  of  a  certain  number  are  tosetiier 
equal  to  76.     Find  the  number. 

3.  Divide  60  into  two  such  parts  that  a  seventh  of  one  part 
may  be  equal  to  an  eighth  of  the  other. 

4.  Divide  45  into  two  such  parts  that  the  first  part  divided 
by  2  shall  be  equal  to  the  second  part  multiplied  by  2. 

5.  In  a  mixture  of  wine  and  water  the  wine  was  25  jralloiis 
more  than  half  the  mixture,  and  the  water  5  gallons  less  than 
onp-th^rd  of  the  mjxture.    tfow  niany  gallons  were  there  of  each  t 


.ssed  over  12^' 
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6   Wvide  46  into  two  such  parts  that  if  one  part  be  divided 
:.y  -  a„d  the  other  by  3  the  sum  of  the  quotients  shall  be  10 

7.  A  can  do  a  piece  of  work  in  5  days  and  IS  can  do  it  in  4 
.lays.     How  long  will  ,t  take  A  and  IS  together  to  do  it  1 

8.  A  can  do  a  piece  of  work  in  5  days,  B  in  6  days,  and  C  in 
.  i  days.     In  what  tm.e  will  they  do  it,  all  working  "together ! 

9  .1  can  do  a  piece  of  work  in  2 J.  days,  B  in  3 J  day.,,  and  C 
."  il  day.,.     In  what  time  will  they  do  it,  all  working  Lgether , 

10  Two  n,en  who  can  .separately  do  a  piece  of  work  in  16  days 
and  1 0  .lays  can  w.  h  the  help  of  another,  do  it  in  6  days.  How 
long  would  It  take  the  third  man  to  do  it  alone  ! 

II.  A  does  {  of  a  piece  of  work  in  10  days,  when  B  comes  to 
i.-lp    nn,and  they  fi„i.,h  the  work  in  3  days  more.     HoT  W 
.  01,1,1  It  have  taken  /.  alone  to  do  the  whole  work  ? 

12   A  and  7^  together  can  reap  a  field  in  12  hours,  A  and  C 

ogcher  m  16  hours,  and  A  by  himself  in  20  hours.     In  w',at 

u,ne  c,.„  /;  and  C  together  reap  it !    In  what  time  can  A   bZ 

G  togctLer  reap  it  ?  "  ^,  ^  ana 

y^.  A  and  Ji  together  can  do  a  piece  of  work  in  12  davs  A 
^C  u.  U  days,  B  and  0  in  20  days.  In  what  ti.e  canThey 
,lo  It,  all  working  together  1  ■' 

14   A  tank  can  he  filled  in  15  minutes  by  two  pipe,  A  and  « 

■™.n.„g  together.     After  A   has  been  ru.Lng  'riti^elf  fori 

-.u,te.,  i'  ,s  also  turned  on,  and  the  tank  is  filfed  in  13  minute' 

."«.e.    In  what  ti.ne  may  it  be  filled  by  each  pipe  sepTratelT 

IS.  A  cstern  could  be  filled  by  two  pipes  in  <i  hours  and  8 

our,,  .cspecfvely,  and  could  be  emptied  by  a  third  inl'  hour, 

J"  »;l,at  ti,„e  would  the  cistern  be  filled  «  the  piles  ;":!; 

running  together  ?  ^^         ^^^  ^^* 

"""tes,  3  hours  and  20  mniutes  and  ,5  hours  respectivelv      Tn 

:^:t::;:f*"^"^'-''--"--«i.~n^ 


.il! 


=(( 


I 


III 
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17.  A  fi^sh  was  caught  whose  tail  weighed  9  pounds,  his  head 
weighed  as  much  as  his  tail  and  half  his  body,  and  his  body 
weighed  as  much  as  his  head  and  tail  together.  Find  the  weight 
of  the  fish. 

18.  A  hare  is  50  leaps  before  a  greyhound,  and  takes  4  leaps 
to  the  greyhound's  3  leaps;  but  2  of  the  greyhound's  =  3  of  the 
hare's.  How  many  leaps  must  the  greyhound  take  to  catch 
the  hare  ? 

19.  Find  the  time  between  2  and  3  o'clock  when  the  hour  and 
minute  hands  of  a  watch  are,  1st,  coincident;  2nd,  in  exactly 
opposite  directions ;  3rd,  at  right  angles  to  each  other. 

20.  Find  the  respective  times  between  7  and  8  o'clock  when 
the  hour  and  minute  hands  of  a  watch  are,  1st,  exactly  opposite 
to  each  other  ;  2nd,  at  right  angles  to  each  other ;  3rd,  coincident. 

21.  It  is  between  2  and  3  o'clock,  but  a  person  looking  at  his 
watch  and  mistaking  the  hour-hand  for  the  minute-hand,  fancies 
that  the  time  of  day  is  55  minutes  earlier  than  it  really  is. 
What  is  the  true  time  1 

22.  A  horse  was  sold  at  a  loss  for  .$200,  but  if  it  had  been 
sold  for  $250  the  gain  would  have  been  |  of  the  loss  when  sold 
for  $200.     Find  the  value  of  the  horse. 

23.  A  merchant  adds  yearly  to  his  capital  ^  of  it,  but  takes 
from  it,  at  the  end  of  each  year,  $5000  for  expenses.  At  the 
end  of  the  third  year,  after  deducting  the  last  $5000,  he  has 
twice  his  original  capital.     How  much  had  he  at  first  1 

24.  A  trader  maintained  himself  for  three  years  at  an  expense 
of  $250  a  year,  and  each  year  increased  that  part  of  his  stock 
which  was  not  so  expended  by  |  of  it.  At  the  end  of  the  third 
year  his  original  stock  was  doubled.  What  was  his  original 
stock  1 

25.  A  cask  contains  12  gallons  of  wine  and  18  gallons  of 
water  ;  another  contains  9  gallons  of  wine  and  3  gallons  of  water. 
How  many  gallons  must  be  drawn  from  each  cask  to  produce  a 
mixture  containing  7  gallons  of  wine  and  7  gallons  of  water? 
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^  26.  A  man  rowed  down  the  river  a  distance  of  11  miles  in  U 
nours  with  the  stream,  and  on  his  return  rowed  back  again  in 
3f  hours.     Fmd  the  rate  of  the  stream  per  hour. 

27.  A  boatman  moves  5  miles  in  |  of  an  hour,  rowing  with 
the  tide;  and  m  returning  it  takes  him  1|  hours,  rowing  against 

tidlt  ^'  '^''°^*     ^^^*  ''  '^'  ^'^'"*y  ^^  the  stronger 

28.  A  boatman  rowing  with  the  tide  moves  n  miles  in  t  hours 
Returnmg  he  uses  t,  hours  to  accomplish  the  same  distance  row^ 
ing  against  a  tide  m  times  as  strong  as  the  first.  What  is  the 
velocity  of  the  stronger  tide  ? 

29.  A  train  which  travels  32  miles  an  hour  is  f  of  an  hour  in 
advance  of  a  second  train  which  travels  42  miles  an  hour  In 
how  long  a  time  will  the  last  overtake  the  first? 

30.  A  train  travelling  b  miles  per  hour  is  m  hours  in  advance 
of  a  second  train  which  travels  a  miles  per  hour.  In  how  long 
a  time  .ill  the  last  overtake  the  first  ?•  Discuss  the  result  when 
a>b;  a  =  b;  a<b. 

31.  An  express  train  which  travels  42  miles  per  hour  starts 
50  minutes  after  a  freight  train,  which  it  overtakes  in  2  hours 
0  minutes.     What  is  the  velocity  of  the  freight  train  1 

32.  If  A,  who  is  travelling,  makes  |  of  a  mile  more  per  hour 
he  wiU  employ  only  ^  of  the  time,  but  if  he  makes  ^  of  a  mile 
ess  per  hour  he  will  be  on  the  route  2|  hours  more.     Find  the 

length  of  the  route  and  the  speed. 

33.  At  12  o'clock  the  hands  of  a  watch  are  together.  At 
what  hour  will  they  be  opposite  to  each  other? 

34.  A  and  £  accomplish  a  piece  of  work  in  m  days ;  A  and  C 
can  do  It  in  n  days,  and  B  and  Cinp  days.  How  many  days 
will  It  take  each  to  do  the  work  alone,  and  how  many  if  they 
work  together  ?  -^ 

35.  If  a  men  or  b  boys  can  dig  m  acres  in  n  days,  required 
lie  ntmiber  of  boys  whose  assistance  will  be  required  to  enable 

(«-;>)  men  to  dig  (m^p)  acres  in  (n-p)  days. 


li' 
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36.  If  A  can  do  a  piece  of  work  in  2m  daya.  and  £  and  A  in 
n  days,  and  A  and  C  in  w  +  ^  days,  find  the  number  of  days  in 
which  A,  B  and  C  together  would  do  the  work. 

37.  Two  friends  at  a  distance  of  78  miles  agree  to  meet  in  an 
intermediate  locality,  and  set  out  at  the  same  moment,  one  from 
A,  travelling  5|  miles  per  hour ;  the  other  from  J5,  travelling  7| 
miles  per  hour.     When  and  where  do  they  meet  ? 

38.  A  person,  after  paying  a  poor  rate  and  also  an  income  tax 
of  7d.  in  the  £,  has  .£486  remaining.  The  poor  rate  amounts  to 
£22  10s  more  than  the  income  tax.  Find  the  original  income 
and  the  number  of  pence  in  the  £  in  the  poor  rate. 

39.  What  must  be  the  value  of  n  in  order  that  — mav 

Zn  +  69a     ^ 
be  equal  to  -^  when  a  is  i^  ? 

40.  A  person,  after  paying  an  income  tax  of  6d.  in  the  £,  gave 
away  ^  of  his  remaining  income,  and  had  £540  left.  What  was 
his  original  income  ? 

41.  I  bought  a  certain  number  of  eggs  at  2  a  penny  and  the 
same  number  at  3  a  penny.  I  sold  them  at  5  for  twopence  and 
lost  a  penny.     How  many  eggs  did  I  buy  ? 

42.  The  sum  of  £330  is  laid  out  in  two  investments,  by  one 
of  which  15%  is  gained  and  by  the  other  8%  is  lost,  and  the 
amount  of  the  returns  is  £345.     Find  each  investment. 

43.  Find  the  weight  of  a  mass  of  copper  and  tin,  40  pounds 
more  copper  than  tin,  to  which  if  a  quantity  of  copper  f  heavier 
than  the  tin  be  added  there  will  be  11  pounds  of  copper  for 
every  3  pounds  of  tin. 

44.  The  first  digit  of  a  certain  number  exceeds  the  second 
digit  by  4,  and  when  the  number  is  divided  by  the  sum  of  the 
digits  the  quotient  is  7.     Find  it. 

45.  One-half  of  a  population  can  read ;  of  the  remainder  42% 
can  read  and  write;  of  the  remainder  again  16%  can  read,  write 
and  cipher ;  while  243,600  can  neither  read,  write  nor  cipher. 
What  is  the  population  'i 


PROBLEMS  PBODUCINQ  FRACTIONAL  EQUATIONS.      139 

46.  Divide  ^607  U.  8d.  into  two  sum,  such  that  the  simple 
mtercst  of  the  greater  sum  for  two  years  at  3^%  s;.all  exceed 
that  of  the  less  for  2J  years  at  3^%  by  ^618  16s. 

at  10.,  and  the  remainder  in  3%  stocit  at  96.     How  much  did 

£i9rr6s.'8d.  '"'"'  °'  '*""'' " ''"  "'""'^  '""""^  ™™»*^  -» 

48.  The  hour  is  between  2  and  3  o'clock,  and  tL.  minute-hand 
isin  advance  of  the  hour-hand  by  UJ  minutespaces  of  the  dial. 
\V  liat  o  clock  IS  it  ? 

and  30%  of  tm.     With  how  much  copper  must  it  be  melteS  in 
order  that  it  may  contain  84%  of  copper? 

50    Find  the  time  between  A  and  A  +  1  o'clock  when  the 
minute-hand  is  m  minute-divisions  before  the  hour-hand. 


iimpiii  iiHB"  -iiimi 
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CHAPTEK    X. 


SIMULTANEOUS    EQUATIONS    OF    THE 
FIRST    DEGREE. 

180.  If  one  equation  contain  tv)o  or  more  unknown  quantities 
an  indefinite  number  of  values  may  be  found  that  will  satisfy  the 

equation. 

Thus,  when  x^■y=Z  any  value  may  be  given  to  y,  and  a  cor- 
responding value  will  be  found  for  x. 

If  a;  =2  then  2/  =  4, 
'*  a;=3      "     2/  =  3, 
"  x—\      "     y  =  ^)  a-nd  so  on. 
Any  connected  pair  of  these  values  substituted  for  x  and  y 
will  satisfy  the  equation,  and  are  called  its  roots. 

181.  But  if,  in  connection  with  the  preceding  examples,  another 
equation  be  given,  expressing  a  different  relation  between  x  and  y, 
then  only  one  pair  of  values  for  x  and  y  can  be  found  which  will 
satisfy  both  the  equations. 

Thus,  if  not  only  x  +  y  =  Q 
but  x-y  =  2, 

then  the  only  values  of  x  and  y  that  will  satisfy  both  equations 
are  a;  =4  and  y=2. 

Such  equations  are  called  simultaneous,  because  they  are 
both  true  at  the  same  time,  i.e.,  they  are  satisfied  by  the  same 
values  of  x  and  y. 

182.  If  there  are  ttvo  unknown  numbers  to  be  found,  then  tivo 
independent  equations  must  be  given.     Equations  are  said  to  be 


wrnmrnm 


DOth  equations 
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independent  when  they  express  dijerent  relations  between  the 
unknown  quantities. 

Thus     a:  +  2/  =  4 
and  2x  +  2y==8 

are  not  independent,  since  they  express  the  same  relatio^n  be- 
tween  x  and  y. 

183.  If  /Ar.«  unknowns  are  given  three  independent  equation.. 
will  be  required.  Generally,  if  n  unknown  numbers  are  to  be 
found  It  IS  necessary  to  have  n  independent  equations  to  obtain 
a  delmite  solution. 

184.  Different  methods  are  adopted  in  solving  simple  simul- 
taneous equations,  the  more  common  of  which  we  now  proceed 

CO  lllUSt<rHt'G  ! — - 


PIR8T    METHOD. 


Ex.  i.— Solve 


but 
Adding, 


(3) 
(2) 


x  +  y=8,  ^j^ 

Multiply  (1)  by  3,  then 

3a;  +  3y  =  24, 
2x-3y=    2. 

6a;  =  26,    .-.   .r=5i. 

To  find  y,  multiply  (1)  by  2  and  subtract  from  the  result  (2) 

'^''"^^  %=14.    .-.   y  =  2t 

The  object  of  this  method  is  to  make  in  turn  the  coefficients 
ot  ,r  and  y  the  same  in  both  equations.     Thus  (1)  was  multiplied 

>y  3  to  make  the  coefficients  of  y  the  same  in  both  equations 
aI«o  (1)  was  multiplied  by  2  to  make  the  coefficients  of     Th^ 
-me.     Then  adding  in  the  first  instance  and  subtracting  in    he 
-end,  one  of  the  unknowns  disappears,  or  is  eliminatd^  1"^, 

..    laming  one  can  be  found.     This  process  is  called  eliLinl 
tion  by  addition  or  subtraction. 


is 
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185.  Having  found  the  value  of  either  x  or  y  the  remaining 
value  can  be  found  by  substitution.  Thua,  in  the  preceding 
example, 

x  +  '!/  =  8,  (1) 

2.r-3y=2,  (2) 

2G 
we  found  x=  — .    Then  substituting  this  value  of  a*  in  (I)  we  get 
o 

'-^ 

«     26     14 


5       5 


Ex.  ^.— Solve 


SECOND    METHOD. 

2.i-  +  3y  =  7, 

3j;  —  2/  =-  5. 

7  -  3i/ 
From  (1)  2j-   :7  -3/y  or  .r  =  -  ^y-^. 

Substitute  this  value  of  x  in  (2),  then 

3(7 -3y)  ^;  ■ 


2          ^""• 

Simplifying, 

21 -92/ -22/ =10 

or 

-ll2/=-ll 

OP 

2/=l. 

Since  y=lt 

7-3 

(1) 

(2) 


I 


This  method  is  called  elimination  by  substitution. 


THIRD    METHOD. 


186.  Bx.  ^.— Solve  5x  +  4:y  =  58, 

3.r  +  72/  =  67. 


(1) 

(2) 


EGIIEE. 


0) 

(2) 


0) 

(2) 
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tie  remaining 
he  preceding 

From  (1) 

5x  = 

58 

.                  58 -4y 
-iy,  .'.  x==  — ^, 

(1) 

From  (2) 

3x  = 

=  67 

7                67-72/ 
-7y,.'.x  =  ~^, 

(2) 

since  the  two  values 

of 

X  must  be  the  same ; 

in  ( I )  we  get 

Simplifying, 

or 

or 

and 

If  2/ =  7  then 

58  -4y    67  -  7y 

"       5       "      3      • 

174 -122/=  335 -35//, 

352/ -122/=  335 -174, 

23//=  161 

2/  =  7. 

58  -  iy 

58  -  4  X  7     „ 
X  = =  6. 


This  method  is  called  elimination  by  comparison. 

187.  The  following  examples  should  be  carefully  noted  :— 


Ex.  Jf.. — Solve 


2      3 

-  +  -  =  12, 

X      y 

5      4 

-  +  -=15. 
X      y 


To  find  .r,  multiply  (1)  by  4  and  (2)  by  3. 
Then 


and 


8      12 

-  +  —  =  48. 
X      y 

15      12 

—  +  —  =  45. 
X       y 


(1) 
(2) 

(3) 

(4) 


Subtracting  (4)  from  (3),      -  -  =  3  • 

X         ^ 


and 
Similarly  y  can  be  found. 


.-.  3.c=  -7 
7 
•^•=-3- 


■' 
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Ex.  S.—So\vo  2x  +  3 V  =  1 5xn.  (1 ) 


3x  +  iy=2\xt/. 
Divide  both  (1)  and  (2)  by  xy, 


Then 


2      3,^ 
-  +  -  =  15, 

y    X 

+  -  =  21. 
y      X 


(2) 
(3) 


From  (3)  and  (4)  the  values  of  x  and  y  can  be  obtained  as  in 
Ex.  4. 


Ex.  6. — Solve 


2j;  +  20  =  32/+1. 


Clearing  (1)  of  brackets,   xy  +  7x  =  xy  +  y; 

.'.  7x  =  y. 

Substituting  this  value  of  y  in  (2)  x  can  be  readily  found. 


(1) 

(2) 

(3) 


Solve 

1.  4a.* +  3?/ =  31, 
Zx  +  2y  =  22. 

3.  7.^+3?/  =  17, 
5a;+3y=13. 

5.     3i/-2x=ll, 
Ux-by=l. 

7.  9-'*^+oy=6, 


EXERCISE    LVni. 


2.  3.r-22/=7, 
8a;  +  2y=48. 

4.     5.c  +  7?/  =  43, 
lla;  +  %=C9. 

6.  8.r-%=l, 
6.1*  -  3^/  =  4a;. 

8.  10.r  -  I  =  69, 
0 

102/-|  =  49. 


I  < 
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9     ""-  +  '^  -2 
•   3  +  4  -^' 

3^  +  4y  =  25. 


n    Or.     ^^f     -x       1 
II.  Jj;-  —  =  d.c-  1, 

2t 

13.  4|a;-3|2/=46, 
4|-f  +  3Jy-215. 

,^     1        1 
1        1 

^^-        6       +3     ^' 
72/-3.»r 


jg    2(15.r+133/) 

7 


=  12{y-3  +  |(y  +  7|)}. 
4    ~'+      5      ' 


23.  ax  +  y  =  b, 


•^3  2         2 


10.  3a; +  72/ =79, 


d; 


22/-2=9. 


12.  li.r-l.^y  =  6, 
2       6 

14.   2i.r  +  3|y=74, 

,^.   1      1 

1^-    9-^+3^=43, 

1        1 

3.^+92/ =  42. 


18.  ?^^1  =  '+-^ 


4 
3  -  4.1- 


5    ' 
5y-7 


6      -^=-2 


20.     .r-2LlJ^5 

7 

^2/ TT-  =  3. 


■  +  %  = 


22.  5a: -5^^  =  32, 


o       ^  -  2     ^ 


24.       x  +  i/  =  a, 


a 


a.v  +  bi/=P 


'i 
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25.       a£-=hy^ 
x  +  y^c. 


27.    -  -  {=m, 
a       0 


ax    by 


=  0. 


a 


29. 


a.v  +  by-  c\ 


b+y    a+x 

31.  (a  +  b)x  -(a-b)y-=c, 
(a  ~  b)x  -f  (a  +  b)y  =  c. 
ix  -  2 


33.  -::-:-" +  4y/- 3  =  19, 
+  9.c-7  =  40. 


3 

8y-6 

13 


a^  +  5     „ 
35.  -~7  =  3, 

y-6 

5,r-4     4y-8     2.r-5     ,„ 

5      2     20     15     13 

37.    -  +  -= =  rp 

X     y      y      X      16 


39.  I^  +  f,  =  45, 
a;      12 


li-4-  =  32 
a;      20 


26. 

X       y 

1-    £    =a  1 

6      a" 

28. 

X      y     ^      X 

a      6             c 

30.  ax  +  by  —  c, 

(a  -  h)x  +  {a  +  b)y  =  2c. 

a;  +  52/  =  3G. 
3.x- -7?      2.x  +  y/-l 


34. 


8-^=6. 


36.  (a;  +  7)(y-3)  +  6 

=  (y  +  7)(a:  +  3)-G4, 

4a;--lly  =  0. 


42     24 
38.  ._-_=i7 

X       y 
X       y 


40. 


321 

X      y      \* 

7      4      5 
-  +  -  =  -. 
a;      2/      3 
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42.  3x-~+-^6 
5      X 


I 
i 


43. 


X-  m     m-~n 


y  ~m    m  +  n 


X     rri?  -  n^ 

y     m^  +  ti?' 

45. 

a;+  1     m-\-n  +  p 
y+\     m-n+  p 

x-\     in  +  n  -p 

y-l     m-n-p 

47. 

a;  +  y  -  1 
x-y-^l 

y-x-^\ 

,  -  mn. 

x-y+  1 

49.  x  +  y  —  mxy, 
y  -X--  nxy. 


51. 


a 


b  +  y     a  -  X* 

_c    _    d 
d-x     c+  y 


44. 


X 


+j/+_l_;j  +  l 
x-y+l     fTi* 

x  +  y+l     1  +wi 
«  -  y  -  1  ~  I -in 


46. 


oj-a  +  c     y-  a  +  V 

a?+c     y  +  6 
a  +  6     a  +  c" 


48.  -^t«^-:..*-«-l 


bx  ~  a  =  ay  -  b. 

60.  my-^x  =  pxy^ 
ny  +  x  =  qxy. 


62. 


a;  +  2/       <* 


a;  -  3/     b-o* 

x  +  c  __a  +  b 
y+b     a+c 


53.  (m  +  w)as-(m-«)2/--=4wM,        54.  ~_-_^  =  „2_   o 

5'  ~  1    />^  -  1     '       ' ' 


a; 


y 


r/i  +  7i     m  -  H 


?'TT+^-'''+*'-2. 


i 
l>     i 


148     SIMULTANEOUS  EQUATIONS  OF  THREE  UNKNOWNS. 


SIMPLE    SIMULTANEOUS    EQUATIONS    OP 
THREE    UNKNOWNS. 

188.  If  there  are  thi^ee  unknowns  their  values  may  be  found  if 
three  independent  equations  be  given ;  for  between  one  pair  of 
the  equations  one  of  the  unknowns  can  be  eliminated,  and  be- 
tween a  different  pair  the  same  unknown  can  bo  eliminated,  so 
that  there  will  be  two  resulting  equations  from  which  to  deter- 
mine the  remaining  two  unknowns. 


Ex.  1. — Solve 


2cc  -  3?/  +  42  =  4, 
5a3  -    2/  -  82!  =  5. 


(1) 
(2) 
(3) 


To  eliminate  z  between  (1)  and  (2) : 

Multiply  (1)  by  7  and  (2)  by  4,  then 

14a;-2b/-f282;=28, 
12cc  +  202/-282=48. 

Adding  together  (4)  and  (5), 

26cc-y  =  76. 

Multiply  (1)  by  2  and  add  (3),  then 

9a; -72/ =  13. 
But  26a;--    2/  =  76. 

.*.  multiplying  (6)  by  7  and  subtracting  (7), 

173a;  =  519,  .-.  a;  =  3. 

But  2Ga;-t/=76,  .-.78 -3/  =  76,  .-.;// 

Substituting  values  of  x  and  y  in  (1),  z=\. 


(4) 

(5) 

(6) 

(7) 
(6) 


:2. 


189.  It  is  not  always  necessary  to  go  through  this  process. 
Various  methods  of  shortening  the  work  will  present  themselves 
in  special  cases.     Thus, 


SI, 


»'     \ 


^;  # 


^NS. 


SIMULTANEOUS  EQUATION.^  OF  THREE  UNKNOWNS.      149 


OP 


e  found  if 
ae  pair  of 
1,  and  be- 
in  ated,  so 
to  deter- 


(1) 
(2) 
(3) 


(4) 

(5) 

(6) 

(7) 
(6) 


IS  process, 
jliptnsfilves 


^''^''^  ^  +  y=l, 

03  +  2=5. 

Adding  together,  2x  +  2y  +  2z=-\5, 

.•.x  +  y  +  z=~. 

«  +  2/=l, 
13 


But 
Subtracting  (1)  from  (4), 


(1) 

(2) 
(3) 


(4) 
(1) 


Similarly,  by  subtracting  (2)  and  (3)  in  turn  from  (4)  we  get 

x=  -   and  y=  -. 

In  this  example  the  student  might  add  (1)  and  (2)  together 
and  from  the  result  subtract  (3),  in  which  case  y  would  be 
found.  Similarly,  by  adding  (1)  and  (3)  and  subtracting  (2)  x 
would  be  found. 


Solve 

1.  5x  +  3y-6z  =  i, 

Sx-   y  +  2«=8, 

x-2y  +  2z==2. 

3.       x+     y+   2;=6, 
^x-\-    4y/-|-3«=22, 
ISic-f-lOy-f- 6^=53. 

•^>-  y-x  +  z=  -5, 
z-y-x=  -25, 
a;  +  2/  +  «  =  35. 

7.  2.x-3y=3, 
3y-4^  =  7, 
iz  -  5a;  ^=  2. 

9.  ax  +  by  +  cz  =  a, 
ax-by  ~  cz  =  6, 
aa3  +  cy  +  62  =  c, 


EXERCISE    LIX. 


2.  4a; -5^/  + 22  =6, 
2a; -I- 3^-    2=20, 
7a; -4^  +  32  =  35. 

4.  4a; -3?/+    a=9, 
9x+    y.-52=16, 

a; -42/ +  32  =  2. 
6.  15y/=242-  10a:  +  41, 
15a;=12y -.162+10, 
18a;=    72+142^  -  13. 

8.     7a; -3?/ =  30, 

9y~52=34, 

a;  +  2/  +  2  =  33. 

10.  bz+cy  =  a, 
az  +cx  =  b, 
ay  +  bx-c. 


'iii  r 
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11.  »+?  + 


2      3 


12.   -z^.-x+-y: 


17. 


X 


!,+  2  +  -3=-l 


-2+-.X+  ^2/=  19. 


35         V        -.m 


--z+~x+j.y=l8. 


13.    -  --  + 
X      by 


1     38 


J_     J^     2^61 
'6x     2y     z      6 ' 

5^     2^/"^  «~  10' 


14. 


1 


+  -  =  5. 


X      y 

y     « 


3 


X 


15. 


1      1      1 


a. 


£C 


2/ 


111^ 
+  -=6, 


16.  -  +  - 
«     y 


=  0. 


---2=0, 


2/ 


+  -  -  -  =  c. 


X 


±  +  -.-^  =  0. 


a: 


17. 


iC 


+  1 


2/+1 
y+2 
«  +  l 


=  2. 


=  4. 


is+3_  1 
^T3""2' 


18. 


3;C  +  2/ 

«+l 

33+  1 
33+03 


=  2. 


-2. 


19. =  1. 


X 


y 


-  +  -  =  4, 
a;      2; 


y 


-i=o. 


20.   -^^-  = 


1 


03  +  2/  5 

y  +  »  6' 

s:a'  1 

«  +  a  7' 
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21. 


xy 


iy  -  3x 

xz 

2x  -3z~ 

yz 

iy-  5z 


20. 


15. 


12. 


23.  9xy=20{x  +  y\ 
lOxz  ='2i(x+  z), 
Uyz==30(y+z). 

6xy 

~Q~" 

3xz 


25. 


■«+y, 


10 

15  " 


=  x  +  z, 


■y  +  z. 


27. 


a 


X 

a 


X 


y 


y 


+  -=3, 


=  1. 


2a     h      c 


X 


y 


=  0. 


22. 


X        y 
10      6 


=  4. 


=  8. 


Z  X 

21     45     _ 
y     2z 

24.    xy=   3(x  +  y), 

xz^   8(a;  +  2), 

72/»=24(2/  +  2). 


26. 


X 


a 

X 

a 

X 


6       c 

V  z 
c      b       * 

V  z 
+  -  +  -  =1. 


a 


28. 


xy 


x  +  y 

xz 
x+  z 


-  =a. 


29.     y  +  ;S_aj:=flj^ 

;2  +  a;  -  2/  =  ^», 
x  +  y~z=c. 

31.  (,r  +  2)(2//+l)==(2a;  +  %, 


M  +  ;>     m+/?     ?/i  +  n' 
x  +  y  +  z  =  m  +  n+p. 


32. 


00. 


(a;-2)(3^  +  l)  =  (  a;  +  3)(3«-l), 
(y+l)(  «+2)  =  (  y  +  3)(  z+1). 
Qx{y  +  »)  =  42/(2!  +  £c)  =  3z{x  +  y), 
11       1 


X 


+  -  +  -  =  9. 

y     » 


a;  +  y  +  2;  =  a  +  6-c, 
t'x-cy  +  az-=ay  +  bz~cx==ab~^{a  +  b)c. 
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PROBLEMS    PRODUCING    SIMPLE    SIMUL- 
TANEOUS   EQUATIONS. 

190.  It  is  often  convenient  and  sometimes  necessary  to  use 
more  than  one  unknown  quantity  in  solving  problems.  If  we 
use  two  unknowns,  x  and  y,  we  must  have  two  independent  equa- 
tions resulting  from  the  statement  of  the  problem.  If  there  are 
three  unknowns  employed,  then  the  problem  must  admit  of  three 
independent  equations ;  and  generally  the  problem  must  furnish 
as  many  independent  equations  as  there  are  unknowns.  If  there 
be  more  equations  than  unknown  numbers,  some  of  the  equations 
are  superfluous  or  contradictory — in  other  words,  too  much  has 
been  given ;  if  there  be  less  equations  than  unknown  numbers, 
then  the  problem  is  indeterminate,  that  is,  more  than  one  solu- 
tion can  be  obtained. 


£x.  1. — The  sum  of  two  numbers  div'  led  by  2  gives  as  a 
quotient  24,  and  the  difference  between  them  divided  by  2  gives 
as  a  quotient  17.     What  are  the  numbers  1 

Let  X  =  one  number 

and  y  =  the  other  number. 


Then 


x  +  y 


2 


also 


and 


x--y 
2 


24 


17; 


.*.  a5  +  2/  =  48 
a;  -  2/  =  34. 


(1) 

(2) 

(3) 
(4) 


From  (3)  and  (4)  we  find  a;=-  41  and  y  =  l. 
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Ex.  a_A  certain  fraction  equals  \  when  7  is  added  to  its 

tl^Xr^  '  '""  ''  ''  ''"^  ^  '^  ---or. 


iUHU 


Let  a;  =  numerator  of  fraction 
■md  y  =  denominator  of  fraction. 

Therefore  °^    ^  1 

i/+7     2' 

JK+13 


y 


=  2. 


(1) 
(2) 


Hiniplifying  (1)  and  (2), 

,  2^-2^=7  (3) 

Solving  (3)  and  (4)  by  usual  methods,  we  get  ar=  9,  y=  11. 

1   ^n^^^n'  '"""  '^  *^'  *"'  ^^^^*^  «^  ^  """^ber  is  8,  and  if  36 

0  added  to  the  number  the  digits  will  be  interchang  d      wV, 

IS  tlio  number  ?  "  »*iiat 

Let  x=  right-hand  digit  of  the  number 
and  2/=  left-hand        "  «         a 

_^  11>en,  since  ,  represents  the  digits  in  tens'  place,  10,  +  .  =  the 
If  tlie  digits  are  interchanged  10..  +  y  =  the  new  number. 

.-.  36  +  10y-^.^■=l0aJ  +  y,  ,.. 

also  ,         „  \^) 

«'  +  2/  =  8.  .„> 

lit  ^7  =  ^'  (3) 

a'  +  y^S.  ^2^ 

Therefore  from  (3)  and  (2)  we  obtain  .x-  =  6,  ./  =  2      Hene.  f  1 
iiuinher  is  26.  '^ —      -cience  the 

11 
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ii 


Eff.  Jf. — A  crew  which  can  pull  at  the  rate  of  12  rnilee  an  hour 
down  the  stream  finds  that  it  takes  twice  as  long  to  come  up  the 
river  as  to  go  down.     At  what  rate  does  the  stream  flow  1 

Let  X  =  rate  of  rowing  in  still  water 
and  y=       "      stream. 

Then,  since  rate  down  stream  is  rate  of  rowing  in  still  water 
+  rate  of  stream,  we  have  for  equation 

a;  +  2/=12.  (1) 

But  rate  up  stream  is  rate  of  rowing  in  still  water  -  rate  of 
stream  \  it  is  also  6  miles  an  hour. 

.-.  x-y  =  Q.  (2) 

From  (1)  and  (2)  we  find  £C=  9  and  y  =  3.  Hence  stream  flows 
at  the  rate  of  3  miles  an  hour. 


Ex.  5. — A  and  fi  together  earn  $40  in  6  days;  A  and  C 
together  earn  $54  in  9  days ;  B  and  G  together  earn  |80  in  15 
days.     What  does  each  earn  a  day  1 

Let  £c  =  amount  earned  by  ^  in  1  day, 
«    y=        '«  "  B        " 

««    2=        "  "  G        " 

Then  from  conditions  of  the  problem, 

6a; +  62/ =40,  (1) 

9a; +  92;  =54,  (2) 

15^/+ 15^=80.  (3) 

Dividing  (1)  by  6,  (2)  by  9,  and  (3)  by  15, 

20 
«5  +  y  =  -3-, 

05  +  »  =  6, 

16 


y  +  zr=—. 


(4) 

(5) 

(6) 


n  still  watei' 


or 


PROBLEMS  PIIODUCING  SIMULTANEOUS  EQUATIONS.     155 
.Vdding  (4),  (5)  and  (6)  together, 

^•  +  y  +  .=  9.  (g^ 

5ut  ^.         20 

^^^  =  T'  (4) 


Similarly,  by  subtracting  (5)  and  (6)  in  turn  ^om  (8)  we  get 
!j  =  3  and  x  =  -      Hence  A  earns  |3|,  B  $3,  and  G  $2^. 

veat'to^^'^fior  "^"""7,^*  ^^'^Pl-  -merest  amounted  in  6 
yeai  to  $26,000,  and  m  10  years  to  $30,000.  Find  the  sum 
and  the  rate  of  interest.  ™ 

Let  a;  =  sum  of  money 

and  2/=  rate  of  interest  per  dollar  for  1  year. 

mi 

,^nj  '  ""  6y=  interest  on  $1  for  6  years 

Also  e^r        1'         "3    ''     " 

-d  l5:  .  ^/ollars  for  ^6  years. 

and  '"'  ^  t^2/=  26000  (1),  amount  in    6  years, 

^"•^  «^+10;^y=-30000(2),  -  10      - 

Subtracting  (I)  from  (2), 

4ccy  =  4000, 
.•.«2/=1000, 
Hence        aj  +  6071/  =  a;  +  6000  =  26000, 

.'.  a;  =20000. 
A  gain,  because  rcy  =  1 000 

""^  aj=  20000, 

^  JOOO  _  1 

^    20000  ~Fo"*^^* 

Hence  sum  of  money  is  $20,000,  and  rate  per  cent,  is  5. 
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EXERCISE    LX. 

1.  Two  numbers  are  such  that  three  times  the  first  plus  five 
times  the  second  equals  44,  but  three  times  the  second  plus  six 
times  the  first  equals  60.     What  are  the  numbers  1 

2.  The  sum  of  two  numbers  is  210,  and  their  sum  is  to  the 
first  as  7:4.     Find  the  numbers. 

3.  Find  two  numbers  whose  sum  is  54,  and  whose  sum  and 
difierence  are  in  the  ratio  of  9:5. 

4.  A  fraction  is  such  that  if  3  be  added  to  each  of  its  terms  it 
equals  t>  and  if  3  be  subtracted  from  each  of  its  terms  it  equals 
}f.     What  is  the  fraction  1 

5.  A  number  consists  of  two  digits  whose  difference  is  3.  If 
the  order  of  the  digits  be  changed  the  number  obtained  will  be 
f  of  the  first  number.     What  is  the  first  number  1 

6.  A  number  consists  of  two  digits  whose  sum  is  8.  If  the 
order  of  the  digits  be  changed  the  new  number  will  be  I  of  the 
sum  of  the  digits  plus  twice  the  first  number.  What  is  the  first 
number  1 

7.  The  sum  of  two  digits  of  which  a  number  is  composed  is  9. 
If  3  be  subtracted  from  each  of  the  digits  the  result  is  less  by  6 
than  ^  of  th«  first  number.     What  is  the  first  number  1 

8.  The  sum  of  two  numbers  is  26.  The  third  of  the  first  and 
three-fourths  of  the  second  are  equal.     What  are  the  numbers  ? 

9.  If  i|28  are  paid  to  6  artificers  and  2  laborers  for  a  day's 
work,  and  if  for  another  day's  work  the  same  sum  is  paid  to  5 
artificers  and  4  laborers,  what  is  a  day's  pay  of  an  artificer  and 
of  a  laborer  1 

10.  Find  two  numbers  whose  sum  and  diiference  are  as  5:1, 
and  their  sum  and  product  as  5:8. 

11.  Two  numbers  are  such  that  the  smaller  divided  by  the 
greater  gives  for  a  quotient  -/,,  and  the  greater  divided  by  the 
smaller  gives  2  for  a  quotient  and  5  for  a  remainder.  Find 
the  number. 


t 
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12.  Find  two  numbers  such  that  the  first  added  to  four  timo» 

_  13.  A  servant  receives  $9  to  buy  i  kilogrammes  of  butter  and 
^  o    soap,  and  16  cents  ought  to  be  returned  ;  but  she  makes  a 
....»  ake  and  bu,s  7  kilogrammes  of  butter  and  i  of  soTL 
.  ,8  t  to  reccve  30  cents  more  money.     What  was  the  pL  o 
the  butter  and  of  the  soap  1  ^ 

14    A  man  has  two  vessels,  and  for  the  two  a  single  cover 

l-e  woith  1^  times  as  much  as  the  other.     If  he  puts  the  cover 
upon  the  second  vessel  it  will  be  worth  1  J    fi^oo  V         , 

htst.     What  IS  the  value  of  each  vessel  1 
15.  Two  persons  each  owe  $1 200.     The  first  said  to  the  second 

Le  ItaiL   r  "P^"''   ''''  ^-  ---  -«  t  of  what  your 

pur.e^  contains  I  can  pay  my  debt."     How  much  do  they  each 

hcit  ,  of  ^  .  library  plus  ^  of  5'^  would  be  780  vols  •  but  that 
};  Of  A's  hbrary  added  to  i  of  i?'.  would  be  20  vols  i;ss  How 
many  volumes  did  each  have  ?  ois.  less.     How 

velvet  and  12f  yards  of  silk;  the  other  took  U  yard^of  velvet 

"ddijthif,"  -»--p-^--o-  How  ml:';:: 

'  o^hel'"7rt,  -rVrf.'*  *"  ^'"  •'=«»•     «  "-«  «-t  gives 
,01  he.s  and  the  third  ^  of  hers  to  the  second  they  will  all 

luve  equal  numbers.     They  all  together  carry  360.     ifow  l^ 

3  6  f^  Z         !  ''""*■'"''  ''  ''"""^  *'"»*  of  the  units      When 

■>TO  IS  subtracted  the  order  nf  "-- (•  ■ 

the  number  1  *'"''°''  "  '•«>"='-s«l.     What  is 


Ill 


tl 
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20.  Find  three  numbers  such  that  the  first  plus  |  of  the 
second,  the  second  plus  J  of  the  third,  and  the  third  plus  \  of 
the  first,  are  each  1000. 

21.  A  grocer  bought  tea  at  60  cents  a  pound  and  cofiee  at  40 
cents  a  pound  to  the  amount  altogether  of  $120.  He  sold  the 
tea  at  75  cents  a  pound  and  the  coffee  at  48  cents,  and  gaineu 
altogether  $28.     How  many  pounds  of  each  did  he  buy  1 

22.  If  A  should  receive  |  of  B'a  money  he  would  have  ^  as 
much  again  as  before ;  and  if  A  should  now  return  2  shillings  to 
J5,  the  latter  would  have  |  as  much  as  the  former.  What  had 
they  each  at  first  1 

23.  A  cistern  has  three  pipes,  A,  B  and  C.  By  A  and  B 
together  it  can  be  filled  in  36  minutes,  and  emptied  by  C  in  45 
minutes ;  whereas  if  A  and  C  were  opened  together  it  would  be 
emptied  in  1|  hours.  In  what  time  would  it  be  filled  by  A,  or 
by  B,  or  by  all  opened  together  1 

24.  Two  vessels,  A  and  B,  contain  each  a  mixture  of  water 
and  wine,  A  in  the  ratio  of  2:3,  5  in  that  of  3:7.  What  quan- 
tity must  be  taken  from  each  to  form  a  mixture  which  shall 
consist  of  5  gallons  of  water  and  11  of  wine  ? 

25.  A  pound  of  tea  and  3  pounds  of  sugar  cost  together  6s. ; 
but  if  sugar  were  to  rise  50  per  cent,  and  tea  10  per  cent,  they 
would  cost  7s.     Find  the  prices. 

26.  A  and  B  can  reap  a  field  of  wheat  in  m  days,  B  and  G  in 
n  days,  and  A  can  do  p  times  as  much  as  G  in  the  same  time. 
In  what  time  would  the  three  reap  it  together  ? 

27.  If  A' 8  money  were  increased  by  \  of  B^s  it  would  amount 
to  .£54  j  and  if  Fs  present  sum  were  trebled  it  would  exceed 
three  times  the  difference  of  their  original  sum  by  £6.  What 
had  each  at  first  1 

28.  A  vintner  would  mix  wine  at  10s.  a  gallon  with  another 
sort  at  6s.  a  gallon  to  make  100  gallons  to  be  sold  at  7s.  a 
gallon.     How  much  of  each  sort  must  he  take  1 

29.  Find  that  number  of  two  figures  to  which,  if  the  number 


i^S'-m^ 
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formed  by  changing  the  places  of  the  digits  be  added,  the  ,um  i, 
M,  and  ,f  the  mme  t«o  nua,bers  be  subtracted  the  remainder 

30.  A  man  and  his  wife  could  drink  a  barrel  of  beer  in  15 
<  .ys.     After  dnnk,ng  toRother  G  days  the  woman  alone  urank 

drinuTr     '  ""         ''■    '"  "■•"'  "'"''  *°""^  -*"  •"<-- 

31    A  farmer  mixes  barley  at  2s.  4d.  a  bushel  with  rye  at  3s 

«  bushel  and  wheat  at  4s.  a  bu«hel,  so  that  the  whole  is  100 

bushels  and  worth  3s.  4d.  a  bushel.    Had  he  put  double  as  much 

ye  and  10  bushels  more  wheat  the  whole  would  have  been  wlr  h 

exactly  the  same  per  bushf '.    How  much  of  each  kind  was  there  1 

32.  What  fraction  is  that  which,  when  its  numerator  is  in- 
creased by  7  becomes  equal  to  I  and  when  its  denominator  is 
increased  by  10,  equal  to  J ! 

33.  ^,  ^  and  C  together  possess  £60;  A,  B  and  D  together 
£  2;  AC  and  D  together  £90;  and  B,  C  and  D  together  £103 
Kequired  what  each  possesses. 

34.  Income  and  assessed  taxes  together  amount  to  £'30  •  but 
|f  income  tax  be  increased  20  per  cent,  and  assessed  taxes  dimin- 
shed  25  per  cent,  the  taxes  will  together  amount  to  £32  2s  6d 

itequired  each. 

35  ^  and  B,  with  G  pulling  against  them,   would  raise  a 
weight  m  5  hours ;  A  and  C7.  with  B  pulling  against  them,  i^T 
and  B  and  G  w.th  A  pulling  against  them,  in  8.     Requir  d  the 
time  which  It  would  occupy  each  alone  to  raise  it. 

36  A  person  rows  down  a  stream,  which  runs  at  the  rate  of 
4  mxles  an  hour,  for  a  certain  distance  in  1  hour  and  40  minutes 
In  returmng  it  takes  him  4  hours  and  15  minutes  to  arrive  at  a 
point  3  miles  short  of  his  starting  place.     Find  the  distlce  he 
pulled  down  the  stream  and  the  rate  of  his  pulling. 

37.  A  person  rows  down  a  stream  a  distance  of  20  miles  and 
back  again  in  10  bo.,r«      We  finH-  h^  o      - 

..      ,  nnaa  ne  ujin  row  2  miles  awninof 

the  stream  in  the  same  time  he  can  row  3  miles  with  it.   ^Zd 
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the  time  of  his  rowing  down  and  of  his  rowing  up  the  stream, 
also  the  rate  of  the  stream. 

38.  A  grocer  mixed  tea  that  cost  him  42  cents  a  pound  with 
tea  that  cost  him  54  cents  a  pound.  He  had  30  pounds  of  the 
mixture,  and  by  selling  it  at  the  rate  of  60  cents  a  pound  he 
gained  as  much  as  10  pounds  of  the  cheaper  tea  cost  him.  How 
many  pounds  of  each  did  he  put  into  the  mixture  1 

39.  A  grocer  mixes  tea  that  cost  him  90  cents  a  pound  with 
tea  that  cost  him  28  cents  a  pound.  The  cost  of  the  mixture  is 
$61.20.  He  sells  the  mixture  at  50  cents  a  pound  and  gains 
$3.80.     How  many  pounds  of  each  did  he  put  into  the  mixture? 

40.  A  farmer  has  28  bushels  of  barley  worth  84  cents  a  bushel. 
With  his  barley  he  wishes  to  mix  rye  worth  $1.08  a  bushel  and 
wheat  worth  $1.44  a  bushel,  so  that  the  mixture  may  be  100 
bushels  and  be  worth  $1.20  a  bushel.  How  many  bushels  of  ^ye 
and  of  wheat  must  he  take  1 

41.  A  cistern  has  three  pipes.  A,  B  and  C.  A  and  B  will  fill 
it  in  1  hour  and  10  minutes,  A  and  (7  in  1  hour  and  24  minutes, 
and  B  and  (7  in  2  hours  and  20  minutes.  How  long  will  it  take 
each  to  fill  it  1 

42.  A  piece  of  work  can  be  completed  hy  A,  B  and  C  together 
in  10  days,  by  A  and  B  together  in  12  days,  by  B  and  C  if  />' 
work  15  days  and  C  30  days.  How  long  will  it  take  each  alone 
to  do  the  work  ? 

43.  A  cistern  has  thr'n  pipes.  A,  B  and  C.  A  and  B  will  fill 
it  in  a  minutes,  A  and  (J  in  b  minutes,  and  B  and  C  in  c  minutes. 
How  long  will  it  take  each  alone  to  fill  it? 

44.  A  rectangular  room  having  been  measured  it  was  observed 
that  if  it  were  5  feet  broader  and  4  feet  longer  it  would  contain 
116  square  feet  more ;  but  if  it  were  4  feet  broader  and  5  feet 
longer  it  would  contain  113  square  feet  more.  Required  its 
length  and  breadth. 

45.  If  the  sides  of  a  rectangular  field  were  each  increased  hy 
2  yards  the  area  would  be  increased  by  220  square  yards ;  if  (.lie 
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length  were  increased  and   the  breadth   were  diminished  each 
by  6  yards  the  area  would  be  diminished  by  185  square  yards 
v\  hat  IS  its  area  ?  . ' 

46.  If  a  given  rectangular  floor  had  been  3  feet  longer  and  2 
feet  bro^uler  it  would  have  contained  64  square  feet  more;  but 
if  It  had  been  2  feet  longer  and  3  feet  broadei-  it  would  i  ave 
contained  68  square  feet  more.  Find  the  length  and  breadth  of 
the  floor. 

47.  A  cask,  B,  contains  12  galleys  of  wine  and  4  gallons  of 
water;  another  cask,  C,  contain  gallons  of  wine  and  12 
gallons  of  water.  How  many  gallo.e  must  be  drawn  from  each 
cask  so  as  t«  produce  by  their  mixture  7  gall..,.3  of  wine  and  7 
gallons  of  water? 

48.  A  cask,  A,  contains  12  gallons  of  wine  and  18  gallons  of 
water,  and  another  cask,  £,  contains  9  gallons  of  wine  and  3 
gallons  of  water.  How  many  gallons  must  be  drawn  from  each 
cask  so  as  to  produce  by  their  mixture  7  gallons  of  wine  and  7 
gallons  of  water  1 


CHAPTEE    XI. 


SQUARE    AND    CUBE    ROOT. 
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191.  The  Square  Root  of  an  algebraical  expression  is  one  of 
the  two  equal  factors  of  which  the  expression  is  composed. 

Thus  the  square  root  of  \&a?  is  either  +  4a  or  -  4a ;  for  (  +  4a) 
X  ( +  4a)  =  IGa'^,  and  ( -  4a)  x  ( -  4a)  =  16a^. 

From  this  example  we  see  that  the  square  root  of  an  algebraical 
expression  may  be  either  positive  or  negative. 

In  this  chtpter  the  roots  will  be  taken  with  positive  signs. 

192.  First  let  us  proceed  to  find  the  square  root  of  a  monomial. 
Since  ah  x  ab^a-b"^,  the  square  root  of  aW  can  be  found  by  mul- 
tiplying together  the  square  roots  of  the  different  factors  of  a^il 

Again,  a'b'^c^  =  abc  x  abc,  .\  the  square  root  of  a'^iV  is  abc  or 
the  product  of  the  square  roots  of  the  dilBferent  factors,  a\  b\  c'. 

Generally,  then,  to  find  the  square  root  of  a  monomial,  extract 
the  square  root  of  each  factor  and  multiply  together  the  quanti- 
ties so  obtained  ;  the  result  will  be  the  square  root  of  the  given 
quantity. 

Ux.  1. — Extract  square  root  of  81aW 

^81  =  9,     V^«  =  a3,    Vi8^j4^ 


.-.  V81a«6»  =  9a3i*. 


Ex.  ^.— Find    V  64a*6iV. 

V64  =  8,     Va'=^a\    Vb^=b\    VJ'^c, 


VUa^b'^c'^UW'c 
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193.  To  find  the  square  root  of  a  fraction. 


6      b     ¥■'"  s\-&=l' 


Hence,  to  find  the  square  root  of  a  fraction  : 

Find  the  square  root  of  the  numerator  for  a  new  numerator 
and  square  root  of  the  denominator  for  a  new  denominator;  the 
new  fraction  thus  obtained  will  be  the  result  required. 


Ex.  1. 


Ex.2. 


Ex.  S. 


3a6 


/25(a_-r6)2^5(a-J) 


194.  We  now  proceed  to  explain  the  method  of  extracting  the 
square  root  of  a  multinomial.  ** 

The  following  mode  of  arranging  the  square  of  any  expression 
should  be  carefully  noticed  :— 

(^  +  f>+c+dr=.a'  +  (2a  +  b)b  +  {2a  +  2b  +  c)c  +  {2a  +  2b  +  2c  +  d)d,  (3) 
and  so  on,  for  the  square  of  any  number  of  terms. 

From  (1)  it  is  seen  that  a  +  6  is  the  square  root  of  a"  +  (2a  +  b)b 
ora'^+2ab  +  b\  ^  ' 

To  find  the  first  term,  a,  of  the  root,  it  is  necessary  to  extract 
the  square  root  of  d\  the  first  term  of  a^^  (2a +  6)6. 
^  To  find  the  second  term,  6,  we  subtract  the  square  of  a  from 
a  +  2a6  +  b\  and  into  the  first  term  of  the  remainder,  2a6  +  6^  or 
(-a +  6)6,  divide  2a  or  double  the  first  term  of  the  root;  the  quo- 
tient will  be  6  or  second  term  required.  We  now  add  6  to  2a 
and  multiply  the  sum  by  6 ;  this  product  subtracted  from  the 
remainder  2a6  + 6=  will  leave  no  remainder,  hence  the  root  has 
been  found. 
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195.  The  procesii  of  finding  a  square  root  consisting  of  two 
terms  may  now  be  stated  in  a  general  form  : 

Arrange  the  terms  of  the  given  expression  in  the  order  of 
magnitude  of  indices  of  one  of  the  letters  involved ;  then  take 
the  square  root  of  the  first  term,  and  set  down  the  result  as 
the  first  term  of  the  root.  Subtract  its  square  from  the  given 
expression  and  bring  down  the  remainder.  Double  the  first 
term  of  the  root  and  set  down  the  result  as  the  first  term  of  a 
trial-divisor ;  divide  the  first  term  of  the  remainder  by  the  first 
term  of  this  divisor,  and  add  the  result  to  the  first  term  of  the 
root  and  also  to  the  first  term  of  the  divisor.  Multiply  the 
complete  divisor  by  the  second  term  of  the  root,  and  subtract 
the  result  from  the  first  remainder  j  then  if  there  be  no  remain- 
der the  root  has  been  found. 


Ex.  1. — Extract  the  square  root  of  ^0^+  \2ab  +  %\ 

4a2 


4<K  +  36;       +12«6-f-962 
+_12a6  +  %^ 

EXPLANATION. 

The  square  root  of  W  is  2a.  Squaring  2a  and  subtracting 
the  result  from  ^a^+l^ab  +  W  the  first  remainder  is  \2ah  +  %\ 
Doubling  2a  for  a  trial-divisor  we  find  that  4a  will  divide  \'2ah 
and  give  the  quotient  3i,  .-.  second  term  of  root  is  3^>.  Addin<' 
36  to  4a  and  multiplying  the  sum  by  Zh  we  get  I2ab  +  W.  As 
there  is  no  remainder  2a  +  3b  is  the  required  square  root. 


Ex. 


i> 


-Find  the  square  root  of  a^iH  102^7)  +  6561. 
a'bl+162ab  +  65Gl(ab  +  8l 


2«&-f81;  -f  162rt6-F6561 
+  162a6  +  6561 

Remainder  =  0,  . • .  square  root  =:ah-{-%\. 
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196.  Again,  from  (2)  it  is  seen  that  a  +  b  +  ck  the  square  root 

To  find  the  root  oi  a  +  b  +  c  from  a'  +  {2a  +  b)b  +  {2a  +  2b  +  c)c 
we  find  first  {a  +  b)  as  in  preceding  case,  and  then  treat  (a  +  b)  as 
one  term,  and  proceed  as  before.  For  after  finding  a  +  6  there 
will  be  a  remainder  {2a  +  2b  +  c)c  or  2ac  +  2bc  +  c\  Doubling 
a  +  b^  and  dividing  the  first  term  of  the  product  into  2ac  we 
obtain  the  quotient,  c,  the  third  term  required.  Adding  c  to 
'2{a  +  b)  for  a  complete  divisor,  and  multiplying  the  sum  by  c,  we 
find  there  is  no  remainder,  and  .-.  a  +  b  +  c  is  the  root  required. 

Similarly  the  square  root  a  +  b  +  c  +  doi 

a'+{2a  +  b)b  +  {2a  +  2b  +  c)c  +  {2a  +  2b  +  2c  +  d)d 
can  be  found. 

197.  The  method  of  the  extraction  of  the  square  root  of  an 
expression  of  more  tlian  three  terms  can  best  be  maa.  clear  to 
the  beginner  by  a  few  examples. 

Ex,  i.— Extract  the  square  root  of  a*  +  ia^  +  2a^  -  ia  +  1. 

a'  +  W  +  2a'^-ia+\(a'  +  2a-l  Ans. 
a* 


2a^  +  2a)  +ia'  +  2a''-4a+l 

2a^  +ia-  1)  -2^iC4~a+l 
-2a'-4a+l 

Ex.  .^.—Extract  the  square  root  of 

9.x.«-  12.ry  +  16a.V-  24.XV +  4y«+  lG:«v/« 
Rearrange  as  follows  : — 

l)x-«  -  24aV  -  ISx-y  +  UxY  +  \Qxf  +  i,fi 


6.;^-4x2/V-24,.y-12,tV+16.xV      (^^-ixf_2y^  ^,^, 
_224xy+26x^ 

fu..^  -  %xif     2/;-12a;y+16a^2/S  ^^ 
-\2xSf+Uxif  +4y« 


'vn 


.  ^W«v.v.^,«sflj«^>  •■'.■*W*^ 

10)6 


SQUAllE   HOOT. 


Si 


I 


BXBROI8B    LXI. 

Extract  the  sqimro  root  of 

1.  4a«6',   16a"6V,  ^MlAr",  I6x*z\   U9aWc'\ 
2t)a*b^       2r)G;«:»'^     625«»     49(Wc« 
T21a;y«"'     28V'    ^246^'     64o«(/*'* 

3.  x'  +  V2x  +  ZQ,  x^~Sx+lQ,  ia'aP  +  iabx  +  b\ 

4.  x*  +  2u;"'  +  3x'  +  2x  +  1 ,  4a3*  -  4;»r'  -  3a;2  +  2a:  +  1. 

5.  a;*  -  lOait^  +  33a=.K'  ~  40aV  +  1  Ca*. 

6.  49a;*  +  r)6;rV  +  30a;y  +  8xf  +  y\ 

7.  a;*-2;c«y  +  3x'y-2a;//'  +  y*. 

8.  4a"  -  1 2a^c  +  Sa^x-'  +  6aV  +  aV. 

9.  iru;<-16a*a;'+lG6V  +  4a^6''-8rr6"'  +  46*. 

10.  4a;*  +  9  -  30a;  -  20ar'  +  37.rl 

11.  a;«  +  25.1;"  +  1 0..;*  -  4a;»  -  20a;''  +16-24!?. 

1 2.  4a«  +  1  Gc8  +  1  OaV  -  32aV. 

13.  4-12a-lla*  +  5a«-4a'^  +  4a"  +  14a'. 

U.  a;«  +  8a;«;y»  -  4a;»y  -  4a;y  +  8a:y  -  1  QxY  +  /. 

15.  25a;« -  31a;y  +  34.ry  -  30arV -\-^/-  8a;y«  +  10a;y. 

1 6.  4y*  -  1  Ifz  +  25y V  -  'liy:^  +  1 6^*. 

17.  rt^  +  iah  +  46''  +  9c'  +  6ac  +  1 26c. 

18.  a«  +  2a''6  +  3«*6'  +  4a'6'  +  3a'6*  +  2(/6'^  +  6". 

19.  9  -  24a;  +  58a;'  -  1 16;r'  +  129;«*  -  1 40a/'  +  lOOa/". 

20.  9a'  -  12a6  +  24ac  -  166c  +  46'+  16c'. 
21.2  ^x\f  -  30a;y  +  2  9a;V*  -  1 2a;/  +  4/. 

22.  4ya;'  -  1 2yV  +  1 7y'.c*  - 1 2yx^  +  4a'«. 

23.  25;«'  -  20a;//  +  4/  +  9^^'  -  1  lyz  +  30.r«. 

24.  4ii;'(a;'  -  y)  +  y\y  -  2)  +  y^ix"  +  1). 

25.  m"  -  im'  +  IDwj"  -  20/h'''  -  44wf'  +  35m*  +  46m'  -  iOm  +  25. 

26.  4a'6'  +  (a'  +  6')'  +  4a6(a'  +  6'). 
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^^.-Find  the  square  root  of -'*--?^+ ^3  3     ,    aj* 


2a'»     3 
3 


9     T 

a* 

9 

•1 


4.3 

48 


«' c'  -  -  a:c 


3     ,     ttj*  xa' 
4f  3 


3  a^ 

4  2 


i     ^       2  4« 

15  1      3      „     a;* 
3  44 


EXERCISE    LXII. 
Find  the  square  root  of 

aj     aj'^      ar^      aj^'^^'^'^o- 
12      3      9' 


.    «'     2a 


26     ft" 


+  3-  — + 
a      a' 


1G8 


SQUARE   ROOT. 


1 


I 


2        lo 


a;' 


a;' 


4 


8-  -;ir  +  ^  +  -^- 


4a;^ 


2; 


%■ 


9.  --+-+^+4--^ — ^; 


xy     xz     yz 
6y     1 2ajy 


«^ 


a' 


X 


X 


10 I 1 1 

9  ^16^25^  4       6 


fif'     ah     2rtc     ac?     Jc      5cZ     cd 


15       3      10"^  4       5* 


199.  The  following  are  examples  of  a  more  difficult  character. 
No  fixed  rule  can  be  given  for  facilitating  the  extraction  of  the 
roots ;  much  must  be  left  to  the  teacher  and  the  ingenuity  of 
the  pupil.  Sometimes  it  will  be  necessary  to  remove  the  brackets 
and  then  proceed  in  the  usual  manner ;  sometimes  the  root  can 
be  obtained  by  inspection  and  sometimes  by  factoring. 

Ex.  1. — Extract  the  square  root  of 

16aX«  +  h  +  c)  +  iabc{b  +  c)  +  ia^b''  +  c^)  +  Ua?bc  +  6V. 

Remove  brackets  and  arrange  according  to  powers  of  a. 

1 6a*  +  1  ^a\b  +  c)  +  iaXb""  +  c^  +  46c)  +  iabc{b  +  c)  +  6  V 
16a* 

•id?  +  1a{b  +  c)\\ %a\h  +  c)  +  ia^b""  +  c^  +  45c)  /4a«  +  2a(6  +  c)  +  he 
^  1  Q,a\b  +  c)  +  iaib'-  +  c*  4-  26c)  ^ 


8a- +  4 


a{b  +  c)  +  bc)  +  ia\2bc)  +  iabc{h  +  c)  +  6V 
+  4a''^(26c)  +  4a6c(6  +  c)  +  ¥c 


Ex.  2. — Extract  the  square  root  of 

a^^h'  +  c'  +  d'  +  '2a\b-'  +  d")  +  262(c2  +  d"")  +  2c\d-  +  d"). 

Rearranging  we  get  the  equivalent  expression, 

a*  f  2a2(62  +  c^  +  d")  +  6*  +  Wic"  +  d"")  +  c*  +  2G'd'  +  d\ 
which  is  evidently  the  square  of  a-  +  6^  +  c^  +  d"^. 


SQUARE   ROOT.  IQQ 

Ex.  S. — Extract  the  square  root  of 

{^'  -  yzy + (f  -  zxf + (^3  _  ^yY  _  3(^.  _  y^^^y,  __  ^^j^^,  _  ^^^ 

This  expression  may  be  arranged  as  follows  :— 

{^'-yzy-{x^-yz){f.zx){z'^-xrj)  +  {y'-zxy-{x--yz){f  -  zx){z--xy) 

+  («'  -  ^yf  -  (x^  -  !/z){7/  -  zx){z^  -  xy) 
=  (x'  -  yz)  { (x'  -  yzy  -  (f  -  zx)(z'  -xy)}+  anal.  +  anal. 

=  (ar'-2/c){aj*- 2ccV^+yV-2/V+a:/  +  a:^-a.V} +anal. +anal. 
=  (^  -  y^)  {x'  +  xif  +  x!?-  Zx'yz]  +  anal.  +  anal. 

=  a;(a;2 -yz)(a;H  2/*  +  z3  -  3a;y2)  +  anal.  +  anal. 

-.=  {x'+f-^^-  3xyz)  {x(x'  -  yz)  +  y{f  -  zx)  +  z{z'  -  xy)  ] 

=-{x^+y'  +  z'-3xyz){7?  +  y^  +  :!^-3xyz) 
=  {3?+f+^-3xyzf. 

.  • .  Root  required  \sa^+if-{s?-  Sxijz. 


EXERCISE    LXIII. 
Extract  the  square  root  of 

1.  HSa'-2ab  +  b'){a''  +  3b'')  +  b'(a  +  iby. 

2.  a%a  -  5b)(a  -b)  +  b\3a  -  by  -  3a?b\ 

3.  (a  -  by + 2(a*  +  b')  -2{a?  +  b^)(a  -  by. 

4.  ax{ax+l){ax+2){ax+3)  +  l.    Hence  show  that  the  product 
of  any  four  consecutive  numbers  plus  one  is  a  perfect  square. 

5.  a'ia'+b'  -  c2)  +  2(a  +  b){b  +  c)ac  +  2a\ab  +  ac  +  be)  +  6V. 

6.  {a?  +  b'  +  cj  +2(ab  +  bc  +  cay  -3(a'  +  b'  +  c'){ab  +  ac  +  bey. 

7.  ma^-b'^)ed  +  ab{c'^-cP)y+  {{a' -  b'){e' -  d^)  - iabcdy. 

8.  a*+b*  +  c*  +  d*-2a\bUd')-2b\c'-cP)  +  2c\a'-d'). 

9.  {ab  +  ac  +  bcy-iabc{a  +  c). 

11.  x\xHy^  +  z'')  +  yh^+2x(y  +  z)(yz-x\ 
12 
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CUBF     ROOT. 

200.  The  Oube  Root  of  an  algebraical  expression  is  one  of 
the  three  equal  lactors  of  which  the  expression  is  composed. 

Thus  the  cube  root  of  a^  is  a\  for  d?y.a/  y.a?  —  a".  The  cube 
root  of  -  a'  is  -  a?,  for  {-  a?)  y.  {-  o?)  y.  {-  a?)=  -  a".  Hence  we 
see  that  the  cube  root  of  a  pos'uive  quantity  is  positive,  and  the 
cube  root  of  a  negative  quantity  is  negative. 

201.  We  find  the  cube  root  of  a  monomial  by  extracting  the 
cube  root  of  its  different  factors  and  then  multiplying  the  differ- 
ent quantities  so  obtained  together.  The  product  is  the  cube 
root  required. 

202.  To  find  the  cube  root  of  a  fraction,  extract  the  cube  root 
of  the  numerator,  and  divide  the  result  by  the  cube  root  of  the 
denominator.     The  resulting  fraction  is  the  root  required. 

Ex.  i.— Find  the  cube  root  of  27a^iV. 


v/27a36V=3a6V. 


Ex.  2. — Find  the  cube  root  of 


s  I  SaH 
\  27ch 


8a'b'c^^ 


2a6V 


27c'd'V'     '6cd*e'' 


203.  To  find  the  cube  root  of  a  polynomial  is  a  more  tedious  pro- 
cess. Let  it  be  required  to  find  the  cube  root  of  a^+3a'^b  +  3ab-  +  /A 
Now,  we  know  that  (a  +  b)^  =  a^+3a^b  +  3ab^  +  b^  or  its  equivalent^ 
a^  +  {3a^  +  3ab  +  b'^)b.  (1)  Therefore  a  +  6  is  the  cube  root  of  (1). 
To  find  a,  or  first  term  of  cube  root,  we  extract  the  cube  root  of 
first  term,  a\  Subtracting  a^  from  the  given  expression,  there 
remains  3a''b  +  SaJ^  +  b^  or  b(3a^  +  3ab  +  b"").  To  find  second  term,  h, 
of  the  cube  root,  we  must  square  a,  multiply  the  result  by  3,  and 
divide  the  product  into  the  first  term  of  the  remainder,  3a'^b.    Ta 
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„.ta.„  the  complete  d,v,sor.  3a'+3a6  +  6',  multiply  the  product 
of  first  and  second  term,  of  the  root  by  3,  and  add  the  result  to 
three  t.mes  the  square  of  the  first  term  of  the  root;  then  add 
the  s.,uare  of  the  second  term  of  the  root  to  the  previous  sum 
Mut,  ply   he  comp  ete  divisor  now  obtained  by  the  second  tenn 
0     ,e  root,  and  subtract  the  product  from  the  first  remainder 
rt  the  second  remainder  is  zero,  the  expression  we  have  obtained 
IS  the  cube  root. 

Ex.  i.-Find  the  cube  root  of  Sor'  +  36^^  +  54;ry=  +  27y3. 


8.^3  +  36.rV  +  54a:2/2  +  273^  (^x  +  ^yAns. 


3x(2.r)2=12ar»~ 
3x2a:x3y=18ry 

12^2+  18a-y  +  9y2 


+  36.rV  +  54.r2/2  +  27^ 
_-f36^  +  54.r2/2  +  272^ 


Here  2^.  is  the  first  term.    12.-^  the  trial-divisor,   and   12.r 
+  18.ry  +  9y''  the  complete  divisor. 

./!*■  .^"^  ^f  *^'  '''^'  '''°*  ^^  ^  ^"""*^*y  ^^°««  ^««<>  consists 
ot  more  than  two  terms. 

Since       {(a  +  6)  +  ,}3^(„+j)3^.   3(a  +  5)V  +  3(«  +  5)c»  +  o-^ 

=  (a  +  6)3+{3(a  +  6)2  +3(a  +  6)c  +cnc 

we  see  that  the  third  term,  0.  can  be  found  by  the  rule  employed 

n  findmg  the  second  term ;  that  is,  we  first  find  a  +  h,  and  then 

reat       ,  ,^^^^       ^^^^  ^      ^^^  ^^^^^^  trial-divisor  is  now 

•^(a  +  6),  and  the  complete  divisor  3(a+6)'-'  +  3(a  +  6)c  +  c^      Th^ 

tdl  ^^^t^);^  t  ^^)«-^^  -  multiplied  by  the  third  term  . 
and  the  product  subtracted  from  the  second  remainder.  ^a4yl 

tu      .1         ,y,  ,^.  hxiu  a  cuoe  root  consisting  of  four  terms 
«-S+c+<  we  fi.t  find  a+i.e,  then  treat  (a.L,  ZX2 
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to  find  tho  fourth  term,  d.  The  student  must  bear  in  mind  that 
the  method  eniployed  to  find  a  cube  root  or  throe,  four,  etc., 
terms,  is  exactly  the  same  as  that  employed  in  finding  the  first 
two  terras. 

Ex.  ^.— Find  the  cube  root  of  a;'  -  3.r*  +  Sr"  -  3a:  -  1. 


-  :ij^ +3x*-x^ 
'i(x'-xy+3{x''-x){-i)  +  {-iy 

=  3x«-6.r'  +  3.r+l 


-  3x*  4-  Gr'  -  3.C  -  1 

-  3.j;*  +  6r'  -  3,r  -  1 


In  this  example,  to  find  second  trial-divisor,  we  treated  x^-x 
as  one  term,  and  then  proceeded  to  find  third  term  in  precisely 
the  same  way  as  we  found  the  second  term. 


EXERCISE    LXIV. 
Find  the  cube  root  of 

1.  r'  +  6.r'y  +  12V  +  8y. 

2.  r»-i-12x'2  + 48.^  +  64. 

3.  a'-9a'  +  27«-27. 

4.  x'^  -  Zax^  +  5aV  -  3a^x  -  a\ 

5.  .t;''  +  3aHs  +  6.j:*  +  7.t;3  +  6.f2  +  3.r+l, 

6.  iC*  -  6r"^  +  15.C*  -  20j;3  +  Wx^  -  6x-  + 1. 

7.  8««  -  36a*6'^  +  b^a?b*  -  276«. 

8.  a»  -  6=*  +  c"  -  Za-h  +  3a?c  +  36^a  +  36^0  +  Sc-a  -  2>c"b  -  %ahc. 

9.  8i;'  -  36a:«  +  66f*  -  63^"  +  33.i'»  -  9ar  + 1. 

10.  1  -  9a;  +  39a;2  -  99^"+  156^;*  -\Hx^-\-  64i«. 

11.  64.*;«  +  192a:«  +  144.c*  -  32.c=^  -  36.r  +  1 2x  -  1. 


CUBE  ROOT. 

12.  a«  +  9a»6  -  I35a'^b'  f  /09«/  -  -  7296«. 

13.  c«-126c»  +  60i'.'-16oAV  +  240iV-1926»c  +  646« 

14.  a;''-^+12-€j^. 


173 


a» 


15.  ~- 


8 


8     27a«"^"3^»~2' 

206.  The  square  root  of  a'  is  a=  and  the  square  root  of  a-  is  a  ■ 

herefore  the  fourth  root,  a,  of  the  given  expression,  a'.  In  te 

und  by  extracfng  the  square  root  of  the  expressio^  a^d The^ 
the  square  root  of  the  result. 

207.  To  find  the  sixth  root  of  an  expression  we  notice  that  a 
the  sixth  root  of  a«.  is  the  cube  root  of  «»  which  i/f  h!  ' 
root  of  a.     Therefore  we  can  find  the  si:;ht:t  ^  t  LTtT: 


-  3c-b  -  Gabc. 


ys 


.,  i 


CHAPTEK   XII. 


THEORY    OF    INDICES. 

208.  In  Art.  10  a  meaning  has  been  attached  to  the  expression 

«"  when  w  is  a  positive  integer.    We  have  now  to  assign  meanings 

p 
to  such  expressions  as  a°,  a",  a""*,  for  it  is  evident  that  the  defini- 
tion in  Art.  10  is  not  applicable  to  quantities  with  such  indices 

Jig  0  — ,  -  m.    Before,  however,  we  proceed  to  interpret  such  syin- 

'  q 

bols  it  is  necessary  to  prove  what  are  known  as  "  Index  Laws." 

209.  If  tn  and  n  are  positive  integers, 

(1)  a"»xa"  =  a'»+»j 

(2)  (a"*)"  =  «"*"; 

(3)  (a6)"  =  a»6"; 

(1),  (2),  (3)  and  (4)  are  known  as  "Index  Laws." 

210.  To  prove  the  Index  Laws  : — 

I,  a*"  X  a"  =  (a  X  a  X  a to  w  factors)  x  (a  x  a. . . .  to  w  factors) 

s=axax  a to  (m  +  n)  times  factors 

=  a"»+"  (by  definition). 
II.      (a'")"  =  rt""  X  a"'  X  a"'. ...  to  w  factors 

_  ^m+m+m ....  to  n  terms       (FrOm  I. ) 


a. 


III. 


(ab)"  =zahxahy.ah....  to  n  factors 

=  (a  X  a  X  a. . . .  to  »*  factors)  x  (6  x  6.. ..  to  w  factors) 
=  a"  X  6"  =  a^J". 


^;.  , .  *■: 
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TV       (^Y -  «       «       « 

a  X  axa....  to  n  factors 
hxbxb....  to  n  factors 
a" 

211.  We  proceed  now  to  assign  meanings  to  <  J  and  «-'» 
Assuming  that  the  laws  which  are  proved  to  be  true  when  the 
mdices  are  positive  integers  to  hold  good  when  the  indices  are 
zero,  negative  01  fractional,  we  arrive  at  the  following  results  :- 


From  (1), 


Dividing  by  a" 

{h)  «-«=  i. 
a"* 

From  (1), 

I)Ut,  from  (a), 


l^ividing  by  a"*, 


1"  =  «.»» 


a"'xa"  =  a 


a 


im 


a 


,m 


~m 


a"'xa-"'  =  a'"-"'  =  a^. 


a'"  X  «-'"=!. 


a 


m 


(r)  ««"=  ^a''. 

It  has  been  proved  that  {«-)"  =  «-  when  m  and  n  are  positive 
integers;  and  as  we  assume  the  same  law  to  hold  good  for  frac- 
tional indices, 

/'         p 
.-.  {a^Y^a"  '=a*. 
p 

Extracting  the  q^^  root  of  each  side, 


■••«'=v'^. 
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Hence  the  equivalent  of  any  expression  with  zero  for  an  index 
IS  unity;  with  a  negative  index,  unity  divided  by  the  same 
expression  with  a  corresponding  positive  index ;  and  with  a 
fractional  index,  the  expression  raised  to  a  power  indicated  by 
the  numerator  of  the  fraction,  and  then  the  root  extracted  indi- 
cated by  the  denominator.     For  instance, 

212.   Again,  since 
Dividing  by  a", 


a"* 
^w-n_        Qj,  conversely, 


a" 


a" 


.  =a™-". 


213.  Prove  that  «"x  ft"  =  (a6)''. 

i      i  1  i 

(a"  X  6")»  =  (a'')"  X  {b'T         Art.  209  (3) 

=:axb  =  ab; 

.'.  (a"  X  h"Y  =  ah. 
Extracting  the  w"'  root  of  each  side, 

-      ^  i 

a''x6"  =  (a6)'». 

This  result  is  of  great  use  in  surds.     For  example, 
Prove    v'2'x  a/3  =  V6". 

\/'2  =  2^    V'3"=  3^; 

.-.  a/2"x  v'3"=  2^  X  3^=  6^-  v^e". 
Again,  prove   -v^S  x  i/4  =  V^12. 

^3"=  3*,    V'l^^i*; 

.-.  v-Tx  v^Ir^  3*  x4*  =  12*- vTi. 
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Also,  from  Uie  above  result,  we  can  find  the  value  of  such  a 
product  as  v^3x  v^2. 


For 
and 


^3"  =  3*=3^  =  (32)*=9i, 

^2"  =  2*  =  2*  =  (2-'')*=S^; 
.-.    -^3  X  i?^2  =9*  x8*=(9x8)* 

=  (72)*=  ^^72. 
Ex.  jr.— Find  the  value  of  x'^+^-'  x  .t*+'-»  x  .t«+«-» 

Ex.  ^.— Find  the  value  of  n"-*  x  .r"'  x  stP-". 

^x,  5.— Simplify  abh  x  a~*6c*. 

o6*cxa-i6c*=a*-*^,4+V+* 

/256\-|^ /625\f 

^r/625UV_/5y     125 

"lUey  /-Uv  ^Ti- 
ne s^tudent  will  observe  that  we  have  extracted  the  fourth 
'oot  of  ^  before  cubing  it.     We  might  have  raised  ?|  to  the 

'^hinl  power  and  then  extracted  the  fourth  root,  but  thf  k.  ...ne«s 
of  tho  numbers  involved  .ould  have  m.de  the  proces.  cumbrous! 
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THEORY   OF  INDICES. 


.« 


,i 


\m 


1  by  .T*  -  1 


Ex.  5. — Multiply  x"  -  'Jx"  + 
From  observiitiou  we  see  that 

.'r*-2.r*  +  l=(.T*-l)2; 
.-.  {x^  -  2x^  +  1)  X  {x^  -  1)  =  (x^  -  1)» 

=  (.r*)'-3(.r*)2  +  3(.r*)-l 
=  x-Sx^ +3x^-1. 

Otherv)ise, 
«^  -2x^  +  1 
a^-1 
X    -  2.r*  +    a:* 

-    3-^  +  2a;*  -  1 
.r    -  3u-S  4-  3a;*  -  1 
£•«.  6.— Divide   .<?/-'-  + 2  +  .t;-y   by   .t?/-' +  ,r-'y. 
a-y-'  +  a;- V;  x'^y--'  +  2  +  a;-y  f.ry-'  +  x-^j 


l+a;-y 
l+.r-V 

We  might  have  performed  this  division  by  first  chanciiiL' 
terms  with  negative  indices  into  equivalent  ones  with  positive 
indices,  and  then  proceeding  as  in  ordinary  fractions. 


Thus, 


x^ 


<ind 


y 

y      a; 
a;'-*?/-2  +  2  +  a;-Y-  -f  .r?/"^  +  x-^y 

=  -2  +  2+^^  -  +^ 
y  x^     y      X 

X      y 
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Ex.  7. — Extract  the  square  root  of 

6j-2  -  Zx-hj^)  -  \Sx-^y^  +  \bx-^y 
-  I8.r-V^  +    9a:-V 


r +y 


+    6.r-V-6.r-'y^  +  y'^ 

214.  In  solving  the  following  examples  let  the  beginner  bear 
in  mind  the  index  l^ws  and  the  meaning  of  such  expressions  as 
(i\  a-",  and  no  sciiow^  ditliculty  will  be  experienced. 


F.XERCISB    LXV. 
Express  with  fractional  exponents 


2.  Vxy^z\    ^x'fz*,    \/aWc\  5Va'bc^a^. 
Express  with  radical  signs 

3.  J,    aH*,    ix^y-^,    Sx^y'^. 

Express  with  positive  exponents 

Write  in  the  form  of  integral  expressions 
J.    3^      2       a        c^       x~^    x-^ 


.2    '     ^3^,4 » 


Z"        X 


y   W   a?b-''     -g'   ~J- 


y    y^ 
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THEORY   OF  INDICES. 
Simplify 

6.  JxJ,    b^xb\    c^xc^,    d^xd^. 

7.  m^xw"*,    a^'xa^,    a^'xa^xa'^. 

8.  a*  X  Va,    C-*  x  VJ,    yi  x  ^y,    x^  x  V^. 

9.  Jbh-^xJb-^M 

10.  Ajhi  X  x-^y-h-\    x^yhi  X  a:- V  Vi 


a^    c^    n^^      a 


12.  —  .  --.  __ 

"'  a^    c^     n^      V^a*^ 

13.  (a«)U(a«)S,    (o-i)^,    (,H-^)S    (.,^)-3. 

14.  (;,--YS,     (^f)-^^     (Jxa^y^i 
/16a-<\-i      /  9a*  \-$         3  a 


Multiply  EXERCISE    LXVI. 

1.  x^  ~x^  +  1   by  x^  +1. 

2.  a26-2+2  +  a-'^62   ^y  a^^-^- 2  +  a-2i2, 

3.  4:X-^  +  3x-'-  +  2x-^^rl    by   ar-2-.r-»+l. 

4.  x^P  +  xPyP  +  y'^P    by    x'^p  -  x^y^ +  y'i>, 

5.  .T*-.'ry*+a,-*2/-2/^    by   .r -^ a;*?/*  +  2A 

G.  a--2  +  .r(a*-6^)-a*;i    by   x?  -  x{a^  -  b^)  -  ah^ , 
7.  .r<«-')'»  _  y-Dw  by   .r»-w'". 
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Divide 

8.  x^-xy^+x^ij-ij     by    x^ -yK 

9.  J-ah  +  ab^-2ah'  +  b^     by    J-ab^+aH-bl 

3n  3n  h  n 

10.  a^-a^    by    a'-a"". 

U.  x-2(x^-x-^)  +  2{x^  -x-^).x-'    by    x^ -x'K 

12.  (x^y-l    by    ««-!. 

Simplify 

13.  (2a;*  +  %i)(2a;i  •-  3g/*)(4cc*  +  6a;iyi  +  9y*) 

(4a;^ -6.x*2/*+9v^) 
U.    -^JTT  X  ^^Tl  X  ^^^T+i  X  V^^T^^TI  X  (a;« -  1)8. 

15.  Show  that  — ZA^1"=Z 

2'*+2x4  8' 

16.  Simplify  "    .^"     K, 

Find  the  square  root  of 

1 7.  x^  -  2x^y^  +  2a:*  »*  +  j^^  -  2y*  2*  +  2I 

18.  x^ +  ^xK/ -2x^z^ +  iy^ -iy^z^ +  z^. 

19.  4.T-*+12.r-3  +  9.r-2. 

20.  x'^+ix-{-2-^x-^^x-\ 

21.  a;-..2  +  2;c~V^-^-2.i:-*  +  a:-». 

22.  4a-  12aU*  +  96^  +  IGa^c*  -  246*0*  +  16c*. 
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23.  256a:*  -  512a;  f  640a:*  -  512a:*  +  304  -  128a:~*  +  40aj"* 

24.  r^^^2.^-^^ 


X      4y 


(^uY 


25.  {x  +  x-y-i{x-x-'). 
Simplify 


27. 
28. 
29. 

30. 

31. 
32. 
33. 


a'  +  b"  av-b* 

X 


a- +  6-"     a-" -6-' 


x'^-x'^ 


2(.c-.r-')      \x'+l)' 


(x-x-^) 

3a-''x^  +  5a-^x  -  12 
a-V-8a-2x2-12a-'.r  +  63* 

a;  -  4  -  3a:*  +  4y*  -  a;*y* 
a;  -  8  -  2x*  +  1 2y*  -  3.c*y* 


i,  a  —  0  J 

3(ai  +  6^)2  -  4(a^  +  6*)(a*  -  6*)  +  (a*  -  b^f. 


k;'-9 


35. 

36.  {(a"*)'  •»}»'+!. 


1      I 

.  m 
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37.   {(a  +  6)'-4a6}*.|'*A-^*^2ai(a  +  6)U 

Find  the  H.  C.  M.  of 

.39.  1+x  +  x^+x^    and    2x  +  2x^  +  Sx""  +  3xK 
Find  the  L.  C.  M.  of 

W.ax^-1,    ax^+l,    (a^x-iy,    J^^^i^    J^^^^    (ah -,  ly, 
41.  If  a.i+y*+.i=0,    prove    (x  +  y  +  ,y=.27xyz. 
Simplify 

a.6+c        ^c+a       ^a+6' 

43.  (8^4^)  X  16"^. 


d"x3'x~ 

44.  — J-1 
3»"  X  9 


O?" 


1  1  1 


47. 


;-^  + 


1  + »;"-'» + x'^-p   iT^-"'-i-.'e'-"   r+^F^;p^F=7»- 


^ 


tfi 


CHAPTER   XIII. 


SURDS. 

215.  When  a  root  is  indicated  but  cannot  be  exactly  deter- 
mined it  is  called  a  Surd.  Thus  V  2,  v^4,  V  G,  are  surds. 
When  the  root  is  indicated  but  can  be  exactly  determined,  it  is 
said  to  have  the  form  of  a  surd,  as  V  i,  \/  8.  Surds  are  also 
called  irrational  numbers. 

216.  A  Quadratic  Surd  is  one  in  which  the  second  root  is 
required ;  a  Cubic  Surd  one  in  which  the  third  root  is  required, 
and  so  on. 

217.  The  product  of  a  rational  factor  (i.e.,  a  factor  not  con- 
taining a  surd)  and  a  surd  factor  is  called  a  Mixed  Surd,  as 
3V%  b'^Sl  3x^6. 

218.  When  there  is  no  rational  factor  outside  the  radical  sign 
the  surd  is  said  to  be  entire,  as  V  b,    ^b. 

219.  A  mixed  surd  can  be  expressed  as  an  entire  surd.  Thus 
2^/3"=  V^Tx  V3  - 'v/12.  Generally  a  v' 6"  can  be  expressed 
as  an  entire  surd,  for  in  the  chapter  on  Indices  it  has  been 
proved  that 

1       i  i 

a"  X  6"  =  {ahy 

\^a  X  V  b  =  V^oft. 


or 

Now, 


n, 

a=  V  a", 


I 
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-i..  1"  ir  :Th:  z:  z'  '°r  ™"™  --'•  «"- 

-tracted,  muHiZ    he  rl'    bv'  O    T'f  '''  ""  ™"""  *« 
.«n,  an.  ...  /J.^ ,7::  1X1:^  ''"  ^^'-' 

221.  An  entire  surd  can  often  h«  «vr,«^       i 

^"  oicen  be  expressed  as  a  mixed  surd. 

Thus  v/T=2^2;      i/50  =  5v/2". 

'"  ^J=^^~^2  =  (4x2)i  =  4ix2i  =  2x2*  =  2v/2. 

Similarly.        ,^=  ^2Tx-2  =  (2..  x  2)*  =(25)*  x  2*  =  5  v^2. 

Generally.     -J^^=  (a"6)L(a»)^x  iLa.iLavVft: 

222.  Hence,  to  reduce  (when  possible)  an  entire  surd  tn 
•mxed  surd,  separate   the  quantity  under  the  !„T  ,  ^ 

two  factors,  of  one  of  which  th«  !  ^'^^^  ^'S""  ^^*^" 

224.  Similar  Surds  are  those  which  hpv.  . 

t;  w,  the  _  ....^..^  ,,,  Jrr  Vhli;^  a"^;^^ 

v^^O  are  similar  surds;  so  also  are  Va,    Vb^,  sVa  ' 

The  student  will  notice  that  before  Ln  .    a       \. 

be  similar  they  must  have  th.  '  '^^  ^  «^^^  '^ 

tney  must  have  the  same  quantity  under  tho  r.^-     i 

^•gn,  and  the  same  surd-index  or  number  thioh       v    I      ^^^ 

'uot  to  be  extracted.     Thus  ^a  SZ~  "^^''  *^^ 

for  they  have  not  the  sal  W^^"  ~  ^^"^^ -^«. 

radical-rnde.  is   used  for  that  wh  1  Lil  "  th "       '  '"" 
extracted.  indicates  the  root  t  ■  be 

--  .He  .action  in  .e  f!™  .  J :4:l';::r:X" 
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SURDS. 


denominator  whose  root  can  be  taken ;  for  the  expression  under 
the  radical  sign  must  be  made  integral     For  in,  tanoe, 


J  4       si  20       J  1        „^      1  .,7^ 
\'25     N125     \125  5 

In  this  example  the  cube  root  of  25  cannot  be  taken  ;  but  as 
25  =  5*  and  25x5  =  5',  therefore,  if  we  multiply  both  numeratoi' 
and  denominator  by  5,  the  new  denominator  will  be  a  perfect 
cube,  and  its  cube  root  can  be  removed  outside  the  radical  sign. 

1  ffl'^ 

Ex.  1. — Express  in  the  form  of  a  cubic  surd  2,  3,  -,  (a  -  6),  y . 

2-^8-    3- 1^27,    \~^\.    a-6-^K-lr.    ^'=;)p. 

Ex.  2. — Reduce  -he  following  entire  surds  to  the  form  of  a 
mixed  surd : — 

^108,  v/72,  ^7^^  Jl,  :]^  ^405; 

(1)  iJTOS-  -^^27  X  4=  v27x  ^4=3^1. 

(2)  a/72=  v/36  X  2=  V^SG  x  'v/'2=6a/1. 

(3)  v" T^y  =  V'' 7xy~x7*  -  v'  7^^  X  ^^ «.  2/  v*7xy. 

(6)   ^405=  -^27  X  15=  v/27x  v'l5  =  3v^l5. 
£"0;.  5. — Express  as  entire  surds  the  following  mixed  surds  :— 
ft»6\/6c,    3V2I,    da/32,    3c'v^a6c,    a'\''^\    2x\^x^>. 


the  form  of  a 


SURDS. 

(2)  3i/2l»  v^Tx  Vn^vm. 

(3)  5v/32=  i/25x  \/32=  i/goO. 

(4)  Sc'^'^T^^  ^TI?^  ^^^  »^27^7^ 

(5)  a'v'a^V^  ^a^^x  ^^7^=.  -iJ'aT6^2^ 
(G)  2x^ici=.  ^'/32^x  -^.^^  ^32:^5, 
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226.  Surds  are  .m;>/e  or  compound  according  as  they  confiin 
one  or  more  terms.  ^  ^  cont.uu 

EXERCISE   LXVil. 
ExpresFi  as  mixed  surds 

3.  ^^^3^r3^^b^-r^^,   v/.^o^rrioo^^-5065. 


J. 

5 


^'  N/0'  s/i6'  W'  si 2'  V 

Ma-b'    M  a  +  b  '    \/2^'    \ll^- 
Rxpress  as  entire  surds 

6.  3 1/2,    2^7.    3a^'5,    5^9,    21^6, 

7.  3^  a,    4a  ^3^.    3^|,    ^axj^, 


■ 


iiliiPiN 


188  SURDS; 

o     ,  .     Im-n     ,       ,^     I     1  /x-y\     \x"+xy 

8.  (w  +  n)      — — ,      0  +  6KU-— ,       — ^   J, f,. 

Simplify 

9.  2v^80^W,    Ov^Sl^V^,    5v/726. 

11.  aa;\/6^,    2a*6*foV. 


—         —        \1 
12.  Show  that    V'20,     Vid,    ^1-  are  similar  surds. 


13„  Show  that  2^a'b\    ^86« 


'    2\6 


are  similar*  surds. 


14.  Show  that  V50,     v/72,     V^,    A  -   are  similar  aurds. 

227.  Surds  having  the  sarae  radical  sign  are  said  to  be  of  the 
same  order.    Thus  Va,  2  Vb\    ^  V^3,  are  each  of  the  third  order. 

228.  It  is  often  necessary  to  bring  surds  of  different  orders  to 
the  same  order.     This  can  be  done  as  follows  : — 

Let  a",  6"*  be  surds  of  different  orders.     Then  a^  =  a"^"  and 

in  HL  -  JL  ^  i 

6  "'  =  6""';  but  a""*  =(«'")"'"  and  J*""  =  (6")'"'',  therefore  a''  =  '"^af'' 

i_         _ 

and  6"*=  '/&".     It  is  evident  that    Va^  and    V'ft"  are  of  the 
same  order. 

Hence,  to  reduce  surds  to  the  same  order,  find  the  L.  C.  M.  of 
their  radical  indices  for  a  common  radical  index.  Raise  each 
expression  under  the  radical  sign  to  the  power  indicated  by  the 
number  obtained  by  dividing  its  radical  index  into  the  common 
radical  index,  and  write  over  the  result  the  common  radical  index. 


SURDS. 


X'  +  xy 
[x-yY 
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mrds. 
lar*  surds. 

imilar  surds. 

1  to  be  of  the 
le  third  order. 

rent  orders  to 

I  a^=^a^^  and 
1 

.  —      mn,  — 

Pore  a"=  va"' 
6"  are  of  the 

he  L.  C.  M.  of 
.  Kaise  each 
licated  by  the 
)0  the  common 
radical  index. 


Or,  exprees  the  different  surds  in  the  form  of  quantities  having 

ractional  exponent,  with  a  common  denominator.    TrcomZ 

denominator  will  U  the  common  radical  index.     Th's  ;2-::d 

v^3  may  be  expressed  in  this  form  :  2*  and  3*  or  1^2^  and  f  3^ 

Ex.  JT—Reduce  to  a  common  radical  index  V^and  n. 

V3  =  3*=3*  =  (3')*=i?'33. 
Ex.  2.  -  Reduce  to  common  index  i?'8'and  V% 

v'2"=  2*=  2'''-  (28)'^„  '^2\ 

EXERCISE    LXVIII. 
Reduce  to  a  common  radical  index 

1-   ^^   n.  2.   ^6-   VY.  3.    ^%  ^W. 

4-  n]  n:       5.  vx  n:  ^^      e.  <^t,  ^w,  ^wo- 

7.  ^S,   ^6,   ^TO.  8.    ^a^I^jTP,  ^^TTb.  9.  ^I,    "F 
229.  Surds  can  be  compared  with  respect  to  magnitude  b^ 


Ex.  l.~ 


Which  is  the  greater,  ^2"or   ^Z'i 
.'.   '/3"i8  greater  than   ^2. 
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Ex.  ;S.— Which  is  the  greater,  ^3'  or   ^5  1 
/.   1^6  is  greater  than   v^3. 


r  \ 


EXERCISE   LXIX. 

1.  Which  is  the  greater,  3^7"  or  2  V^Tsi 

2.  Arrange  in  order  of  laagnitude  9  ^3,  6^/7,  5  v/lO. 

3.  Arrange  in  order  of  magnitude  4  V  4,  3v5,  5v^3. 

4.  Arr  .nge  in  order  of  magnitude  6  v'?,  4  v^9,  3 1?' 18. 

230.  Similar  surds,  in  their  simplest  forms,  may  be  added  or 
subtracted  by  adding  or  subtracting  their  rational  factors  and 
then  affixing  the  common  radical  factor. 


Ex.  i.— Find  the  algebraic  sum  of  ^50  +  V72  -  3  \/2 

a/50  =  5  V  2;   ^72  =  6  a/ 2;  - ir  =  K  v^2: 

v/2      2 

/.  Algebraic  sum  =(5  +  6-3+-W2    ---^  ^% 
Ex.  ^.—Simplify  2  v^'320  -  3  f  40. 


;r        1 


Vl> 


^^320=  v^6475=4v'5; 
.-.  2v^320-8v'5: 

v40=^875  =  2\^5, 
.-.  3v^40  =  6v'5: 
.-.  Result  =  8  v's'-  6  v'5"=  (8  -  6)  ^h=  2  \/'b. 


SURDS. 
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231.  Surds  having  the  same  radical  index  can  be  muluplied 
together  by  finding  the  product  of  their  rational  factors  or  cL^ 
cients,  and  afhxn,g  to  the  result  the  product  of  their  ha.es  with 
the  common  radical  index  written  over  it. 

Ex.  /.—Find  the  product  of  V'a  and  VbK 
^^^  'V/^=a*  and   V¥==h\ 

Ex.  ^.— Find  the  product  of  a  V'?  and  6  '^d. 

^^'  V'c=c»  and  V'rf^c^, 

.-.   vTx  ^d=c"x(f={cdf^  v'^. 

/.  «v'7x6v'J=a5^^^ 
Hence  the  rule. 

232.  Surds  having  diferent  radical  indices  can  be  multiplied 
together  by  first  reducing  them  to  surds  of  the  same  order  or 
common  radical  index,  and  then  finding  their  product  by  'the 
preceding  rule. 

Ex.  i.— Find  the  product  of  V2,   ^3"  and   \^i. 

The  L.  C.  M^of  2,  3  and  6  is  30,  therefore  the  common  radical 
index  IS  30.     Hence 

^3"  =  '^P, 

.-.   vTx  v'3'x  i?'4'=T2^«x  3»Ox4^ 

80/ 


=  '\^2''  X  3»»  X  212  ^  '•-^22773i«. 
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suRDa 


Ex.  ^.— Find  the  product  of  v'o'and  "s/h. 


i       I 


I   i 


*/a  zizO'^a 


m 
mn 


^  ^  ^  J*  * 

Hence  the  rule. 

233.  If  two  surds  are  of  the  same  order  the  quotient  of  the 
one  by  the  other  can  be  obtained  by  dividing  the  rational  factor 
of  the  dividend  by  the  rational  factor  of  the  divisor,  and  to  the 
result  affixing  the  quotient,  with  the  common  radical  index  writ- 
ten over  it,  of  the  one  base  by  the  other.  If  the  surds  are  of 
different  orders  they  can  be  reduced  to  the  same  order,  and  the 
preceding  rule  applied. 

Ex.  7— Divide  ^J  by  ^l5. 

^9--V^T5  =  94-15i  =  Q*  =  (_^\i=.«II. 

Ex.  ^—Divide  ^3"  by   v^i. 

..(33)*  ^(42)* 


^/3«\4^/27\i_„/27 


Ex.  5.— Divide  \^bhj  ^J, 

N/73 

234.  The  multiplication  and  division  of  compound  surds  differ 
in  no  respect  from  the  multiplication  and  division  of  polynomial 


.»,« 
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Mtional  terms.     An  example  or  two  will  illustrate  this. 
Fx.  i.-Multiply  together   V'l  +  V~2   and    VI-  V2. 

Here  we  have  the  sum  of  two  expressions  multiplied  by  their 
<l.fferenoe,  therefore^he  product^  the  difference  of  t'heir  squares" 

Ex,  ^.-Find  the  product  of  2  v' I  +  ^2  and    ^1+  V\ 
2^/1+ i?^2 
1?"!+  a/I 

. +      M/Ts+irFTs' 

2  i?^2f7l6  +  2  +  2  v/l5 -/iTili 

^jj.  5. — Square    V~2  ^  \/~ZJt.\, 
(^/ 2+ 1^3  +  1)2 

=  (v^2)N-(^3)^+l  +  2^2.  i?^3+2i/2+2^3. 
=  2+^9  +  1  +  2i?'8x9  +  2a/2+2^3 
=  3+i?'9+2i?'72  +  2v/2+2^3: 


Ex.  4. 


-Divide    ^8  +3i/24  +  5i/56   by    s/\2. 
^8  +31/24  +  5  \/56-f-  -/H 


~V3 


+  3V'2+5J^ 


P'r 


MilW»l*r' rrii TjH  lawii 


mmmmmmm 
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235.  If  the  divisor  consists  of  two  or  three  terms  it  is  better 
to  rationalize  it  before  pkoceeding  to  division.  The  method  of 
rationalizing  a  divisor  or  denominator  will  be  explained  hereafter. 

Simplify  BXBROISB    LXX. 

1.  2a/3+3\/I,     llVTS-'iVTs, 

2.  6  v^T  +  3  v^  7  +  2  v'T,     8v'l0  +  3v/T0  +  2\/T0. 

3.  4Vn  +  3^/lT-5A/n,     2v^3 -SV'S  +  Ql/I. 

4.  4  v'l;  -  3  ^ Ih-  2  v^  3,     7  v"  2"  -  vTS. 

5.  5v^4+2v^32- ifTOB,     31?^!+ 4  v"  2- -^64. 

6.  2i/l75-i3v^63  +  5v/28,     -  \^5  +  -  \^5 +^  viO. 

2  2  4 

7.  V2+3\^32+-VT2S-e\^\8. 


8.    'V/75+ ^^48- V147+ V300. 


■ 


9.  20  v'245  -V'5+V'125--  \/l80. 
10.  3^'^-5v^48+i?'243. 


11.  v^27c*-  v^8c*+ V^125c. 

12.  ^^-  i?'6«+i?'326. 


13.    ^a*x  +  \/6«a:  -  'v/4a26=a;. 


14.  6a  V^'iab^  -  3  \/ 1 1 2a86=' +  2a6  v'343a6  -  56  \/29>a?b. 


15.    V32a*6«  +  6  v'726  +  3  VU^a'b' -  4  V'288a'^6». 


16 


25 
5^' 
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21.    V^Tx+  Vax'  +  ^+  V^(aT^. 


BXBROISB    LXXI. 


Multiply  together 
1.    \/3   and    \/27,     ^5   and    i/20,      v^2   and    ^Ts. 


2.    I?' 3   and    v' 9,      ^'2   and    i^'Sl,      ^ 


IQ  and    I?' 32. 


3.    i?^27    and     A?' 3,      a^108   and    iJ^lT,      ^J  and    i?'8 


4.    1^^1331,     ^U    and    V^lII 


^'"9,     ^81    and    ^m. 


5.    a/ 6,     V'12    and    Vl2-     1^6^     i^'S^   and    ^b\ 


1 


and    7  i?'  2. 


6.  3V^16    and    b\'J-     -  ^s 

7.  (v^l8  +  2v^72-3V8-iv/l28)    and    >/% 

8.  (i?^32-iii^864  +  3^4)    and    ^2. 

9.  3  +  2\/5    and    2-  v^S. 

10.  8  +  3\/2    and    2-  ^2. 

11.  5  +  2^/3   and    S-Sv/S. 


— *i 
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UP 
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2. 
3. 
4. 


6. 
7. 


SURDS. 
3-  VQ    and    Q-SVE. 
2»/6"-3\/5    and     v/3+2v^2. 
V^9-2^I    and   4i?'3  +  ^2: 


^  5  -  V  i     and     ^5+  v^l. 

^  3  +  ^^     and     ^  3  -  \/^. 
^ll-v/Jo    and     ^11+ Vio. 


8.  -^6  +  Vll    and     ^6  -  VU. 

9.  ^10-  \/36    and     ^lOWM. 


20. 

21. 

22. 

■ 

23. 
24. 
25. 

26. 
27. 

28. 
29. 


^''  9  +  V*i7  and  ^  9  -  VU. 
^12+^^19  and  ^12-  a/19. 
2a/30-3a/5+5a/"3    and     VS  +  x^'S  -  Vl. 

3^/3-4^8+5^/18    and    5a/2+a/3+JT 

.r'-ccv/S  +  l    and    a;''+ jk\/ 3  + 1. 

A/a+  VJ+  V'7,      v'a+  V6"-  a/c,      a/ a-  Vr+  V'c, 

and     Vi  +  \/7  -  Va. 
V'S    and    V^I;      \/T2ii    and     v36. 

^I6    and     1?'250;     v'fs   ^^^j    ^56^ 


'5. 
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BXBROI8B   LXXII. 


Perform  the  following  divisions  :- 
1.    i/243-^,/3;    1^80 -f  1?^  5;    ^81-.  ^3. 


2.    1^243-1^3;     </U~  ^ 


7;    iJ'SOO-ri^I. 


■i.  3\/3  +451/2-^31/3; 

5.  i2 ^/ 5  -30x^3  ^2 VTE. 

6.  841/15  + 168  i/'e'^  3  V2r. 

7.  56l/30-84i/ro+100v/l4-4v/35, 


8.  30v'"4-36v^ 


10  +  301^90  +  3^20. 


50  i?'l8+ 18 1^^20-48^5 +2  ^30. 


10. 


sK^n/^;    ^2y+J 


11. 


6-1 


a  —  b 


1- 


V6-I'    i/a_  V^ 

_«'  +  a6  +  62       oca:' 
a+  V  ab  +b' 


13.    1/64+1^36;     i?'9"+ v/' 


a 


1- V 


a 


U. 


8 


45 


^6i;     i^l2+i/6: 


15.    ^2x^x/a^.     1^8^.^ 2^2^ 
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Kill  i 
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236.  It  is  evident  from  its  definition  that  a  surd  cannot  be 
equal  to  a  rational  quantity.  From  ^his  fact  the  following 
important  theorems  are  deduced  : — 

I.  A  surd  and  a  rational  quantity  cannot  he  equal  to  a  rational 
quantity.  For,  if  possible,  let  a  +  V6  =  c,  where  a  and  c  are 
rational  quantities  and  V b  a.  surd;  therefore  Vh  =  c-a.  But 
c--a  is  a  rational  quantity,  being  the  difference  between  two 
rational  quantities;  therefore  >/6  =  a  rational  quantity,  that  is, 
a  surd  equals  a  rational  quantity,  whidi  is  impossible.  Therefore 
a-\V  b  does  not  equal  c. 

II.  A  surd  and  a  rational  quantity  cannot  equal  a  surd. 


Let 
Squaring, 
or 


But 


c-  a' 


2a 


a  +  V^=V^. 
a^  +  b  +  2aV'b=r=c, 
^  2aV^='C-a^-b; 

/—    c-  a^  -b 
•  •  ^  2a      ' 

is  a  rational  quantity,  therefore  Vb  =  h,  rational 


quantity,  which  is  impossible.    Therefore  a  +  Vb  does  not  =  V''c. 

III.  If  a  surd  and  a  rational  quantity  be  together  eqical  to  a 
surd  and  a  rational  quantity,  then  the  rational  parts  of  the  equa- 
tion will  be  equal,  and  therefore  the  surd  parts  equal.    In  brief,  if 

a+Vb=c  +  Vd, 


then 

and 

For,  if  possible,  let 


a  =  c 

V'b=Vd, 

a  +  V~b=c  +  Vdi 

then,  transposing,     {a-c)  +  Vb  =  Vd. 

Therefore  the  rational  quantity  (a  -  c)  and  the  surd  V*  6  =  the 
aurd  \/d,  which  is  impossible  unless  a  -  c  =  0,  and  therefore  a  =  c 
If  a  =  c,  it  follows  that  Vb  =  Vd. 

^QTE, —  This  is  a  very  important  theorenk, 


I 


i  cannot  be 
e   following 


=  a  rational 


Bs  not  =  'V  c. 


IV.  If 

then 

For,  from  III., 

and 

.'.  subtracting, 

V.  If 

then 
Squaring  (1), 


SURDS. 

a  -  \/b'=  c  -  Vd. 
a  ssc 

Vh  =  Vd. 

a-V~b=^c-Vd. 
^a  +  Vb  =  V'F+  V^ 

^a-Vb  =  Vl^-V^. 

a+V'b^x  +  y  +  2V^; 
.'.  a  ~x  +  y 

Vb  =  2V'^. 
<^-Vb=x  +  y-2Vl^. 
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(1) 


and 
Subtracting, 

Extracting  sq.  root,     Va-\/b  =  y/^-  Vy. 

Ex.  i— Extract  the  square  root  of  7  +  4^/3. 

Assume  ^7^^^=^^+^^-  ^^^ 

:yi~WJ=.V-x-Vy.  ,2> 

Multiplying  together  (I)  and  (2), 

(3) 


.-.  V49-48  =  x-y, 

or 

l^X-y, 

S(iuaring  (1), 

7  +  iV3==x  +  y  +  2V^, 

Rut 
Solving, 

l=X-y. 
•  ••  a;=4  and  y=3. 

.%V7  +  4V3=v/4~  +  V3=2 

2  +  V3. 
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Ex.  2. — Extract  the  square  root  of  a  +  \/6. 

Assume       •  ^  a  +  V  h  =  Vx  +  Vy, 

then  y^  a-  V'h  =  Vx  -  Vy. 

Multiplying  together  (1)  and  (2), 

.'.  Vd^  -b=-x-y. 
Squaring  (1)  and  equating  rational  terms, 

a^x  +  y. 
Hence,  to  find  x  and  y,  we  have  the  equations, 

a  =  x\-y, 


(1) 

(2) 


^a^  -b  =  x-y. 


(3) 
(4) 


Therefore^  by  addition  and  subtraction  of  (3)  and  (4),  we 
obtain, 


2x=a^Va'-b, 


and 


or 


and 


Hence 


and 


ly^a-Va^-h, 
a  +  Va?  -  b 


x  = 


2 


y= 


a  -  y/d^  -  b 
~1        ' 


If  a'  -  6  is  not  an  exact  square  these  results  are  more  compli- 
cated than  the  original  surds. 


~2        ' 


-  y/g-'  -  b 

2 
ore  compli- 
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(1) 

i^ixtract  tne  square  root  ^f 

* 

(2) 

1.  7-41/3: 

2.  4  +  2V3. 

3.  27  +  101/2: 

4.  27-IOV2. 

5.  6  +  21/5: 

6.  Q-Wb. 

7.  10  +  4V6. 

8.  2I-8V/5: 

9.  a  +  h  +  ^V^. 

10.  a^  +  6  +  2al/6: 

11.  2a  +  2l/a2-  fi:*. 

12.  ^a'  +  b'')  +  2Va'+a'h'■\■b\ 

(3) 

13.  Ui    \l 

"•il-W4 

(4) 

15,  —-  +  —'1/7 
3      3^'- 

16.   -  +  -1/5" 
2      2 

ad  (4),  we 

17.  a''-26Va'-*-6'^ 

18.  (a +  6)='-4(a- 6)1/^6. 

1  y.  a-*  +  352  4  1/  -  / :^«4     o^a^a    „4v 

238.  The  square  root  of  a  binomial  surd  can  often  be  obtained 
by  inspection.  '«*"icu 

Since  {Va+VbY==a  +  b  +  2Vab, 

the  square  root  of  ^a  +  b  +  2V^=  Va+VT, 
f.om  which  we  see  that  when  the  binomial  surd  is  written  with 
^  for  the  coefficient  of  its  surd  term  the  terms  in  its  square 
cot  are  found  by  obtaining  two  quantities  which,  when  added 
together,  give  (a  +  b),  and  multiplied  together  give  ab. 

Let  us  take  the  example  7  +  i\^S. 

7  +  4l/T=4  +  3  +  4l/T 

=  4:  +  3  +  2Vl2. 
14 
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The  numbers  which,  when  multiplied  together,  give  12,  and 
added  together,  7,  are  4  and  3, 


.-.  V7  +  iv^a  =\/4  +V3 
^2  +  VX 

EXERCISE    LXXIV. 
Obtain  by  inspection 

1.  V10+    2v/2r,      'V/16+    2\/55,      Vu-    4v/"6: 


2.  'V/iS-    2>/30,      V'38-12VT0,      V'57_i2v/i^. 

3.  Vu+~^V5;     ^20-  ^vX     '^n~~^vf. 

4.  ^  9  -    2VI4,      V^87-12\/42,      'V^lT+'TvTS. 

239.  When  the  denominator  of  a  fraction  consists  of  one 
or  more  surd  terms  it  i8  sometimes  necessary  to  reduce  the  frac- 
tion to  the  form  of  one  with  a  rational  denominator.  In  simple 
examples  this  process,  called  rationalizing  the  denominator,  con- 
sists of  multiplying  both  the  numerator  and  the  denominator  of 
the  fraction  by  its  denominator,  with  one  sign  changed. 

Ex.  1. — Rationalize  tine  denominator  of 


V3  +\/2' 

Multiplying  both  numerator  and  denominator  by  V^-  V% 

2  -  2{V3  -  V2)   _2V1  -2\/2" 

'  ■  1/3  +  V2      iVs'  +  V2){VS  -  Vf)  ~         3-2 

2\/ 3  --  2  V2 


auiiDs. 
Ex,  ^.—Rationalize  the  denominator  of 
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Multiplying  both  numerator  and  denominator  by  VZ-  V2^l, 

(V3+l)2_2       4  +  J^/rZJ 

^VT-VJj^^(V3--V2-  +  l)(V3--l) 
2V3  +  2  2(V3+lj7yfr^ 

^2~VG  +V2 

240.  It  is  nof  often  required  in  elementary  algebra  to  r.r 
al.ze  denominators  with  radical  indices  burll  X     V  "" 

order.    When  such  denominators  Icur  thi      r      "l-  ''  "'"^^ 
be  accomplished  by  findin,  a  fal:  :  i  ^I^^^^^^^^^       ^^ 
eno..nator,  will  ,ive  as  a  product  a  rat^L  X-sit  'T 
gi  e  a  snnple  example,  a«  the  more  difficult  nrZl 
suitable  for  classes  in  elementary  work  ^  "''  "'^* 

^a;.— Rationalize  the  denominator  of  ^ 


^/ 


1 


X   +   i^'y 


Vx   +  \/ 


V 

/  I!        r      '"  """'"f^  ''°"'  ""■"-"to-  "nd 
(le..oiuin,,to.-  by  <^Z^ 

^    '         ^ -■     r+ 


*+./*   "^  Xr.:^'  *"'  '■'•  '>y  »=*-»^y* 


X'-^-y 


Hi 


i( .  > 


11. 
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x'y^  —  xy  +  xiyTi  —  x'^,  the  denominator  of  the  fraction 
will  be  a  rational  quantity. 

EXERCISE    LXXV. 
Rationalize  the  denominators  of  the  followina: : — 


1 


Vx  +  \^ 


y 


1. 


2. 


2\/2 


3^2  -  2^3 
21^3" 


V\\  +  Vb        7-3\/lO 
VII-W      5  +  4VT" 

120\/2"  iWTi 


4^/3-3^2'      5^6+3^10'      8A/2+2V7 
V^-VS        Vl3-V70       2  +  2^2" 


Vt)  +V3 

Vs+VT 


V13  +  V10' 
V6  +  VTo 


6  +  5V6 
3  +  5^3" 


V7'-V2'      VlO-Ve'       4-3\/2'* 

1_V2"  +  V3"       2  +  V'6"-V2"       3  -  VS"  -  \/2~ 
1+^2-^3'      2-VQ+V2'      3  +  V5+V2 


2V3  -3V6 


7  -  2^3  +  3^2 

3  +  3V3  -2V2'      ^2"  -  VS"  +  V5' -  V6" 


\/«  +  a;  +  Va-.-B       Va''^  +  6- +  Va' -  6^ 


Va  +  x-Va-x       Vd^  +  b^  -  Va-- 1^ 


8. 


Vx  +  Sa  +  Vx  -  3a       x  +  \/ id^  -  a? 


1 


X  -  \/4a'"  -  x^ 
1  2^2" 


a/3" 


A/2"+^r       v^9+v^3+l  V3^v^5 


10    ^  '^^^     15  +  6V5 


4  -  V5 '        2  +  V^ 


11. 


V3  + 1     A/3-1 


V'3 


1     ^3+1' 


I 


SURDS. 


20 


'O 


12. 
14. 


20  +  .30 vT  _  5  -  2\/2 
3  +  V3     "T-TvJ 

a  +  a;  +  Va  +  x 


a+x  +  V{a+xy 


13.  i+V^\^  5  +  21/5 
1  +  V5"       2  +  VT 


15. 


2v/a  +  6-3\/a-6' 


241    It  is  often  necessary  to  find  the  value  of  a  surd  expres- 
rolTed"  '  ''""'"''''  ^^'"^  ^^  ''-'''  ^  *^^  "^^--  <l-'^i4 

£a'.~Find   the  value  of  a-H.r2/  +  2/^  when  x^^^Ltl  ^„,i 
V3  -  1  V3  -  1 

V3  +  l' 

x"  +  xy  +  if=(x  +  yy.a:i/. 


y 


WW-\     V3^4-]/ 


'_V'3_+^l^V3]-2 
V3+l/      v/3^  _  1  ""  y'3\,:7 

'4  +  2V3'  +  4-2v/3"\ 


-; 


3-  I 

=  (4)^-1  =  15. 

This  example  might  have  been  solved   by  rationalizing  the 

denominators  of  -- ~-  '>nA   ^^  ~  ^  \    r  ,     . 

X^^-  _   1  '^"^  ~^f T  before  substituting. 


Thus 


and 


V^+_l  ^  vV^i^._+_l)'^  4  +  2^V3" 


V3  -  I 


3-1 


-2  +  \/3 


ill  HO 


X' 


^^"li  =  L^JniZ^  4  -  2^3" 

V3  +  1  3-1  I        =2-\/3, 

.-.  a:'=(2  +  V3)^=,7  +  4\/.3" 
and  3/2  =  (2-^/3)2=7-4^3; 
a^=l, 
+  ary +  2/2=  7  +  4v/:r+  1  +  7  -  4\/3"=  1.'5. 
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242.  In  the  following  exampio  instead  of  directly  substitutiiijL; 
the  problem  is  reduced  to  a  simple  form  by  means  of  a  well- 
known  theorem  in  fractions.     (Art.  1G9,  Theorem  I.) 


Ex.-  -Find  the  value  of 


Va  +  .r  +  Va  - 


X 


Va  +  a;  -  Va  -  x 


when  .T  = 


Let 


Va  +  X  +  Va  -  X  _  k 
Va  +  .1*  -  Va  —  X      1 


Adding   numerator  and   denominator  of  each   fraction,   and 
dividing  by  their  difference, 


iVa  +  x  _k+\ 
'iVa~x     ^-1 


or 


Va  -tx     k+\ 

''kZV 


Squaring, 


Va  -  X 

a  +  x     P  +  2^•  +  l 


a-*x  Ic'-'lk  +  V 

Again,  adding  numerator  and  denominator  of  each  fraction, 
and  dividing  by  their  difference, 

2a_2^2^2 
2a;         4^" 

a  ic'+  I  X        2k 

X 


or 


k^+i  X 

: or     —  = ■ 

2/t  a      k'+V 


lah 


Substituting  now  for  x  its  value  , 

1  +/>- 


:,  we  obtain 


2/> 


2k 


or 


\+b'     A-+1 
\+jh  +  P _  l+2k+k^ 
l-2b+ly''"l-~^2k+k''' 

Extracting  square  root  of  each  side, 

\+k        \+h 


\-k 


\-h 


ubstitutin!' 
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Tf  we  take  the  jmitiv,  sign  we  obtain  for  k  the  value  6 ;  if  we 
take  the  negative  sign  we  find  k=.\.    Therefore  the  valuJof  the 


fraction  =  6  or 


h' 


Had  this  problem  been  solved  by  direct  substitution  the  pro- 
c(!ss  would  have  been  somewl  at  as  follows  :— 


Vu  +  .v^Va-x        I         2ab         / 


2a/) 


V 


a 


'iiS^-  -  S) 


\    1  +  6^^      \/  Try.— 


+  26  + 
1+6  1-6 


i+6_     _l^-6~ 


26     1 

T  =  6  ^"*- 


=  ^_or 


N.B      The  double  value,  it  will  be  noticed,  i.  obtained   by 
using  the  double  s.gn  before  the  square  root  of  the  second  terms 


of  numerator  and  denominator.     Had  the  double  f 

in  all  the 


the  re.mlt  would  not  have  been  chan'^;d 


SlVn    l^oon    iiap.A 


IH 
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BXBRCISB    liXXVI. 


1     V    wi         1        e  ^^^  +  x'  +  X  a{b-c) 

1.  J^ind  tlio  value  of  — when  x=--- 


Va^  +  x'^  -  X 


2Vbc 


Vx"^  +  a'^  +  V'x^  -  «' 


2.  Find  tlic  value  of  •  -   <   r  ~ -^  when  x  = 

Vx^  +  d^-Vx'^  -  d^ 


x-     I'Lll 


3.  lunu  the  value  of when  .r  = 

ax+l-Va'x'-l 

4.  Find  the  value  of  x^  +  -r,  +  x+  -    when  x- 


S  +  V6 


5.  Find  the  value  of 


x^  X 

A 


»  r ^  when  a;«=»4V'a. 


1 


6.  Given  VS  =1.7320508,  find  the  value  of  - — . 

2  +  V3 

1  +  ."K  1  ~  .T  v/  S 

7.  Find  the  value  of ^ 1 -'■ when  ;c  =  — — - 

l  +  Vl+a-     l  +  Vl-.'c  2 

8.  Find  the  value  of — —  H when  .r  = 

l  +  \/l+^-     l-V'l-.r  2 


y.  J^ind  tlie  value  of  — ; when  .r  = 


Vci^  +  x^-Vd^-x^ 

10.  If  2m=:.r+  -,    27i  =  y+  -,    find  the  value  of 
X  •       y 


V\ 


mn-{-V{id--  l)(w^-  1)  in  terras  of  x  and  y. 


, ,    Ti!  2ac  /.    1  ^1         1        n  ^^  +  ^'^  +  Va  -  bx 

11.  If  x=TTi— — sr,   find  the  value  of 


6(1  +  cy 


Va  +  bx  -  Va  -  bx 
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;C  = 

2 

.r  = 

V3 
2 

2n 

^5 

IMAGINARY    EXPRESSIONS. 

ni!r  ■  '^^•V'^^r'  T  '^  ^  P"'^'^"^  'i"""^^^^  "^^y  b«  positive  or 
ne,at,ve      For  (  +  «  x(  +  «)  =  a.;  ,1^  (-a)x(-.)=^;  there- 
fore Va  =±a.    As  both  ( +  a)^  and  (  -  a)^  are  positive  it  is  easily 
soon  that  the  square  roo2o_f  -  a^  cannot  be  either  +a  or  -« 
Sucli  an  expression  as  V-a"^  is  therefore  called  an  in>possible,  or 
^>na,^nar^,  expression.     We  ,nean  by  an  i.na,inar,  express  on 
one  wh,ch,  ,f  raised  to  an  ....  power,  will  give  ane.Le  ex- 
pression.    All  other  expressions  are  said  to  be  real. 

244    All  imaginary  square  roots  may  be  made  to  take  the 
same  algebraic  form. 


Thus 


245.  The  beginner  should  note  carefully  such  results  as  tl>e 
lollowinjr : — 

(2)  (V^ir=(V~iyy(V~i^=.(-j)^v~.=  -V-:^ 

Generally,  V^^  raised  to  an  even  power  is  rational;  to  an 
odd  power,  imaginary. 

If  the  power  is  even  and  a  multiple  of  4,  the  result  is  pa<rftive  • 
If  eren,  and  not  a  multiple  of  4,  it  is  negative. 


Ex.  7.— Express  V  -  4  in  the  form  of  aV^. 
V~^  =  Vi>r^^  2\/3T. 
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m 


lp||ii 


!i 


W 


I' 
It 


Ex.  5.— Simplify 


V  -d 


V-3 


Since    V-9=3\/-l    and    V  -  3=  V^;3 .  V^, 
V^         SV^  3 


V-3    Vs.  V-1    V3 


V3. 


£"0;.  5.— Multiply  \/5  +v/-6    by    Vd  -V  -8. 


=  (VS  +  VQ  .  \/^)  X  ( v/6  -  \/8  .  V"^) 
=  \/30  +  6\/"n;  -  ViO  .  V"^  +  ^48 
=,  \/30  +  (6  -  ViO)  V"^  +  V/48 
=  ^30  +  (6  -  2  V^TO)  V^  +  4  V  3". 


Ex.  ^.—Multiply  a+V  -i    by    a-V  -1. 


(a  +  V-l)(a-V/~-r)  =  a^-(V/"-l)^  =  a^-(-l)  =  a=+l. 


EXMICISB    LXXVII, 


Express  in  the  form  of  a\/  -  1, 


1.  V-625,    a/ -25,    V-Sl,    V/-14I,    V^¥. 


2.  V-16,    V-ei,    V-9a",    A/-8hAr«. 
Find  the  value  of 


3.{V-iy\  (v/-i)«,  {V-i)\  {V-ir,  (V^fK 

Add  together 


4.  \/-25,    A/-49,    a/'- 121,     -\/-6k 


I 
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0.  s  +  v^He,  a-v^ri,  &+v^. 

C.  3  +  2V:rT,    4-2v'^,    7  +  31/-T,    4  +  2iv/--i. 
Multiply 

7.  V3Tg  X  V/T9,  v"r25  X  v/"::49,  ^^7^  x  V~rTQ^. 

8.  (3  +  5^— )x(4-7V3T),    (3.-8VTT),(3.  +  3v/TT). 

9.  (2a  +  3/> V/3T)  ,  (,  _  ^^^^T),    (^  +  5 V^)  X  (n  -  iV^). 


10.  Divide 


a 


a:         V  - 


a;' 


6  \/-10.x-3 


V-1    V-x   vr^'  vTp'  ~7 


5a; 


11.  Ifa;  = 


-l+V-3 


2 '  ^"^  *^^'''  ^*^"®  of  ^2  +  ar  +  1. 


10    T*        l-V-3    «    , 

iw.  ita;  = ,  find  the  value  of  a:'- a: +1. 

13.  Simplify  I±V^^8  +  3V^_4(2-yr3) 
2-\/-3     2  +  V^        l-\/^   ' 

U.  lf.  =  zJ-±^^  and   .;  =  -l-V^ 


2 


2/^ 


2 
prove  a;'=y  and  2/'  =  .r. 


in.  With  tiio  preceding  values  of  x  and 


y  prove  .i-''  =  y^=]^ 


and  thence  prove  .r '» +  .ry  +  ^lo  ^  ^.2  +  3-  +  1  =  0 


16.  If  .r  =  Lt:^Z^  and  v-?—^^ 

2  etna  y ^  prove 


17.  Prove  V3  +  4V/  -  1  +  ^^.371^^ _ 


iV^-I  =  4. 


-tum 


I 


t  '.  ' 


ill 


'  M 


:Mm 


CHAPTEE    XIV. 


SIMPLE    EQUATIONS    INVOLVING    SURDS. 

246.  W!ien  an  e(j[uation  involves  one  or  more  surd  expression.-? 
it  may  frequently  be  solved  by  a  process  called  clearing  of  sherds. 

247.  If  an  equation  contains  but  one  surd,  the  radical  sign 
can  be  removed  by  bringing  the  surd  to  one  side  of  the  equation 
and  the  remaining  terms  to  the  other,  and  then  raising  botli 
sides  to  the  power  indicated  by  tlio  radical  index. 


Ex.  7.— Solve  V^-r'  +  3.r  -  1 8  =  2.r  +  2. 
Squan'jig  both  sides, 

4a;2  +  3a;  -  16  --=  4.^^+  8.r  +  4  ; 
/.  -5a;=  -20   or  .r  =  4. 


Ex.  ^.— Solve  Vx'-  -  9  +  .r  =  9. 


Transposing, 

V'.c'-9  =  9-.r. 

Squaring, 

a;2-9  =  81-18.r  +  ;r'. 

.-.    18a:=90   or   a;  =  5 

iii^i 


248.  When  two  quadratic  surds  occur  in  the  equation  the 
clearing  of  surds  may  be  accomplished  by  bringing  one  surd  to 
one  side  of  the  equation  and  all  the  other  terms  to  the  othor, 
and  then  squaring  both  sides.  There  may  still  remain  one  surd, 
which  can  be  removed  by  tjje  metliod  of  the  preceding  article. 


'{     !     ! 
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Ex.  1.  —Solve  VJ+l  +  V^^+TS  =11. 
Transposing,  Vl^+Tb  =11-  V^Ti. 

Stiuaring  both  sides,  a;+ 15-  121  -  22v/J+4 +a;  +  4. 

Transposing,  22V^+T=110; 


Squaring  again, 


a;  +  4=25; 
.*.   ar=21. 


Sometimes  it  is  more  convenient  to  ke.p  both  surds  on  one 
side  and  take  all  the  other  terms  to  the  other  side. 

Ex.  ^.— Solve  \/.r  +  4  -  \/x^=  4. 

Squaring,         x  +  i  +  x- i-2V'x' -  16  =  16. 
Simplifying, 

Squaring  again. 


-v/.^rrr6^8-ar. 

^^- 16  =  64- 16.^  +  ^='. 
.-.   16.1  =  80   or   a:  =  u. 


Ex.  3. -Solve  ^S±i±l^'^i8. 


1/12:6-+1-Vl2x^ 


18 


\/r2ar+l-Vl2:^      1' 

Therefore,  adding  numerator  and  denon.inator  of  each  fraction 
and  dividing  by  difference,  ' 

2^12:^^19 
2^12]^^   "17 


or 


/12^_19 
\/    12.r    "if 


*  quaiing  both  sides. 


12.C  + 1 


'm 

289" 


\H 
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Dividing  numerators  by  denominators, 


,       1       ,      72 


Simplifying, 
and 


12a: 
1 


289' 


72 


12a:     289 
289 


X- 


Ex.  ^.— Solve  Vx  +Vx+3  = 


864* 
5 


Vx  +  3 


Multiplying  through  by  the  denominator  Vx  +  'd, 


Vx{x+'6)\-x  +  3  =  5. 


Transposing,     '  Vx{x  +  3)  =  2  -  .r. 

Squaring  both  sides,  x^+3x  =  i- 4.f  +  .i". 

.*.  7a:  =4   or    x  = 


r 


249.  Sometimes  when  the  equation  contains  three  quadratic 
surds  it  assumes  the  form  of  a  simple  equation  after  clearing  of 
surds.  In  such  cases  to  clear  of  radicals  we  employ  the  saiiio 
methods  as  for  equations  containing  one  or  two  surd  expressions. 


Ex.  i.— Solve  Vx-b  +  Vx  +  b^  V-^^x  - 6. 

Squaring  both  sides, 

a;-5+a;  +  5  +  2V^^  -  25  =  4a;  -  6. 

Simplifying  and  transposing, 


2Vx'  -  25  =  2.r  -  6 


or 

Squaring  again. 


Vx'-  25  =  a; -3. 
a;2-  25  =  a'2-6a-  +  9. 
.-.  6.c=34    or   a;=5|. 


SIMPLE  EQUATIONS  INVOLVING  SURDS. 

Ex.  ^. -Solve  V^T3  + Var^=2\/^ 
Squaring  both  sides, 

x  +  ^  +  x  +  Q  +  2Vx'+Ux  +  2i  =  ix. 
Simplifying  and  transposing, 

2  \/a;'- +11.^+24  =  2a; -11. 
Squaring  again,         ix"  +  Ux  +  ^Q^.ix' -  iix-]-U\. 

:.  88a;  =  25  or  a;=?5 
88* 
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EXIiJRCISB    LXXVIIL 
Solve  the  following  equations  :— 
1.  2V/;^+5-\/28. 


3.  4  =  2Vx  -  3. 

5.  ^  +  Wx=n. 

7.  ll-4v/5^  =  9. 

11.  V^^^-V'^^^=\. 
1.3.  V'x^1q^Vx=S. 

15.  V^i^+v'^^Ti.a^o. 

36 


17.  Vx  +Vx-^  = 


10.  \/7rT 


0  +  Va; 


Vx-^' 
105 


Va;-  15' 


2.  3\/4^n^  =  v^ia^ni. 

4.  5-3\/ar  =  4. 
6.  6-3v/ar=4. 

8.  7  +  2v'3;^.^5. 
10.   2a;-8  =  V4^vrr27:jr32. 
12.  VxTTb  +  Vx^lb. 
U.  Vi"^  +  V'^+7  =  6. 

iG.  v^^;rrr^3_<^^rj:^ 

_28_ 
Vx  +  I' 
8 


18.  Va;  +  7  +  \/^  = 


20.   Vx+V^^^^ 


Vx  -  4" 


,.a5a.^gS:Z3:': '"'  V7!fm«i!»> 


'  i  I 


I 


S/J   i 


■ 


m     M 
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Vx-S_Vx+l 


_  QK 

21.   Vx  +Vx-2l=—=^. 

Vx 


23. 


\^x  -8_Vx  -  4 
Vx  -6     V«"+2' 


24. 


A/iB  +  3     Va;  -  2 

\/^  +  16_V'^  +  32 
Vx  +  4      V'^  +  12* 


25. 1±:^=3. 


i-Vi 


.„    3a;  +  A/4.T  +  a32     ^ 


03 


3x  -  V'^x  + 


x" 


27.  Vx+l+Vx+lQ^2Vx  +  25. 


28.  V4a  +  a;=:2V6  +  a;- Va;.      29.  ^4  +  a- +  Vo;  +  1  =  2  Vx- -  2. 

30.  Vi^5-Vx^V^^+S.      31.        ^       +  — —  = ! — . 

Vx+1     Vx-l     Vx'-\ 


32.   V{x-aY  +  2ab  +  b'^  =  x-a  +  b. 


33.  V(a;  +  a)H2a6  +  6-  =  6-a-a;. 

34.  x'H(a;-9)i  =  3G(.'«-9)-i    35.  (a  '  +  a;)'-  +  ic^  =  6. 


36..  (x- 3)*  +  *^  = 


{x-S)h' 


37-^^-(E)    =(«  +  ^)- 


38. 


40. 


41. 


42 


V\-x    ^     Vl+x  5a; -1  V^x  -  1 

2-\/r+K     2  +  Vl-x-'  '   V5x-+1  2 


1 


2a; 


1+Vl-a;     l-Vl-a;      9 
2  2 


+ 


a;  +  V  2 +  »;■•'     x-V2  +  x^ 
5  5 


=  x+6. 

=  a;  +  8. 


X  +  Vo  +  x^     x-  V^  +  x' 
43.   V  4(t  +  X  +  V'(t  +  it'  =  2 Vx  +  '2a. 


CHAPTEB   XV. 


SYMMETRICAL    EXPBESSIONS. 

250.  An  expression  is  sairJ  fr.  i.„ 
-y  number  of  letters  when  tj""""'"''''  "'"^  ■■^«-d  '« 
changing  any  two  of  the  gi  e„   ett  :  ""  l^^'.f  ^^^  "X  inter- 

l*re;  the'  are  t.ete  sa  d   o  b!  "'  "'"  ^^""^  ^^P--'°-  - 
«  -1  *.     If  in  the  last  ~o^TTT'  "'"'  '^^""^  »» 

-.symmetrical  with  regard  toTand  r  "'  '*  '^  ""'^'^■'- 

Agam,  a  +  6  +  c,  a2  +  62+  2_    .      ,        '     , 

unaltered  by  interchanging  any  two  oT!'.  V»^'' ~  ^^^^  "  "> ''■■« 
e«p.«»io„s  are  therefore  3y,nme  rfcaf      t  "  "'  *'  "'  '^eae 

fetters  a,  J,  „.  ''ymmetucal  with  regard  to  the  three 

--tion  chiefly  to  those  ^Z^Z^  thl*'  *^"  "°"«-  "" 

«'«noo  written  down  by  „,"„  alTth  '^r^'""^'  S™"P  "an  be 

«■»;  .f  «^'  be  the  given  terrri^"^*;,^:;!"  """  ''""'  ™^' 
hnularly  from  -„6  „«  write      „t\  ,    «™"P  '''"J"'''«<'- 

'■«"*'•  example  we  are^iv  „  y  r?'"'  '"'l  '''^'""'^y-     I"  the 
,^  =.ven  the  s,,uare  of  one  letter  into  the 


m 
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rjljil 


first  power  of  another ;  therefore  to  complete  the  symmetry  wo 
must  have  the  square  of  each  into  the  first  power  of  each  of  tha 
others.  If  two  or  more  terms  be  given,  we  can  complete  the 
symmetry  by  writing  a  group  as  before  from  each  term ;  thus 
from  a'^-bc  we  write  a^  +  b^  +  c'^-ab-bc-ca.  But  from  ab  +  hc 
we  should  only  write  one  group,  viz.,  ab  +  bc  +  ca,  because  the 
two  given  terms  belong  to  the  same  symmetrical  group. 
A  symmetrical  group  of  terms  is  evidently  homogeneous. 

252.  If  two  or  more  symmetrical  expressions  be  combined  in 
any  way  by  addition,  subtraction,  multiplication  or  division,  or 
if  a  root  be  extracted,  the  result  in  any  case  will  be  symmetrical ; 
for  if  two  letters  be  interchanged  in  the  given  expressions,  the 
same  letters  will  be  interchanged  in  the  result ;  and  since  the 
given  expressions  are  unchanged,  the  result  will  be  unchanged, 
i.e.,  it  will  be  nymmetrical. 

253.  The  product  of  two  homogeneous  expressions  will  evi 
dently  be  homogeneous  and  of  a  number  of  dimensions  equal  to 
the  sum  of  the  dimensions  of  the  factors,  since  each  term  of  the 
product  is  formed  by  multiplying  two  terms,  one  being  taken 
from  each  factor.  Similarly,  the  quotient  of  two  homogeneous 
expressions  will  be  homogeneous,  and  of  a  number  of  dimensions 
equal  to  the  diiference  between  the  dimensions  of  the  dividend 
and  the  divisor. 

This  Art.  and  the  preceding  are  of  great  assistance  in  testing 
the  accuracy  of  algebraical  work  and  in  remeaibering  the  factors 
of  algebraical  expressions. 

254.  Many  expressions  which  have  not  the  perfect  symmetry 
described  in  Art.  250  are  still  unaffected  by  particular  inter- 
changes of  the  letters  involved.  For  example,  the  expression 
{a.v  -  hi/)-  -  {ay  -  bxf  is  unaltered  by  interchanging  a  and  x,  pro- 
viding we  at  the  same  time  interchange  b  and  y,  or  we  may 
interchange  a  and  b  providing  we  also  interchange  x  and  y- 
Again,  the  expression  ^  ivb  +  6*'(;  +  c'a  and  [a  -  h){h  -  c){c  -  a)  remain 
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the  same  if  we  change  a  infn  a   a  •  . 

interchange  any  ..oleU "     the  1^  '  '"'  ^  ^^*^  ^^  ^"*  ^^  - 
numerical  value  as  before  'h„7   f  .u'  ^^P''"««^««  ^^^  the  same 

f--  expression  ^^ ^^^^^  '''''  '^'^'^  ^^- 
I'^tter  are  sometimes  called  Alfl  !^  ^^P^^^^^^^^^  like  the 
pressions  which  are  unaffected  bv?"'^  Expressions.  Ex- 
that  just  given  are  of  the  ^.reatest  il!"''.       '^'^''°''  ■'^""^^''  *« 

l--tion  of  this  chapter  is  deCd  toTh        '" V"'  ''^  °^^^^- 
^  «e  voted  to  their  consideration. 

255.  We  shall  now  evnlilr,  4^u    £ 
Fope-ties  of  the  part'u  a     ets  T"°"  ™'  '"™'''«'''^  ">» 
'ofcrred  to  in  the  preceding  Art  ^^""""W"--!  expression, 

Placeanythreelettors,  ffi  6  c  ont),.   • 
then  in  passing  around  tl  e 'oL  ;?hev  wTrf """  °' '' ""■°'« ' 
ef  one  of  the  three  groups  ail  7       {  '  *"""<'  '»  ""e  order 

'"-o  long ,« .e  Ar:;utd  i:  :t,e  ^"tt"^^  "'^^  '^  ''-'- 

"";'  .'"^°''  «™"P  i^  derived  from  the  precedL  h'  T"  ""="''"' 
'',  «  mto  c,  and  c  into  «,  SimilJwT"  ^  "^"""'"8  "  '""« 
containing  one  or  more  of  these  le»  "Y  '^P''^^''''™  »''>»tever 
others  may  be  derived  from  it  bv  tie  '  """""  ''°^"''  ^>" 
Thusfrom  .r.„  „e  get  .;:.  C^T  ^^'^  °' «""=- 

«-«  weg,t  «-c  and  c-« 
»'(«-c)-,veget4'(.-„)„„d„,(^ 

(*-)(-«)  we  get  (c-„)(.-4a„d\._,)(.,...,). 


(( 


(( 


256.  .SimiUrly,from:t+6we.»efc,.  +  .  i 
«^get„.=(4-  0)  and  b^e-a)  etc  T,  /  ""'  ''■"»'''(<'-*) 
«rr.'ssions  the  other  two  tuay  be  o^t  T,  '"'^  """  "'  "-""■«« 
'•'-n«es,  the  expressions  fo  owi  :  t,  ,.'  ""  "'"™  -'•'-  «f 
'«  ".  *.  '  follow  each  other  Tn  tt  et,:  Tf'"  ""'  """'  ™^ 
'■"■"I'ound  expression  by  takin-  the  ,    """'  ""  '"'">  " 

.■'"■ee  expressions  so  obtain  du  wm  ^  ""'  P™"""'  "'  ^'"> 

«  ^-l-nged  into  ,,  i  i„t„  ,  ,X  l'    "       "  ""'••'-"S'-l  >vhen  . 
■>r„ic=i„.    For  example  ("-««»'  ^"     '"'  ''  +  '  +  <^  =  i+o  +  „ 
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aii'l  tlio  expressions  so  formed  are  said  to  he  symmetrical  in 
circular  order,  to  distinguish  them  from  those  which  are  per- 
fectly syiumetiical. 

257.  The  orderly  manner  in  which  the  letters  of  symmetrical 
expressions  follow  each  other  enables  us  to  transform  or  simplify 
such  expressions  without  writing  down  all  the  terms  which  com- 
pose them.    This  will  be  understood  from  the  following  examples: 

£x.  1. — Arrange  in  powers  of  ;r  the  expression 

c{x  -  a){x  -h)  +  a{x  -  h){.c  -  c)  +  h{x  -  c)(a:  -  a). 

We  observe  that  the  letters  «,  6,  c  in  the  successive  terms 
follow  each  other  in  circular  order.  Expanding  the  first  term 
we  get  c(.r  -  a){x.  -b)  =  ex?  -c{a  +  b)x  +  ahc. 

The  coefficient  of  a;**  is  c ;  in  the  next  term  it  will  be  a,  and  in 
the  next  h  ;  hence  the  coefficient  of  .r^  in  the  result  is  «  +  6  +  c. 

The  coefficient  of  x  is  -(6c -I- fa) ;  in  the  following  terms  it  will 
be  -{ca  +  ab)  and  -{ab  +  bc);  htnce  the  coefficient  of  x  in  the 
result  is  -  1{ab  ■¥bc  +  ca). 

From  abc  we  know  we  shall  get  bca  and  cab  in  the  following 

terms. 

The  whole  result  is  therefore  (a  +  b  +  c)x^ -2{ab  +  be  +  ca)x  +  ^abc. 

Ex.  ^.—Simplify  (a  -  b){b  -c)  +  {b-  c){c  -a)  +  {c-  a){a  -  b). 
(a  —  b){b-c)  =  ab  +  bc-ca-b\ 

From  ab  +  bc-  ca  we  learn  that  if  all  the  terms  were  expanded 
we  should  have  all  the  products  ab,  be,  ca  three  times  over,  twice 
with  the  positive  sign  and  once  with  the  negative  sign. 

From  -b'^  we  learn  that  we  should  have  the  square  of  eacli 
letter  taken  with  the  negative  sign. 

The  result  is  therefore  ab  +  be  +  ca  -  a^  -b"^ -  c\ 

Ex.  3. — Find  the  value  of  x^  +  y'^  +  z'^-xij-yz-zx  in  terms  of 
a,  by  c,  when  x  =  a  +  b,  y  =  b  +  c,  z  =  c  +  a. 

This  expression  consists  of  two  parts,  each  symmetrical  in 
itself;  the  value  of  each  must  bo  found  separately. 


e  followin<r 


are  of  eacli 
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Now,  a:'„(„^4)!       , 

^l.»n  have  all  the  snual  Lt'  "'"''''  "«  »■=«  «-'  «e 

r^duets,  vi...  2(„..r:.::;;:::::;-:  -^ "-  '^loe  a.,  the 

viz.,  -.'  + J=^cN-3(«4/r;r)  "'"'  ""'  "'■"^""'^  "-ree  times, 

Subtr.icting  this  result  from  «,»  f 
o'  +  i'  +  c^-ai-ie-c,  '°™'''  *^8»'  "-e final  result. 

An  easy  solution  mav  alsn  ho  „l,i.  •      -  , 
expression  in  the  form  -^(:-;)t;t':;r.^^^^  '"«  «'™" 

^x.  ^.—Simplify 

Th      ..  ^^^^"''''■'^^^^^i^  the  result  required 

The  student  should  w..,-f«  fU     ^  required. 

carefully  observe  theoXfn  thich'jr  I"./""  "  '"^  *™-  »d 

2-  <^-b)  +  a(b-c)  +  b(c-a)=.0 
Simplify,  -       EXERCISE    LXXIX. 


2.  («-5)'  +  (5-c)»+(,_^^^3. 


4.  (a~ 


Ill 


-    ! 


:     I 


ti 


I 


111 


i   i 


!     i 
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5.  (a  -  b){b  +  c)  +  (6  -  c){c  +  a)  +  {c-  a){a  +  b). 
C).  {a  +  i)(i  -  c)  +  (6  +  c)(c  -  a)  +  (c  +  «)(«  -  6).    . 

7.  (a  +  6-c)-  +  (6  +  c-ay'  +  (c  +  rt-6)^ 

8.  (a-&-c)2  +  (6-c-a)2  +  (c-a-i)l 

9.  {a-  b){a  +  b ~ c)  +  {b - c){b  +  c  -a)  +  {c-a){c  +  a-b). 

10.  (a  +  i)(rt - b  +  c)  +  (i  +  c)(/>  - c  +  a)  +  {c  +  a){c-a  +  h). 

1 1.  (a  —  b){ma  +  mb-nc)  +  (b-c)(^mb  +  mc-na)  +  (c-tt)(mc+wia-wi). 
1  11 


12.  T 


+ 


(a  -b)(b-  c)     (b  -  c){c-  a)     (c  -  a)  {a  -  b)' 


13. 
U. 
15. 
16. 
17. 
18. 


a 


+ 


(a  ~  bj{a  -  c)     {b  -c){b-  a)     (c  -  a)  (e  -  b)' 


a 


+  b 


-  + 


b  +  G 

7 ;r  + 


c  +  a 


(b  -c){c~  a)     (c  -  a)  (a  -  b)     {a-  h)  {h  -  c)' 
{2x  -y-  zf  +  (2.y-z-.r).H(22  -  .r-y)'^ 


{y-zf  +  {z-.^'  +  {x~yf 


x  +  y-z 


+ 


y  +  z-x 


+ 


z  +  x-y 


{y  -z){z-  x)     {z  -  x)  {x  -  y)     {x  -  y)  (//  -  z)' 

x  +  y  y  +  z  .  z  +  x 


+ 


(.f2  -  yz)  {y'  -  zx)     {f  -  zx)  iz'  -  xy)     {z'  -  xy)  {x'  -  yz)' 

a^{>/-z)      ^      fjz-x)      ^      z%>-y)  _ 
{z  +  x){x  +  y)     {x  +  y){y  +  z)     (y  +  z){z  +  x)' 


{{nx  +  by  -  (bx  +  a){cx  +  «)}  +  two  similar  terms 
Uax  +  by  -  {ex  +  a)(cx  +  b)}  +  two  similar  terms* 

Arrange  in  powers  of  i» 

20.  {x  +  a){x  +  b)  +  (x  +  b){x  +  c)  +  {x-\-c){x  +  a). 

21.  {x-a){x-b)  +  {x-b){x - c)  +  {x-c){x-a). 

22.  c{x  -  a){x  -b)  +  a{x-b){x  -c)  +  b{x-  c){x  -  a). 

23.  c{x  - a){x  +  b)  +  a{x  -  b){x  +  c)  +  b{x  -  c){x  +  a). 


II 


1   1 


SYMMETBICAL  EXPRESSION^ 

It  •2s  =  a  +  b  +  c  simplify  the  fol.Wi„g:_ 
31.  »(»-o)  +  (,-M/s_A  10    /    °>!    ,      , 

3+.  «(''-«)  +  6(»-S)  +  e(,_,,)^.2^» 

-(''-2n>)(.-,.4)(,_2,). 
259.  Factor  a(6'-o')+S(o3-„.)  +  ,(„,_j,j 
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ro- 


=  («-i)(6-c)(c-a). 


*)} 
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By  changing  the  signs  and  rearranging  the  terras  the  given 
expression  may  be  reduced  to  either  of  the  following  forms, 

a''{b-c)  +  P{c-a)  +  c^(a-b), 
ab{a-b)-¥bc(h-c)  +  ca{c -a), 

whose  factors  are,  therefore,  known  to  be  -(a-  b)(b  -  c)(c  -  a). 
The  three  forms  of  this  example  should  Im;  carefully  noted  and 
used  in  working  the  following  exercise.  By  their  use  a  large 
nural[)er  of  the  examples  may  be  solved  mentally.  Similar 
remarks  apply  to  Exercises  LXXXI.-LXXXV. 


(x  +  af 


{x  +  bf 


(x  +  cy 


Ex. — Simplify  -. ... ^  ,  77 — .,^ -^  ~ — -— . 

^    "^   {a-  b){a  -c)     (b-  c){b  -a)     (c  -  a){c  -  b) 

We  observe  that  the  terms  of  one  factor  in  each  denominator 

are  the  reverse  of  the  regular  circular  order ;  we  thei'efore  tako 

—  {a  —  b){b  -  c){c  -  a)  for  ihe  L.  C.  M.  of  the  denominators.     Ile- 

ducing  the  fractions  to  the  L.  C.  D.  we  get  (b  -  c){x  +  a)-  for  the 

first  numerator,  and  we  know  that  the  other  numerators  may  be 

obtained  from  this  by  the  usual  interchange  of  letters.     Then 

(6  -  c){x^  +  2ax  +  a^)  =  {b  -  c)x'^  +  2a{b  -  c)x  +  a?{b  -  c),  from  wiiich  we 

see  that  when  the  sum  of  all  the  numerators  is  taken  the  terms 

involving  a-'  and  x  will  vanish.     The  sum  of  the  given  fractions, 

.    aHb-c)  +  b''{c-a)  +  cHa-b) 
therefore,  is  — 


■  {a-b){b-c){c-a) 


=  1,  the  result  required. 


EXERCISE    LXXX. 


Simplify 

a{b  +  c)  6(c+a)  c{a  +  b) 

1.    ■; 7-, TT"''/ TTTj T'T'Ti ^/ \' 


2. 


{c-a){a-b)     {a-b){b-c)     {b-c){G-a) 


a' 


+ 


+  ■ 


{a-b){a-c)     {b-c){b-a)     {G-a){c-b)' 


ab  be 

3. — :  + 


+  T- 


ca 


{a-c){b-c)     {b-a)(c-a)     {c-h){a-b)' 

a' "ho  &' -  ca  c' -  ah 

^'  ■(c-a)(a-6)'*'(J^T)(631)'*'(T-"e)(e-a)* 


6. 
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•T-C 


a{a-h){a-c)  kb:^j(b::^^+ ^;r^,^^-ziy 


6    -J^Z^)L^j_       i^-hf 

'     /..— HTT -.+^, -r^ -  + 


(n-bXa-c)     (6-c)(6--a)  +  (7r^j(,_T)- 

(a-b)ia-c)         ^,_,^^^^+-^y_-^^J.. 
9.  -ML:I^+    ca(x-by  ah{x-cy 

(a  -  l>Xb  -c)         (6  -  cX^a)~  +  -(TH^K^i)-- 

11.  ^  +  ^%iZi' .  (^^>)(^  c)(.  -a) 
«  +  i     6  +  c     c+a     {a +  ~bXb  +  c){7T^y 

12.  p-y^^^^i^K^:?^^ 

•  ^--^)i--c){^-a)'-Jf:cj(bZ^^^ 

14.  ; ^—~+ *'  c^ 

(«-6)(a-c)(.-a)     {b-c)ibI^^(^)-^J^)J^Zi^^ 

260.  ^a;.  i.    a(i-''  -  c')  +  6(0-''  -  a')  +  c(«3_  ^3^ 

'■={a-bXb-cXc-aXa  +  b  +  c). 
.Sknilarly  by  rearranging  the  terms  as  in  Art.  259,  the  factors 
t^^""   .wo  examples  in  the  following  exercise  J^Z 

J^x.  £— Simplify 


(r  +  aXr.  +  h) 


bc{a-b)(a-c)     caib-cXb:^)+^b(7Z-aW^f) 
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The  L.  C.  M.  of  the  denominators  is   -  abc(a  -  b){b -■  (•){c  -  a). 
Reducing  to  the  L.  C.  D.,  the  first  numerator  is 

a{h  -  c){a  +  b)(a  +  c)  =  a{b  -  c){a?  +  ab  +  bc  +  ca) 

=  «■'(/>     C-)  +  {a h  +  bc  +  ca)  { a{b  -  c)  } . 

Now,  the  numerators  of  the  other  fractions  may  be  obtained 
from  this  by  the  usual  change  of  letters ;  and  by  sepai-ating  the 
expression  into  two  parts  as  above  we  see  that  the  second  part 
will  vanish,  because  ab  +  bc  +  ca  remains  constant  and  a{b.-c) 
+  b{c~a)  +  c{(i~-b)  =  0.  The  numerator,  therefore,  reduces  to 
a^{b  -c)  +  b\c  -a)  +  c\a  -  b),  and  the  whole  of  the  given  expres- 
a  +  b  +  c 
abc 


sion  reduces  to 


EXERCISE    LXXXI. 
1.   Factor  a%b  -  c)  +  b%c-a)+c'(n-b). 
■2.   Factor  ab{a'  -  6'')  +  bc{b'  -  c^)  +  ca{c^  -  a^). 

Simplify 

•J    rt(^'^  +  be  +  C-)     b{c^  +  ca  +  (r)     c{a-  +  ab  +  b-) 
"  {G-ay{a-b)    '{a-b){b-c)'^{b~J){c-^y 


4. 


5. 


6. 


ab(a  +  b) 


.+^M:±±.^+ 


ca 


(c  +  a) 


{a-cj{b~c)     {b-a){c~a)     (c-6)(a-6)' 


a' 


+ 


b' 


-T    -f- 


bc{a  -  b){a  -  c)     ca{b  -  c){b  -  a)     ab{c  -  a){c  ~  b)' 

b^ 


a^ 


+ 


<r' 


{c  -  a){a  -b)     {a-  b){b  -c)     {b-  c){c  -  a)' 

a{a  +  b)(a  +  c)     b{b  +  c)(b  +  a)     c{c  +  a)(c  +  b) 
(a-6)(a-c)       {b-c){b^'^Jc^(c'^' 

8    («  +  ^)(-^-«K^-^)  ^  {b  +  c){x-b){x-j^     (£  +  a)(x-c)(x  ~ a) 
{a-c){b-c)  '      {b~a)(c'~a)  \c-ljj(^~b)~' 


9.   .- 


(x  -  af 


+ 


(x-by 


4^ 


(x-c)' 


{a  -  b){a  -  c)     (6  -  c)(6  -  a)  '  (c  -  a){c  -  6) 


(     8 


10. 

11. 

12. 
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6  +  c-a 


+ 


c  +  a-h 


a  +  b-c 


{b  +  c) (c  -  a) {a  ~b)     (c  +  a) {a  -  b){fr7)  +  {i^Tmb:^)(^f 

i^^-^'f  .  (b-cy 


{b  +  c-  2hJ(c  +a~  2b)  ^{c  +  a~ ~2b){,t  ^b^^^ 


(c-ay 


13. 


M. 


15. 


{a+b-~2c){b  +  c-2ay 
i^^i)lt(^-Ltf)!±^^^+«)lL(«-^  +  cO*  -  (br  H-  aV  -  (c.  +  bV 

{a-b){a~c)  {b~c){b~a)       +  "IcT-aXTTTy--- 

Solve  the  equation,  ^ti'  +  ?:!z:ii  .  ^^^  _  f. 

*~c       x-a       .f-A  -^• 


261.  ^.f.  7.  a{b*-c*)  +  b(o*-a*)  +  c(n*-b*) 
=  {a-b){b'-c')~{a'-b'){b-c) 
=  (a  --  h){b  -  .)  [ />:'  +  b-^c  +  bc^  +  c'  -  (,r  +  «7>  +  ab^  +  ^3) . 
=  (a  -  6)(/>  -  c)(c  -  a){a?  +  b^  +  c^  +  ab  +  be  +  ca). 

Ex.  /?.— Solve  the  equation, 

{a  -  b){x  -  cy  +  (i  -  c){x  -  rt)*  +  (c  -  a){x  -  by 

=  6  {{a-  b){cx  +  yy  +  (6  -  ,)(,,,  +  yy  +  (^.  _  ^^^^^^  ^  ^^,^ 
(« - b){x'  --  4c.r»  +  6c»fc-2 -  4(r"'.r  +  o*)  +  Ac. 

-4.r{c»(«-6)  +  ,fee.}  +  {c-'(«-i)  +  ctc.}  =  0; 

Tn  the  above  the  coefficients  of  x^  and  of  :r«  vanish,  those  of  r^ 
cm  tlu,  two  .ide.  are  equal,  and  those  of  .y  and  f  on  the  second 
side  vanish,  leaving  the  result  as  given. 


J  !■ 
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EXERCISE    LXXXII. 

1 .  Factor  a\b  -c)  +  h\c-a)  +  c\a  -h). 

2.  Factor  ah{a?  -  ¥)  +  bc{P  -  c-^)  +  ca{e'  -  a"). 
Simplify 


3. 


4. 


a* 


b* 


{a-b){4i-c)     {b-c){b-a)     {c-a){c~b)' 


a(62  +  c2) 


bic'  +  a') 


cia'  +  P) 


{c'  -  d'){d'  -  ¥)     (a'  -  b')  (/>2  _  c-')  ^  (62  -  c')  {c'  -  a') 

c'^->rca  +  a? 


^       a^  +  ab  +  b^  P  +  bc  +  c^ 


c(c-a)(c-6)     a{a-b){a-c)     b{b-c){b-a)' 

g    (^+b){a-¥  c)     b\bV  c){b  +  a)     c\c  +  a){c  +  b) 
{a    b){a-c)  {b-c){b-a)    "^    (c-    ){c-b)  ' 


7. 


8. 


a' 


+  TT- 


P 


+  ■ 


{a-b){a-c){b  +  c)     {b-c){b-a){c  +  a)     {c-a\{c-b)(a  +  b)' 


a 


\x-aY 


b%t-by 


c\x-cy 


{a-b){a-c)     {b-c){b-a)     {c-a)(c-b)' 


a{x  -  of 
{^b){^ c)'  {b-c){b-a)  ^ {c-a){c^ 


■  + 


b(x-by 


7  + 


c(x  —  cf 


10. 


{a -by 


{b-cy 


{b  +  c-2a){c  +  a-2b)     {c+ a-2bj(a  +  b~2c) 


{c~ay 


{a+b-2c){b  +  c-"2a)' 
J  J    {o?x  +  by  +  (Px  +  cy  +  {c^x + ay  -  {a?x  +  cy  -  {Px  +  g)"  -  {c'x  -f  hf 

■  {d'x + by + {Px + cy + {c'x + ay  _  {a;'x + cy  -  (Px  +  ay  -  (c^x+W 

12    (^'-^  -  f^y  +  {f>'-c  -  cy  +  (c'x  -  ay  -  {a^x  -  c)«  -  {Px  -  a)»  -  {c^x  -  bf 
"■  {a^x  +  c)'''  +  (6*u;  +  ay  +  (c*a;  +  6)'^  -  ia'^x  -f  6)'^  -  (¥x  +  c)*  -  ic'x  +  a)'" 


Solve 


1 3.  {a  -b)(x-  cj  +  (b-  c){x  -  ay  +  (c-a)(x-  Py  «  0. 

1 4.  {a-b){x  -  c)(x  -  c'')  +  {b-c){x  -  a){x  -  a^)  +  (c-a)(.r-.i)(.r-6'')=--0. 

1 5.  c''{a -  b){x  -  c-')  +  a\b  -  c)(x  -  a')  +  b\c  -a){x-  P)  =.  0. 
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262.-^0;.    a\b^  -  C^)  +  i2(,3  _  „3)  +  ^,(^3  _  J,^ 

=  («-^')(6-c;(c-a)(«i  +  6c  +  ca).  ^^        '^^ 

^^^^H,  the  first  two  examples  in  the  i^Ilowin,  exercise  .a. 


EXERCISE    LXXXIJI. 

1.  Factor  ^^X'^''* - c^)  +  6 ^ -  a'-')  +  c ^  -  i"'). 

2.  Factor  a^6-'(«  -  6)  _  ^ V(6  -  c)  +  c V(c.  -  «). 
Simplify 


'i.    -r — . ^  + 


A'(^  +  «)    ^_c'(«+6) 


^    pl^:^±^         H^^a^a^)        c(a^^ab-,b^) 
bc{c~a)ia-b)     cai^a~b)ib^)'-^^i~^^y 


G. 


ab 


be 


— ^ L ^^  .  ca 


a' 


+  71- 


6» 


«J(a  4-  i) 


.  +  - 


bc{b  +  c) 


{x-a){x-b){x~c)' 


ca(G  +  a) 


('-<0(c-a)(.-..,     (o-.)(a-i)(^+,rrsT(h)(^- 
Solve  ' 


10. 


^  i  c 


) 


ic~a){x  +  c'){x^-a:')^0. 


+  c- 
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I  I 


11.  c{a -  b){x  +  a/){x  +  y^)  +  a{h  -  c){x  +  h''){x  +  c^) 

+  h{c  -  a)(a;  +  c'^){x  +  d')  -^  0. 

12.  {a- b){ad  +  hc){x  +  ca)  +  (6 _c)(a;  +  c«.)(a;  +  ah) 

+  {c-  a)ix  +  ah){x  ,-  6c)  =  0. 

1 3.  {a?x  +  6)(6'a;  +  c){c'^x  +  a)  =  (a'a;  +  c){h''x  +  a)(c"'^a;  +  6). 

263.  Various  artifices  may  be  employed  to  obtain  the  factors 
of  complicated  expressions  from  those  of  simpler  expressions 
whose  factors  are  known.  We  shall  give  two  examples  which 
illustrate  some  of  the  most  important  methods. 

Ex.1. — Factor  {a-^h  +  cf-a^-h^-c^. 

Writing  the  expression  in  the  form  {{a  +  h  +  cf-a;'^ -{!/'  + c'\ 
we  see  that  h  +  c  is  a  factor.  Similarly  c  +  a  and  a  +  h  are 
factors.  Now,  it  may  easily  be  shown  that  {a  +  hf  -■  w"  ~  b^ 
=  5ab{a-',b){a^  +  ab  +  b'^);  and  since  the  expression  on  the  left  is 
what  the  given  expression  becomes  when  for  c  we  write  0,  the 
factors  on  the  right  are  what  the  factors  of  the  given  expression 
become  when  for  c  we  write  0.  The  given  expression  is  perfectly 
symmetrica]  with  regard  to  a,  6  and  c,  tlierefore  its  factors  aiv. 
also  symmetrical. 

/.    (a  +  b  +  cf-a^-b^-c^ 

=  5{a  +  b){b  +  c){c  +  a){a?  +  b''  +  c"  +  ab  +  be  +  co) 

Ex.  .^.—Factor  {x  ~-  yf  +{y-  zf  +  (s  -  x)\ 

Let  x~y=a,    y-z=b,   then   z-x=  ~{a  +  b)  and 

{x-yf  +  {:y-zf^{z~xf 

=  (V'+b''-{a  +  bf 

^-bab{a  +  b)(a?  +  ab+V) 

=  H-^' -  y)i:U  - ^)(« -  i^){'K-  +  y'-  +  z"^ - xy-yz- zx). 

To  express  a^  +  ab  +  b''  in  terms  of  x,  y  and  z,  it  is  best  to  write 
it  in  the  form  {a  +  b)'^-ab,  when  the  substitutions  can  easily  he 
effected. 
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5»)(cc  .- 6c)  =  0. 


1  the  factors 

expressions 

,mples  which 


id   a  +  6   are 

n  the  left  is 
write  0,  the 
n  expression 
I  is  perfectly 
I  factors  arc 


ab  +  bc  +  c(i) 


Factor 


EXERCISE    LXXXIV. 


1.  (u  +  br-a^-i^,       2.   (a  +  by-a^^b^ 
4.  (a-bf-a'  +  b\       5.  (, 


'P'~hy~a'  +  b\ 


3.  {a  +  by 


7.  (^-2/)''  +  (y-^)«+(^-;,)3.  8^  ^^ 


o.  a' 


■a^-i? 


-(a~by~bl 


9.  «(i-c)'  +  6(c-a)3  +  o(a-6)3.   10.  a.(5_,;> 


yy+(y-«y+(2-a-y. 


11.  (x  +  ijy+x*+fj* 

15. 


'  + 


^'(c~ay  +  c\a~by 


{x+y+zy-{x  +  y-zy~{x-y  +  ^y^^ 

''■^(-^y+^r~(--^yy~(y^,y-^,^,y 

17.     («-ir  +  (6-c)^  +  (c-C^)3+(rf_„)3, 

18.  (^-by^-{b-cy+(c-dy+(d-ay. 

Prove 


12.  {^-i/y+(y~zy+(z~x) 

14.  (a  +  J-c/'-ftfl-^.s^gS^ 


-iC  +  y  +  ;s)3 


'^^-'-H{^~yyHy~^y-^(z~a:y}{(x~yy^^,^ 


(!/~!^y+(z~xy}. 


'■y+(z-xy} 


If  rt  +  6  +  c  =  0,  prove 


--^mx-l/y+i^-^y+^^^^^yy, 


21. 


99    ^jL*^  +  ^^    ^''  +  6''  +  C^    a2 


+  62  + 


xy-yz-  zx). 

jest  to  write 
an  easily  l)e 


23.  U  a  +  b  +  c  +  d=^0,  prove 

l(-'  +  ^'  +  c^  +  cl^')=Ua^  +  b^  +  c^^d 


'i.  Factor  (b 


'Ka'  +  b- 


+ 


+  c''  +  d'). 


c-  a~x 


'y{f>-c)(a~x)  +  (c  +  a~b 


+ 


)*{--aXb~x) 


(«  +  i-c-aOV-6)(o-^.) 


I  •  I 


'  I 

iji 

1: 

'  i  ' 

i 

i 

h 

tt 

1  !  ^ 

n" 

I  !  > 


'  f 
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264.  It  is  frequently  convenient  to  express  the  cube  of  a 
trinomial  in  one  of  the  following  forms : — 

1.  {a  +  b  +  <iy={a  +  bY  +  c''  +  3c(a  +  b){a  +  b  +  c) 

=  a^  -i-  P  +  c^  +  3ab{a  +  b)  +  3c{a  +  b)(a  +  b  +  c) 
=  a^  +  ¥  +  e^+3(a  +  b){ah  +  ac  +  bc  +  c'^ 
=  a^  +  i-"' +  c^  +  3  (a  +  6)(6  +  c)(c  +  a). 

2.  {a  +  b  +  cf  -  (a'  +  b^  +  c^  -  3abc) 

=  {a  +  b  +  c){(a  +  b  +  cy-{a''  +  b'^  +  c^-ab-bc-ca)} 
=  3  (a  +  6  +  c){ab  +  be  +  ca) ; 
.-.    (a  :  b  +  cf  =  a?  +  h'  +  <?^-'d[{a  +  b  +  c){ab-\-bG  +  ca)-abc]. 

265.  The   following   identities    may   easily   be   verified,  and 
should  be  committed  to  memory  : — 

1 .  a{h''  +  c")  +, J(c2  +  o?)  +  c{a?  +  ¥)  +  labc  =  {a  +  b){b  +  c){c  +  a). 

2.  ii(b-  +  c^)  +  b{c'  +  a')  +  c((«?  +  b^)  +  3abc  =(a  +  b  +  c){ab  +  bc  +  ca). 

3.  a(62  +  c')  +  b{c'  +  a")  +  c{d'  +  ¥)  =  a\b  +  c)  +  b\G  +  a)  +  c\a  +  b) 

=  ab{a  +  6)  +  bc{b  +  c)  +  ca{c  +  a). 

Factor  EXERCISE    LXXXV. 

1 .  a(6  +  cf  +  b{c  +  af  +  c{a  +  bf  --  iabc. 

2.  ab(a  +  b)  +  bc{b-]rc)  +  ca{c  +  a)  +  3abc. 

3.  a%b  +  c)  +  b%c  +  a)  +  c'^{a  +  b)  +  2abc. 

4.  {a  +  b){c -a){c-b)  +  {b  +  c){a-b){a-c)  +  (c  +  a){b-c){b-a)  +  8rtk. 

5.  a(6  +  c)(6  +  c  -  rt)  +  6(c  +  a)(c  +  a  -  6)  +  c(a  +  6)(a + 6  -  c). 
G.  a(l  +62)(1  +c2)  +  5(l  +r')(l  +a'0  +  c(l  +a2)(l  +6'^)  +  4a6c. 

7.  «(l-6'^)(l-c2)  +  6(l-c2)(l-a2)  +  c(l-a2)(l-62^-4a6c. 

8.  (a  +  6)(l-ic)(l-ca)  +  (6  +  c)(l-ca)(l-a6)  +  (c  +  a)(l-a6)(l-6c) 

-(a  +  6)(6  +  c)(c  +  a). 

9.  {a  +  6)3  4-  {b  +  cf  +  {c  +  ay  -3(a  +  b){b  +  c)(c  +  a). 

1 0.  (ax  +  by  +  (bx  +  cf  +  (ex  +  af  -  3{ax  +  b){bx  +  c){cx  +  a). 


cube  of  a 


+  c) 


-bc  —  ca)\ 
abc], 
jrified,  and 

(c  +  a). 

'}  +  bc  +  ca). 

+  ca(c  +  a). 


)-a)  +  8abc. 

c). 

abc. 

abc. 

-ab){\-hc) 
b  +  c){c  +  a). 


Prove  the  folio 
1 
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n.   ^(fl  +  h  +  c){{a-bY+{h-cf+^c-af]  = 

12.  {a  +  h^cY-^{a{b-cy^h{c-ay  +  c{a-by)^ 

13.  2^{<^  +  h  +  7c){a-b'f  +  {b  +  c+'7a){b-cy  +  {, 


a?  +  ¥  +  c''-Zahc. 


a3  +  6'  +  c'  +  24a6c. 


14.  (4a  +  46  +  c)(a-6)2  +  (46  +  4c+a)(6~c)='  +  (4 


c  +  a  +  7b){c-ay} 
=  (ct  +  b  +  cy-27abc. 


c  +  ia  +  b)(c-ay 
=  Ha'  +  b'  +  v')-{a  +  b+cy 

^^■(^■'<^nc  +  c.y(a  +  by+2aW-a\b+cy-b\c  +  ay-cXa  +  l,y 

=  2(bc  +  ca  +  aby. 

(c  +  ay 


17.  (6  +  cy(c  +  ay  (a  +  by  +  2a%h-^-a?b\a  +  by-bh\b  +  cy- 


9    o 

c^a- 


18.  Ha  +  b  +  cy  +  (a  +  b  +  cXab  +  hc  +  ca)+abc 


=  2abc(a  +  b  +  cy 


(2a  +  b  +  c)(a  +  2b  +  c)(a  +  b  +  2c) 


19.  H<i  +  h  +  cy  +  2(a  +  b  +  c){ab  +  bc  +  ca)-abc 

=  (a  +  2b  +  2c){2a+b  +  2c)(2a  +  2b 

20.  (3a-26-c)^(36-2o-a)^4.(36-2c-a)^(.3o-2a-6)» 


+  c). 


+  (3o-2a-c)^(3a-26-c)«=49(a6  +  6c 


+  ca-a'^-b^-cY. 
(a  +  b-cy 


'^^'i^  +  ^-cnb  +  c-ay+(b  +  c-ay(c  +  a-by  +  (c  +  a-b) 

+  ^^<ibc(a  +  b-c)(b  +  c-a)(c  +  n-b) 
=  (2a6  +  26c  +  2ca  -a^-P-  cy. 


0- 


16 


CHAPTER    XVI. 


THEORY    OF    DIVISORS    AND    COMPLETE 

SQUARES. 

266.  Before  proceeding  to  study  the  subject  to  which  this 
chapter  is  devoted  it  will  be  necessary  for  the  student  to  clearly 
comprehend  the  exact  meaning  of  the  word  "condition"  in 
Algebra.     A  simple  example  will  make  its  meaning  clear. 

267.  Is  x~2  a  factor  oi  ss^-ax  +  bt  A  little  consideration 
will  show  that  the  answer  depends  upon  the  values  of  a  and  b. 
If  a=5  and  ^=6,  then  x-2  is  a  factor  of  x^-ax  +  b.  Hero, 
then,  are  two  conditions  which,  being  fulfilled,  render  x-2  ii 
factor  of  the  other  expression.  But  if  a  =  1  and  6  =  -  2,  or  if 
a  =  3  and  6=2,  it  is  also  a  factor.  Hence  we  conclude  that  the 
conditions  a=5  and  6  =  6  were  sufficient  hut  not  necessari/.  If 
we  give  a  and  b  any  values  such  that  6  -  2a  +  4  =  0,  we  shall  find 
that  a;  -  2  is  a  factor  of  x^-ax  +  b;  but  if  such  values  be  given 
that  6  -  2a  +  4  is  not  =  0,  then  it  is  not  a  factor.  Therefore 
6 - 2a  +  4  =  0  is  the  necessary  and  sufficient  condition  that  x-2 
may  be  a  factor  of  x'^-ax  +  b, 

268.  To  find  the  conditions  that  x^+px  +  q  may  be  a  factor  of 
a^  +  ax^  +  bx  +  c  for  all  values  of  z. 

Proceed  as  in  ordinary  division  as  follows  : — 

x^+px  +  q)x^  +  ax^  +  bx  +  c(x  +  (a-p) 
a^+px'^  +  qx 

{a-p)x^+   (b-q)x  +  c 
{a-p)x'^  +  p{a-p)x  +  q{a-p) 

Now,  if  b-q=p{a-p)  and  c  =  q{a-p),  the  remainder  is  zero 
for  all  values  of  .r,  and  the  first  expression  is  a  factor  of  the 


>e  a  factor  of 


ictor  or  iiie 
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r^^'  ifhT  "''  *V™"''»'*'-y  ■««»  -flioient  conditions  ro- 
,u,rod.    H^however,  we  d.v.do  the  former  equation  by  the  latter. 

we  obtain  £=  "  op  nlh     r,\ 

c        q   "^  '1\^  -  q)  =pc,  a  necessary  condition  that 

the  first  expression  may  be  a  factor  of  the  second,  but  which  in 
Itself  IS  not  sufficient.  ^^  ^" 

269.  One  expression  may  be  a  factor  of  another  for  particular 
values  of  the,r  leading  letter,  though  not  for  all  y.Js  T^Z 
i£.=  10,  both  .-2  and  .-3  are  factors  of  .^-6.4-16     for 

^    ^      ,  =(^-2)(.r-3)  when  u:=10. 

If  the  remainder  is  zero  the  division  is  complete  ' 

^-Xli''-2U'"^  "'  "  """""  ""'  '""^"^  -"-  2^  +  3  a  factor  of 

Dividing  in  the  usnal  way  we  obtain  a:  .^  1  for  quotient  with 
4.-24  remamder,  which  vanishes  -vhen  ..=  6.  If  we  place  , 
in  the  quotient  instead  of  +  1  as  hef„r.  tKo  „       ^         ~ 

...         .,  ,  ^' **^ '^^"re,  the  remainder  is  23^- T< 

which  ™„.3,,e3  „hen  .=  ±3.  Again,  we  may  take  -  7  for  th^ 
l.«t^term,  giving  8.'- 12.  remainder,  which  is  zerowhel  .!c 
or  2-  Each  of  these  values  of  a>  renders  the  former  expression 
an  exact  factor  of  the  lattpr      TKio   u^ 

"factor"  in  a  -..tHcJd  s^se.     ^rriUir.'T  ""'  ^""^ 
^U  a  factor  of  another  only  whe^  thVI^r:  Z^ 

270.  To  find  the  condition  that  ax'  +  bx  +  r  m..r  u^ 
square  for  all  values  of  x.  ""^  +  ^^  +  «  ^^y  be  a  complete 

^u.*i«  or  xya+Yc,  since  no  other  exDrp<4«jmn  «,k 
could  give  the  terms  a.'  and  o;  therefore^  ™  '''""""' 

and  therefore  6.2Va«  or  V=iae  is  the  condition  required. 


iti:i 
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It  should  be  observed  that  the  preceding  condition  merely 
enables  us  to  write  the  given  expression  in  the  form  of  the 
s<iuare  of  a  binomial ;  but  it  does  not  ensure  that  the  numerical 
value  of  the  expression  will  be  an  exact  square  when  for  the 
various  letters  we  substitute  numbers  which  satisfy  the  given 
condition.  For  example,  let  a  =2,  6  =  4,  c  =  2  and  a;  =  10,  then 
ar^  +  6j:4-c=  242,  which  is  not  an  exact  square. 

Again,  let  a=  -  1,  6=2,  c=  -1  and  a;=10,  then  a,r'4-6a?  +  c 
=  —81,  a  negative  number,  whilst  all  square  numbers  are  posi- 
tive.    Since  l^  =  4ac  we  have 


oa;'  +  6a;  +  c  =  a|ar'+ -a;+  ,   ., 
\        a        iar 


^)="(^+^y' 


which  shows  that  if  a  is  an  exact  square  and  6'  =  4ac,  then  the 
whole  expression  is  also  an  exact  square  for  all  values  of  the 
letters  which'  satisfy  these  conditions. 


EXBRCIbE    LXXXVI. 

1.  What  values  of  a  and  6  will  render  x'-~2x  +  Z  a  factor  of 

2.  What  values  of  a  and  6  will  render  x'-dx  +  a  a  factor  of 

x*  +  a^-5x'  +  7x  +  6/j1 

3.  Find  the  values  of  a  and  6  in  order  that  x^  +  3xy  +  iy^  may 
exactly  divide  x^  +  7a^i/  +  &x*7/^  +  bx^tf  +  ax^y*^  +  hx'if'  + 1 22/'. 

4.  What  value  of  x  will  render  a;*  +  6a^H-lla;''  +  3a;  +  31  a  per- 
fect square  ? 

5.  What  values  of  x  will  render  a:'  +  3a:^+6a;*  +  7a:'  +  7a;'-7.c 
-f  25  a  perfect  cube  1 

6.  What  value  of  m  will  malce  16a;*-4ma:'  +  20a;'  +  2?na?-f  4an 
exact  square  for  all  values  of  a;  ? 

7.  What  value  of  x  will  render  m'a;'-f/>.r-l-/?7-f  g'  an  exact 
square  for  all  values  of  the  other  letters  involved  ? 
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8    What  value80f.r  will  render  x'+2ar'+36y-.„.,^„, 
exact  square  for  all  values  of  a  and  6J  *  "" 

9.  What  value  of  .  will  „ake  x'+p.+y  »  f^t„,  „, 

^-^as^  +  hx  +  cl 

10.  Find  the  condition   that   aa;»  +  9A^4.- 

square  for  all  values  of  or.  '  ""^^^  ^  *^  «^^<^t 

11.  Find  the  condition  that  aa:»+qAr2-Lq     ^» 

plete  cube  for  all  values  of  x  +3..r  +  ,/  ^ay^e  a  com- 

12.  If  a..^+26^  +  c  is  a  factor  of  «.:» +  3i  .H  3.^  +  ^  .1,       .u 
W  .  a  couplet,  square  and  the  latter  a  i:';;:!^"  ^'^ 

13.  If  a:>+  «r  +  6   ,-,  ^  factor  of  a:»  +  2„^  j.  ,i        ,      , 

«^.26.+  2o  is  an  exact  square  and  V.S^Het+S        "^ 
exact  cube.  "'''^  "*"  °c  is  an 

__^^a  K  .^.^..,Ms  a  factor  of  .<-.^.„y.„,,,„.  ,,^„ 

the'con"  ttii  "  '""'"^  °'  ^^"^'^^-^  «'»  *  +  2c=  1.     Is 

IslhelCrsTt^e"'  "  ^""^^^  '""'"^  ">-  *^-27^=0. 

17.  Find  the  conditions  that  a^  +  aa^  +  h^^     ^,    , 
perfect  square  for  all  values  of  2.    '''^^■'*^+<'^  +  «?  shall  be  a 

then  a  =  36  or  6  =  3I      ^       ^       M(«  +  ^)  ^s  a  complete  square 

^^^^M«^-7>^3(a'^?2^^^  *^®  same  for  all  values  of  x. 

^>:t^-^'  "■"'   ^   -•"<=■'    -Jer  the   fraction     ^ 

^*"'+(y-6)iT3^gP37)  ^^^-Pendent  of  the  value  of  «. 


.  mmi. 
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271.  A  Function  of  x  is  any  algebraical  expression  whose 
value  depends,  in  whole  or  in  part,  upon  the  value  of  x. 

2  2.r 

Thus  2j;  -  3,   —  and  y/ j^  +  5  are  functions  of  a- ;  but  — ,  a-" 
6x  «^'' 

and  (a-i)(x-c)  +  (6-c)(.r-a)  +  (c-a)(j--6)  are  not  functions 
of  a-,  because  wlxen  reduced  to  their  simplest  forms  their  values 
are  independent  of  the  value  of  x. 

Til.  A  Rational  Integral  Function  of  a-  is  a  function  in 

which  X  does  not  appear  in  the  denominator  of  a  fraction,  and  is 

not  affected  by  any  root  sign. 

2  

Thus  a:'-4a;'^+  -ar  +  VT  is  a  rational   integral  function  of  rr, 
o 

o  

but  .t'-2x  + and  .T  +  \/6.r  +  c  are  not;   the  former  is  not 

2  -  a* 

integral  and  the  latter  is  not  rational  with  regard  to  x. 

273.  If  any  rational  integral  function  of  x  vanishes  ivhen 
x=m,  then  the  function  is  divisible  by  x-  m. 

Let  a->rbx  +  cx^  +  dx^  +  kc.,  be  any  rational  integral  function  of 
X  which  vanishes  when  a;  =  m,  that  is,  let  a  +  im  +  cm^  +  </m^  +  Ac. 
=  0,  then  X  -  m  is  a  factor  of  the  proposed  expression. 

For  a+bx  +  cx^  +  dj^  +  &c. 

=  a  +  bx  +  cx^  +  c?r'+ &c.  -  (a  +  bm  +  cm^  +  dm^  +  (fee.) 

=  b{x  -  m)  +  c(.c'^  -  m"^)  +  d{.i^  -  in^)  +  &c. 

=  {x-m){b  +  c{x +m)  +  d{x'^  +  mx  +  m^)  +  &c. } , 

which  shows  that  .t  -  w  is  a  factor. 

Cor. If  a  +  hx  +  cx^  +  dr^-^kc.  be  divided  by  .r-m  the  remain- 
der will  \iea->rbm  +  cin?  +  dm?  +  &ic.;  for  this  expression  does  not 
contain  a-,  and  when  it  is  subtracted  from  the  given  expression 
the  remainder  is  divisible  by  ar-m. 

274.  The  symbol /(;c)  is  frequently  used  to  denote  any  function 
of  X.  The  value  of  such  a  function  when  x  =  m  is  then  conven- 
iently expressed  by /(???,);  thus,  if/(.r)  denotes  aa-^  +  6.r  +  c, /(m) 


'unction  of  t, 
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denote,  a^.^6„^..     Thia  notation  enablea  us  to  give  the  result 
ot  Art.  273  very  neatly  as  follows  :— . 

275.  I//{x),  any  rational  integral  function  of  x,  he  divided 
hy  x-m,  thererna^nder  will  be  f{m)  ;  and  if  firn)  he  zero,  then 
x-m  18  a  factor  of  f{x). 

T  ^'J^^^i^'"^  ^^  ""'"^  "^^'^  *^"  remainder  no  longer  contains  r 
Let  Qhe  the  quotient  and  R  the  remainder;  then/(.r)  =  Q(x-mUlt 
IS  an  Identity,  and  therefore  true  for  all  values  of  x.     Let  xL  m 
then  Q(x  -  m)  =  0  and  we  get/(m)  =  R;  but  R    -  independent  of 
0.  therefore  Ji=f(m)  for  all  values  of  a;;  and  ;i/(m)  =  0   i?=0 
which  proves  the  proposition.  \    /       »  , 

Ex.  7.— Factor  ar"  -  5a;2  -  46a;  -  40. 

The  expression  vanishes  when  for  x  we  substitute  10    -  1  or 

-4;  therefore  a;- 10,  «,+  !  and  x  +  4  are  factors.     There  can 

be  no  other  factor  containing  x,  since  the  given  expression  is  of 

only  three  dimensions.     There  can  be  no  numerical  factor,  since 

he  first  term  of  the  product  of  these  factors,  viz.,  a^,  is  the  first 

term  ot  the  given  expression. 

Two  special  cases   are  worthy  of  note  in  connection  with 
examples  like  the  preceding :— 

(1)  When  the  sum  of  the  positive  coefficients  is  equal  to  the 
sum  of  the  negative  coefficients,  a;  -  1  is  a  factor 

(2)  When  the  coefficients  are  all  positive,  and  the  sum  of  the 
coefficients  of  the  odd  powers  is  equal  to  the  sum  of  the  coeffi- 
cients  of  the  even  powers,  a;  + 1  is  a  factor. 

Bx.  ^.-Factor  {a  +  b  +  cy-(h  +  cy-(c  +  ay-(a  +  hy+a*  +  h^+c\ 

a  ^n'.r  r^"'^"^"^  f  ^"^  *^^"  expression  vanishes;  therefore 
a~0,  that  IS,  a,  is  a  factor. 

The  expression  is  symmetrical  with  regard  to  a,  b  and  c,  there- 
tore  6  and  c  are  also  factors. 

The  expression  is  of  four  dimensions,  therefore  there  is  another 
lactor  of  one  dimension. 


Bwsaaa 
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The  factors  a,  6,  c  by  themselves  form  a  symmetrical  group, 
therefore  the  other  factor  must  also  be  symmetrical  in  itself. 
The  only  symmetrical  expression  of  one  dimension  is  a  +  b  +  c, 

:.  {a  +  b  +  cy-(b  +  c)*-{c  +  ay-(a  +  by  +  a*  +  b*+c^  =  Nabc{a  +  b  +  c) 
where  iV"  is  a  number  independent  of  a,  6,  c. 

To  £nd  iV,  give  a,  b,  c  any  values  which  will  not  make  the 
expression  vanish;  in  this  case  a  =  b  =  c=l,  then 

3*-2*-2*-2*+l  +  l  +  l  =  3iV^  or  ir=12; 
therefore  the  given  expression  =  1 2abc(a  +  b  +  c). 

Ex.  5.— Factor  {a-bf  +  {b-cf+{c-a)\ 

For  a  substitute  b  and  the  expression  vanishes,  therefore  a-h 
is  a  factor ;  then  (a  -  b){b  -  c){c  -  a)  is  a  factor  by  symmetry. 

The  expression  is  symmetrical  and  of  five  dimensions,  therefore 
there  is  another  symmetrical  factor  of  two  dimensions. 

Let  this  factor  be  m{a'^  +  b' +  c^)  +  n{ab  +  be  +  ca),  in  which  m 
and  n  are  not  fi  notions  of  a,  b  ar  1  c,  and  will  therefore  be 
the  same  for  all  values  of  these  letti    ,.     Then 

{a-by+{b-cy+{c-ay 

'={a-b){b-c){c-a){m(a-  +  P  +  c'^)  +  n{ab  +  bc  +  ca)}. 

We  have  now  two  unknown   quantities,  m  and  n.     It  will 

therefore  be  necessary  to  have  two  independent  equations  to 

determine  them.     These  may  be  obtained  by  giving  two  sets  of 

values  to  a,  b,  c. 

First,  let      a=0,    6=1,    c=2; 

Second,  let  a  =  0,   6=1,    c=  -1,  and  we  get 

5m  +  2n=151  ,•  v.  r 

„  ,  _  }-  trom  which  m  =  5,   w  =  -  5. 

2m-    n=loj  ' 

.'.  (a-by+{b-cy  +  {c-ay  =  5{a~b){b-c)(c-a){a'  +  b''  +  c''-ab-bc-ca). 

276.  If  X -mis  afactorof  any  rational  integral  function  of  x, 
when  m  is  substituted  for  x  the  result  will  vanish. 

Let  a  +  bx  +  cx^+doi^  +  &c.^he  the  function,  x-m  a  factor  of  it, 
then  a  +  bm  +  cm^  +  dm^  +  &c.  =  0. 
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'^73,  therefore  ^-*t It  7^    .T"^^'^'"'*^"-^  ^y  Art 

does  not  c:.^Lt  ZT:?:r'^  f' '"'-  «^p--'» 

-0.  This  result  is  airrv^^Lft^'tr;*''"*"-  ""■''  l« 
we  substitute  »,  one  faoLronh"  e^;:^:'^  "'^'  -»-  '"^  ^ 
-0,  and  therefore  the  whole  express^!,  °:rr'  ""'"'  ^"'^ 

4ta^ra^itro::r-:::t------' 

Let  a;-m  be  the  common  factor,  then 

Mm^c^O,  Art.  276     (1) 

Eliminating  first  wjS  a^,^  i  ^  ' 

n^  nrst  m    and  second  c  and  c\  we  get 

(a'6-ao')m  +  a'o-ac'     =0 
the  condition  required,  and 


^r^^  IS  the  common  factor  required. 


ab'~a'b 


"ample  of  ,.n  indirect  m,„l.„^  ,.f  .,!«■...      •         '  '"  "  '™P'« 
'""..3  of  an  algebraical  expr'e^sion  **        '^""'"^  °'  <'"*''"-™' 
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Ex.  2.— Find  the  value  of  Zx'  -  8a;«  -  1  Ix*  -  Sa:^  +  28a;2  -  9a-  +  7 
when  3^*=  2a;  +  3. 

Dividing  the  given  expression  by  x^  -  2.r  -  3  we  obtain  the 
quotient  3^:^  -  2a;*  +  S.r' -  7.r*  -  2j:  +  3,  with  remainder  -9a; +16. 

Now,  since  the  dividend  is  equal  to  the  product  of  the  divisor 
and  quotient,  plus  the  remainder,  we  have 

3a;^  -  8a;«  -  &c.  =  (a;2  -  2x  -  3)(3.rs  -  2a;*  +  5a;' -  7a;2  -  2a:  +  3)  -  9a;  +  1 6. 

But  since,  in  this  particular  example,  a;'  =  2.r  +  3,  the  first 
factor  is  zero,  therefore  the  product  is  zero,  and  the  given 
expression  reduces  to  -  9a;  + 16. 

Again,  a;''  -  2a;  -  3  =  (a;  -  3)(a;  + 1)  =  0,  therefore  a;  =  3  or  -  1, 
and  -  9a;  +  16=  -  11  or  25,  which  are  the  required  results. 

The  division  is  most  conveniently  performed  by  Horner's 
Method,  Ar^.  86. 

Ex.  5.— If  a  +  6  =  c,  {a?  -  hj  +  (6^  -  cj  +  {c"  -  aj  =  a*  +  6*  +  c\ 

For  {a?  -  by  +  {b-'  -  cj  +  (c^  -  aj  -  {a*  +  6*  +  c*) 

=  a*  +  6*  +  c*  -  2aW  -  26V  -  2cV 
=  {a''  +  b^-cy-ia'b-' 
=  {a?  +  6^  -  c2  +  2ab){a'  +  W-<?-  2ab) 
=  (a  +  6  +  c){a  +  6  -  c){a  -b  +  c)(a  -h-c) 
=  0,  since  a  +  6  -  c  =  0. 
/.  {a}  -  bj  +  (6^^  -  cj  +  (c2  -  aj  =  a*  +  6*  +  c*. 

The  same  result  would  evidently  follow  if  any  of  the  other 
factors  were  zero. 


EXERCISE    LXXXVII. 


1.  Show,   without  actual  division,  thi*t  x-a  is  a  factor  of 
-jS  _  ^^  _  lyi  ■\-{d-  ab)x  -  ad. 

2.  Show  that  a-  b,  b-c  and  c-a  are  each  factors  of  d"{b - c) 
+  bHc  -  a)  +  «"(«  —  h)  for  all  positive  integr.a!  valiisH  of  w. 


28a;='-9a-  +  7 


of  the  other 


3  a  factor  of 
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3.  Find  the  remainder  when  ^  +  a?  +  ¥-Zahx  is  divided  bv 
ar-a  +  6,  x  +  a-6,  andbyar-a-6.  ^aea  Dy 

4.  Show  that  a,  a  -  ^  and  a  -  2x  are  each  factors  of 

(a  -  h){a  -  b  -  x){a  +  26  -  2x)  +  h{b  -  x){3a  -  26  -  2x). 

5.  Show  that 

{<^-'^yf-{a  +  b-x-y){ah{x  +  y).:,y(^^^l)y^ 

=  {x-a){x-.b){y-a){y-b). 

6.  Find  the  value  of  a  for  which  the  fraction 

^^-ax^+\Qx  -  a  -  4 
^  -  («  +  l)>T23:F^r^~7 
admits  of  reduction,  and  reduce  it  to  its  lowest  terms. 
Find  the  value  of 

7.  :r^+290.^  +  279.--2892:r''-586^-312  when  .■=  -289. 

8.  3ar«-ll:^+19^*-13^-a:«+io  when  x'  =  2x-Z. 

9.  4^-12.r*  +  5x«  +  5;r''-6;r  +  3  when  x^+^V^' 

10.  2x^  +  803.*:*- 398ar3+ 1605x2-  1204^  +  422 

when  a:2  +  401a;=402. 
If  a  +  6  +  c  =  0,  prove  Exs.  11-19. 

11.  a^-bc  =  h'-ca  =  c^-ah  and  a^  +  ft^  +  c' =  3a6c. 

12.  (a4-6)(6  +  c)(c  +  a)+a6c  =  0. 

1 3.  a(62  +  6c  +  c2)  +  j(c'i  +  ^^  +  d?)  +  c(a2  +  a5  +  6^)  ^  q. 

1 4.  (a'^  +  bj  +  (6-^  +  c'f  +  (e2  +  ^2^2  =  3(a«  +  6*  +  c*). 

15.  (a  +  6)(64-c)4-(6  +  c)(c  +  a)  +  (c  +  a)(a  +  6)  =  «6  +  Jc  +  ca. 

16.  (a  -  6)(6  -  0)  +  (6  -  c)(c  -a)  +  (c-  a){a  -  b)  =  3(a6  +  6e  +  ca). 

1 7.  (aA  +  6c  +  ca)2  =  a^h^  +  6^02  +  cV. 

18.  {a^  -  Wf  +  (6«  -  2c2)2  +  (c«  _  2dJ  =  3(a*  +  6^  +  c*). 
19. 


g''  6'  c« 

2a2  +  6c     26-  +  c«     %F^b 


=  1 


■ 
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If  x  +  y  +  z=xyz,  prove  Exs.  20-22. 


20. 


X 


V 


z 


\xyz 


X-x"     \-f     1  -  z'     (1  -  x^){\  -y''){\-  z')' 

21.  jL+1-+  yj"^  +  ^+^  -    (^+y)(2/+g)(^+^) 

*"  '   1  -  .^2/     1-2/2     1  -  2j;     (1  -  .r2/)(l  -  2/«)(l  -  sa-)" 


22.  ^^L  +  JLz±+  ^-^ 


\+xy'\  +  yz'\  +  zx     (1  +  a-y)  (1  +  2/2;)(l  +  zx)' 

23.  If  a;2  +  2/2  +  ^2  +  2.c2/;s=:l,  then 
xV{\-f){\-z')  +  2/\/(l-2'0(l-a;''')  +  zV{\-x'){\-f) 

=  1  +  a'y2. 

24.  If  .c^  +  ^..r  +  1  and  .r^  +/».r2  +  qx  +  \  have  a  common  factor 
of  the  form  x  +  a,  then  (/>  -  1)^  -  §'(7?  -  1 )  +  1  =  0. 

25.  The  exipressions   ax^  +  hx  +  c  and  a,t^ -t  ??i6.r  +  m- •  have  a 
common  factor  if  (m+  l)^ac  =  m6^ 

26.  If  a.c^  +  ft.c  +  c  and  mx^  +  nx+p  have  a  common  factor  of 
the  first  degree  in  rr,  then  {pa  -  mcf={nc  -2)b)(7ia  -  mh)\ 

27.  If  x'^  +  mx  +  n  and  x^+px  +  q  have  a  common  factor,  then 
{n  -  qf  -  m{n  -  q)(m  -p)  +  n(m  -  pf  =  0. 

28.  If  x^  +  jix'^  +  qx  +  r  is  divisible  by  x^  +  mx+n,   then  the 
quotient  is  a  factor  of  nix^  +  qx  +  r. 

29.  If  ar  +  a  and  a;  -  a  are  both  factors  of  3^  +px'^  +  qx  +  r,  then 
pq  =  r. 

30.  If  a;2-  1  is  a  factor  of  x*  +  px'' +  qx  +  a\  the  other  factor  is 
a:'  -  a\ 

31.  Ifrr-aand-r-iareeach  factors  of  a;'  +  .r  + 1 ,  then  a^  -  />' = 0. 

32.  If  x  +  m  and  x  +  n  are  each  factors  of  x^  +  ax'  +  b,  then 


a 


m^  —  mn  +  n^ 
m  +  n 


33.  If  x^  +  ax'^  +  b  and  x^+px  +  qh&ve  a  common  factor  of  the 
second  degree  in  .r,  then  a^bq  =  (6  -  qy. 

34.  If  a-r^+iaiHc   and  c.r''+6.i;  +  a  have  a  common   factor 
which  is  a  complete  square,  then  a-b-  ^  A:bc{c'  -  a-). 


Sjii 


rri^c  have  a 
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-th  regard  to  tho  nu^^l  "T  ™'"^'""  "°''"'''^-- 
numbers  whatsoever  a"  ub,t™uted  "T"'™'  "''^"  ""^ 
involved.     We  give  three  eraSel  ™™"  ""^'^ 

«7f;:a:tir  ^^^^^^  tt^rr  -^  -  --  - 

Let  a  and  6  represent  the  quantities. 

Then  (a -J)2  is  positive; 

.'.  a^  -  2ah  +  6^  is  positive  ; 

■••  «=*  +  6=^  >  2a6,  which  proves  the  proposition. 

value  possible.  ^    ^  *^^  expression  the  least 

Now,  (a,  _  3)==  is  positive  for  all  values  of  a.  •  1 1  i.  nn    /•  . 

1  IS  positive,  therefore  the  whnl.  '     *      positive  and 

^j-a.eofth.e:;:rtr^^ 

-J'en  .=  3,  and  the  expression  itself  then  becon.es  equal  to  5     ' 
If  a^  +  62  +  ,2=.^j  +  ^^^^^^  ^j^^^  ^^^^^ 


For 
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BXEBCISE    LXXXYIII. 

V 

1.  Prove  that  the  sum  of  any  positive  number  (except  unity) 
and  its  reciprocal  is  greater  than  2. 

2.  Prove  that  the  square  of  the  sum  of  any  two  numbers  is 
greater  than  four  times  their  product. 

3.  Prove  a^h"^  +  a%^  >  2a^6'  for  all  real  values  of  a  and  h. 

4.  Prove  a?  +  h^  +  c^  >  ah  +  hc  +  ca  for  all  real  values  of  a,  h 
and  c,  except  when  a  —  h  —  c. 

5.  Prove  o^  + 1  > «'*  +  a;  if  a;  + 1  is  positive ;  and  £c'- 1  >a5''-a5 
if  a;  >  1. 

6.  Prove  hc{b-^c)-¥ca{c-^a)-\-ah{a  +  h)>^ahc  when  a,  h  and  c 
are  real,  unequal,  and  positive. 

7.  Prove  that  ^^-^r-i  V^  and r  are  in  order  of  magnitude. 

2  a  +  b 

8.  Show  that    „  ,  ,.,  >  — —r  • 

9.  If  X  is  real,  prove  that  aj'  -    a;  +  22  can  never  be  less  than  6. 

10.  Show  that  the  least  value  of  x^-x+l   is  obtained  by 

1 
making  x==  ^. 

11.  Show  that  the  greatest  value  of  24a; -a;'*  is  144. 

12.  Show  that  the  area  of  a  square  is  greater  than  that  of  a 
rectangle  of  the  same  perimeter. 

13.  If  a  straight  line  be  divided  into  two  equal  and  also  into 
two  unequal  parts,  the  squares  on  the  unequal  parts  are  together 
greater  than  four  times  the  rectangle  contained  by  half  the  line 
and  the  line  between  the  points  of  section. 

14.  Show  that  the  area  of  the  largest  rectang^j  which  can  be 
enclosed  on  three  sides  by  a  line  60  feet  in  length  is  450  square 
feet. 


-^.,  ,».»,■.  r ^^^j- 
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16.  If  a.  +  4.,  6V  +  cV=2ai„(„  +  5),  then  „.i.„      ^ 

IT.  If  '•'  +  i»  +  c.=,3a6cand„  +  6,,i,„„,,,,„_j,^„^^^^; 

19.  If  (a'  +  6=  +  c')(^  +  y  +  ,^,(^^j^^^^^,  thea5  =  ?  =  !. 

20.  Ifa-  +  y=_4,_2y  +  5„0,  the„.,3andy=r     ^ 

21.  Prove  a^  +  i'  +  c^  >    -  nr  ^  ^  a 

positive,  zero  or  negative.  '  ~  '  ^''""'^'"^  ^s  «-f-6  +  c  is 

23.  If  a,  b,  c  are  real,  unequal  and  positive,  then 
(a  +  b  +  c)iab  +  bc  +  ca)  >  9abc  and  (a  +  6  +  e)3  >  27abc. 

21  If  a;  and  y  are   real   and  positive    a;«4../    .« 
positive.  i^aiwve,    x^  +  ly  -  x*i/ -  xy*  ig 

25.  If  a,  6.  0,  d  are^eal,  unequal  and  positive,  prove 
21' ^/""t"'    ''^''>'^^^   and  thence 


CHAPTEE    XYII. 


QUADRATIC  EQUATIONS  OP  ONE  UNKNOWN. 

278.  Equations  involving  unknown  quantities  of  two  dimen- 
sions, and  no  higher,  are  called  quadratic  equations. 

Thus  x'  +  6a;  +  8  =  0,  a;2  -  9  =--  0,  2  4:  ^  ^  o  f '  ^^^  quadratic 

equations. 

279.  Quadratics  of  one  unknown  may  be  either  pure  or  ad- 
fected.  A  pure  quadratic  contains  the  square  of  the  unknown 
quantity,  and  no  other  power;  whereas  an  adfected  quadratic 
contains  the  first  power  as  well  as  the  second  of  the  unknown 
quantity.     For  instance, 

.r^—  16  =  0  is  a  pure  quadratic, 
but  a;'  +  8.C  +  16  =  0  is  an  adfected  quadratic. 

280.  A  quadratic  equation  is  the  statement  that  the  product 
of  two  factors,  each  of  one  dimension,  is  equal  to  ze/o.  These 
factors  may  be  rational,  real  and  irrational,  or  iviayinary. 

Thus,  ill  the  equation  .1- +  B.c  +  1 5  =  0,  the  factors  are  (.t:  +  3)  and 
(x  +  5),  and  therefore  are  rational.  The  factors  of  x"  -2  =  0  are 
X  —  \^2  and  .i*  +  \/''2,  and  therefore  are  real  and  irrational.  The 
equation  .r'*  +  4  =  0  has  for  factors  (x  +  2^-1)  and  (x  -  2V^  -  1), 
and  therefore  consists  of  the  product  of  two  imaginary  quantities. 

281.  When  the  factors  of  a  quadratic  expression  are  obtained 
we  can  at  once  write  down  the  roots  of  the  corresponding  equa- 
tion.    This  hiiR  already  been  explained  in  Arts.  120-122. 


^TKNOWN. 


^*-  -?• — Solve  a:'*  -  9  =  0 


Solve  by  factoring 
1.  ^'+9.r+14  =  0. 
3.  a;2-a:-l2  =  0. 
5.  30^2_.r-l  =  o. 
7.  12a;2  +  a?_  i==o. 

13.  3,f2- 53.^  +  34  =  0. 
15.  780x2 -73.t:+ 1  =  0. 


17   •'•*  +  3.r3+6 
19    ^jt^_  4-a; 

21.  i'+f^^' 

«-      b       IP ' 
23.  .r='-2aa:  +  4a6  =  24ar. 


EXERCISE    LXXXIX. 


25. 


3.r--2 
17 


5.r 


'»•  j_  i< 


-2. 


2.  a?2-8ar+l5  =  0. 
4-  6a;2  _  5.^;  ^  1  ^  Q 

6.  a;2  +  ar-20  =  0. 

8.  23^~27x=U, 
10.  3a;2-5.j,^2. 
12.  5.c2-12ar  +  2=li. 
14.   lIOx='-21x+l=o. 

16.  ar  +  2--i__i 
ar+2~^* 

18.  ?izi  +  15_3:r  +  5 

2.^+1  ii~3:;::"5- 

20.  -y-  +  -J_==  Jl_ 
5-ar     4-a;     ar+2' 

22.  ?l^lZf)_  « 
3a-2a;  ~4* 

24.  ^''-2a.r  +  8x=16a. 


9fi 


3^.     23 


11 


a; +  5 


«  +  4 
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I 


i    ! 


I 


i 


i 


27. 


29. 


23.4.1   x-1   •^_ij:f  or   ^-1   ''^■*'^     ^"^"^   ^~^ 

'^+3'~a'^"3^     3  +  a;' 
1        '   7  14       a:-4 


2j:  +  3  2j:-3    4.i;'^-9  2x-3 


^    4/;     a -46     a +  46, 
«^'^«  +  3"'a;2-9     a:  +  3'         '    a     a;-26     a;+26' 


282.  It  frequently  happens  that  a  quadratic  expression  cannot 
readily  be  factored.  In  such  cases  the  following  method  of 
finding  the  roots  is  usually  adopted  :— 

Ex.  i.— Let  x^  +px  +  q  =  0,  find  x. 

Transposing,  x'^+px=  -q. 

Complete  the  square  by  adding  the  square  of  one-half  the 
coefficient  of  x  to  both  sides  of  the  equation. 

Extracting  square  root  of  both  sides, 

<r+2  =  ± 2        ' 


J,      \f-^q 

x=  -  -± ,y -, 


Hence 


or 


p     Vp^  -  4<7 


^=-0- 


P    Vp"^  -  ^q 
"2      • 


The  student  will  observe  that  the  double  sign  ±  is  prefixed  to 

^1^  ~  ^^      The  reason  is  that  the  square  root  of  a  quantity  may 

2 
bp  either  positive  or  negative.     (See  Art.  191.) 


ession  cannot 


one-half  the 


Wad«at:c  b«„at,o.v«  o.  one  unknown         25, 
'^^•^— Solve  aa^  + }:,  +  „„ 0_ 

a        a 


a  a' 


Transposing, 
Completing  the  square, 

i^xtractmg  square  root, 


^b'^-iOG 


^a  2^ • 

Therefore  roots  are  -^.+^^E~^<'        .        b      Vh^~~Zr 

'In.  ^       o^ — -  and    -  —  _  Z^ZJ^ 

2a,  2a 


'la 


The   equation   x'  + px^  q  =  0   {.   ^x,^    . 
equations  which  haveThe  coefficient  of  ^r'"   •"'   ^"    ^"^^^^^ic 
and  aa:='  +  6a:  +  c  =  0  is  the  Z      T  n        '  '*''''^  ^"^  P««itive; 
coefficient  of  .^  .^^  ^:4        ''  ^"  ^"^^^^^  -  -^ch  thj 

^^..?.-Solve  «'»- 12a; +16  =  0. 
Transposing,  «;^- ]2a;=  _  16. 

Completing  the  square,  '    - 

«=='-12a;  +  6»=36-16  =  20. 
Extracting  square  root,        a;  -  6  =  ±  v'20 ; 

•'.  «=6±i/20. 
Hence 


^  =  6  -f-  2  v' 


D    or    6^2v^5^ 


\'' 


252  QUADRATIC  EQUATIONS  OF  ONE  UNKNOWN. 

Ex.  ^.— Solve   Sx'*  -  8x  +  9  ==  0. 
Dividing  by  coefficient  of  x', 


or 


jc» -  -x=  - 3. 


Completing  the  square, 

/     4y      11 


3  =  V'-. 


4         v^-ll 
Extracting  square  root,       *  ~  3  =  ^ — 3 — 


4      \/-ll 
•*•   ^"3^      3      ' 

283.  This  method  of  solving  a  quadratic  equation  is  called  the 
Italian  method,  and  is  the  one  generally  adopted  in  practice. 
There  is  another  method,  called  the  Hindoo  method,  two  exam- 
ples of  which  we  will  give. 

Ex.1. — Solve  ax-  +  bx-tc  =  0. 
Multiply  the  equation  by  four  times  the  coefficient  of  x\ 

:.   4aV  +  4a6aj  +  4ac  =  0. 
Transposing,  4aV  +  iabx  =  -  4ac. 

Adding  6^  to  both  sides, 

.-.   4aV''  +  iabx  +  ¥=1"^-  iac. 

Extracting  square  root, 
or 


2ax  +  b=  ±Vb'^-Aac, 
2ax=  -b±Vb'^-iac; 


-b±  Vh^-^ac 
la 


x  = 


(itJAmmc  EQUATIONS  O.  ONE   UNKNOWN. 

Multiplying  by  8,  10.^^64..  -  40. 

Adding  8»  to  both  sides, 

16a;a-f.64a?+64=:24. 
Extracting  square  root.  4ar  +  8  =  ±  v/24  ; 

-8±a/24 


25rj 


4 

of  L'e^rls^X'^^^^^^^^^       t  "'""  ^  ^"^^'^"  ^"^^^-^-  ^«  o- 
reduction  and  siiaplification  of    ^''^^':^-    ^^«  '"^thods  for  the 
as  those  given  for  dlu  ^^^^  «  .^^adratzc  equations  are  the  same 
g    en  for  simple  equations.     An  example  will  suffice  : 

x-a    x~b     x-c~ 
J^  ^"'  '^""^^-^^  ^^  ^^  corresponding  denominator 


1  + 


2a 


2b 


.       2a 


Dividing  by  2,  _  <»  6  c 

l^Iearmg  of  fractions, 

a(x-bXx-c)  +  b(x-a)(x-c)  +  c(^-a)(.r-6)  =  0 
^lultiplying  out  and  collecting  coefficients, 

x\a  +  b  +  c)~  x{2ab  +  '2ac  +  2bc)  +  Sabc  =  0. 
Now,  we  know  the  roots  of  o..^  +  J^  +  ,  ^  o  are  -  1  ±  ^^^ 

«,  *  and  e  the,,,  pl^j'/i  r^^ir^™""  "^  -•^»«"'«n8  ^r 

-   .-...„  m  the  given  equation.     Jn  this 


H:mM^ 


254 
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example  we  must  write  for  a,  a  +  b  +  c;  for  b,  -  2{nb  +  bc  +  ca) ; 
and  for  c,  Sabc.     Therefore  roots  are 


2(ab  +  bc  +  ca)      V4  {ab  +  be,  +  caf  -  1 2  {abcj(a  -i-b  +  c) 


2{a  +  b  +  c) 
or  simplifying, 


2(a  +  b  +  c) 


ab  +  bc  +  ca      \/«''6^  +  6V  +  c V  -  abc{a  +  b  +  c) 
a+b+c  a+b+c 


Solve 


EXERCISE    XC. 


1.  2x2-7a;  +  3  =  0. 
3.  2.k2_2x--=0. 


2.  3.r'-53.r  +  34  =  0. 
4.  14a: -a;' =  33. 


5.  (.r-l)(t:-2)  =  6.  6.  (2.r  +  l)(.r  +  2)  =  3.r2-4. 

7.  (.r  +  l)(2,r  +  3)  =  4.r2-22,  8.   {.r+iy  +  {x  +  2y={x  +  3y. 

9.  (.t  -  l)(.r  -  2)  +  (.r  -  2)(.r  -  4)  =  6(2.r  ~  5). 

10.  (a:-7)(ar-4)  +  (2a;-3)(ar-5)  =  103. 


,„     ar      2      .r      3 

12.    o  +  -=o+-- 
2      a;      3      a; 


13. 


x'^  -  5.r 


-=.r-3  +  -. 
x  +  6  X 


14. 


a;  +  : 


4-ar_7 
"2~~3' 


15    a;  +  3     a;-3_2.c-3 


16.  -_i|+^=?(f±^)       n. 

a;+2     a;-2        .t-3 


^      _!__    12 


.c  +  1     a:  +  2     a;  +  3" 


18. 


8  -  a;     2ar  -  1 1     a;  -  2 


x-S 


6    * 


--^-^^-^-^X^^--|_3. 


19    2.L-_1     2.r+l_ 

80/       1\ 
+  1      t(-^-2) 


a:- 


2 


f-fj^3^^S^.i,ijik^ 


OWN. 

l{nb  +  bo  +  ca)  • 


an-  6  +  c) 


b  +  c) 


=  0. 

=  3.r2  -  4. 

2)-=(.r  +  3)-" 

1 

+  -. 

X 


Or 

3 

ar- 

r 

ia 

a;  +  3 
=  3. 

-I) 

TT"' 

3 


QtUnUATlO   KQtlATrONS  OF  ONK    UNKNOWN, 
on    3.r  +  8     5(12-^-) 

•  ^^  ~    LWa    =  ^  J-  23.  -  %  +5±2^ 8^-  13 

26    (--l)(-2)     ,  "'-^^• 


27. 


oQ      «'    ^    a' 
6  +  aj    6-a?    *^ 


29. 


a' 


a' 


30.  n.r+  -  a=7ja+  -. 

^'  a' 

32.  ?^^^^^ 
Sa  +  2j-       4  • 


b+x'hr'^'"'' 


31.  «6j:»-(a-|.A)oar  +  o«-0. 


33. 


34.  ^fciKizjL)+ ''(::-''•)(.'- a) 


I  — ~~  I    ■»  1  -4 


r 


car 
6" 


3r). 


'  +  (.r+l)«+l  =  2(.f'-'  +  .,+  i).-.. 


36.  ~^-JL 7.5  I 

•f  —  2.r  —  1.5     I'J'j.oT    'Tr  ~  T, -— 

^^     1  +2.ir-.{r)     .c^+lO.r  +  21" 


1 


-  +  «^+2«-7:r3^»|.     38.  :^±^-+4.r-3     4.-I 


39. 


2.r'' 


l  +  ZfLz^f~S     8.r»- 


^  +  3       l+-2x 


ar_l 


.r-3 


40.  -ii^=,  *  +  -'^ 

1  +  ax         1  +  Ijj;' 

I 


2.r  -  3 


x'-'  +  a''  .  ar»-a» 


41.  1^-^ 


x+a  ■*".;t^'='4«' 


1 


42 !___  + I        ,         I  1 


43.  1 


x~  b 


x-a     x+b- 2 


M     X  +  a~  2b 


^~a     x-b     x  +  a-2b'-^^Z^ 


44. i__ 


(« ^  ^)(-'--  -  ^0   (^> + c) (^r;^) + (TTa) (^M  - o, 


if 


fTfe^"" 


■"-'^""^-'tIii igiiM 


M  ■ : 


!  ! 


i 


I 


^!| 


!   :         ^'-V 
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1  111 

■ T=-  +  -  +  T' 

X  +  a+  0      X      a      0 


«.(.-^'= !(...)(,  4 


47.  (^  +  ^)(-y  +  c)  I  (3;  +  c)(.r  +  «)  ^  (a:  +  a)(3;  +  6)^^ 
{x-b){x-c)     {x-c){x-a)     {x-a){x-b) 

x-a     x-a-h     x  +  a     x  +  a+b 

40.   r  H =r -I . 

x  -  0     X  -  b  -  c     X  +  b     X  +  b  +  c 

..    ax  -be     bx  —  ca     ex  —  ab     ^ 

49.  —  + + =  0  when  a  +  6  +  c  =  0. 

ar  +  6  x  +  c         x  +  a 

50.  (4a2-9cc?)a;2  +  (4aV  +  4a6cf>  +  (ac2  +  6c?2)2  =  0. 

51.  Find  the  value  of 1 = 

X  -  a    X  -  0 

when  a;  is  a  root  of  the  equation  a;'  +  x{a  +  6)  =  Zah, 

258.  "Various  artifices  are  employed  in  quadratics,  aa  in  other 
equations,  to  lessen  labor.  A  familiar  and  useful  one  is  the 
substitution  of  one  symbol  for  a  number  of  symbols. 

a;+  2     X  -  2_  5 
~2     .T+  2~  6* 


Ex.  1, — Solve 


X 


Here  the  second  fraction  is  the  inverse  or  reciprocal  of  the  first. 

.r+  2 


Let 


2^=^31' 


1      5 

then  the  equation  becomes      y =  - . 

y     6 


Clearing  of  fractions, 


or 


Factoring,  (^^^(^j^^^q. 


I  of  the  first. 


--     xiuwh  OF  ONE   UNKNOWN.  ^57 

Substituting  for  y  its  value  ^  ^^e  hav    . 
solve,  viz. ;-  ^-^  ^  ^^"^  equations  to 

^^^2  =  0    and   ^±f=_? 

From  these  equations  we  get  a:--.  10  or   -  ? 

5* 
Ex.  ;^.— Solve 

^«'  +  4;(a;-6)     13    («  +  6)(a;-8)     586' 

tain!  1 1*^^  T^t  J"  r  ;rT  ^"^  ^--^-^r  -- 

(^^     l)--2/,  then  the  equation  becomes 


But 


5-.^-^i.ti?_l    .V-36      92 
^    2/-^     9    y-25     l3-^--l9=585- 


Subtracting  "(2)  from  (1), 


i+1  __2^  92 
5      9      13     585* 


(1) 
(2) 


i--— +i.-JL.      2        13 
S    y-9     9    2/-25-!3\r-"49 


=  0, 


or 


From  this  equation 


-i-  +  ^^.      2 
2^-9     2/-25"^^49=0- 

:.  aj=l±i/l9. 


M    —  .MK^rfii^^aRjfe.  ■ ,,  .iSttiMssiwaasMi^Sij^iS 


Mi  !     I  ; 


(  ; 


!    1  I 


III 


m-' 


i 
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BXBRCISB    XCI. 
Solve  according  to  given  examples, 

a;-6      a;-12     5 


1 


X 


x-l     2 


3     x-l 


2. 


a; 


a;- 12      03-6      6* 


2a; -3     3a; -5^5 
3a^"^2^-"3"2 

X       x+\     13 


^    x  +  4:     a;-4     10 

4.    :  + 


5. 


7. 


a:+l        a;         6 
a;  +  l     X- 1 


a:  — 1     x+  1 


=  2a. 


6. 


8. 


x-i      X  +  4:       3  * 
3a;  -  2     2a;  -  5      8 


2a;  -  5     3a;  -  2     3 " 

a;+16      x-A      37 
X-  4:      x'+ 16      6 


9.  a;  +  2- 


a;  +  2 


=  1. 


10.  a;'  +  a;  +  l=- 


42 


a;''  +  a; 


11.   (2a;^-3a;)2-2(2a;''-3a;)=15.    12.  (x""  -  xf  -  8{x^  -  x)  +  \2  ^  0. 

15.  «*  +  2;c'*-24  =  0.  16.  a;«  +  19a;3_  216  =  0. 

17.  (ai^  +  a;-2)2-13(a;'  +  a;-2)  +  36  =  0. 
1  1  1 


18. 
19. 


a;''+lla;-8     a;2+2a;-8     a;^  -  13a;  -  8 
5  5 


=  0. 


■  + 


a:'^-7a;  +  10     a;''-13u;  +  40 


=  a;«-10a;+19. 


1     a;2-6a;-l      1     a;«-Ga;-4     2     a;2-6a;-7 

20.     -r    .   -. :: r  + 


3  *a;''-6a;-4     5    a;'*-6a;-9     9'a;*-6a;-16 

14 


45     x-'^-6a;-9 


)WN. 


5 

~6' 

10 
3* 

8 

~3' 

37 

"  6' 

X 


=  0. 


7_ 
16 


+ 


x^—  6x  -  9' 


CHAPTER    XVIII. 


QUADRATICS    INVOLVING    SURDS. 

286.  The  methods  of  solving  surd  quadratics  are  in  the  main 
Uje  same  as  those  for  solving  simple  equations  containing  surds 
"i:d^rZ::r"^^^«^^  ^requentl,ocLring 

Ilx.  7.— Solve   ^'T^Tx  +  ^'uTx  =  ^4. 

We  know  that   (a  +  br^a^  +  B^  +  3ah(a  +  b).     Applv^v.    ,Lhis 
formula  to  the  given  equation  we  obtain,  by  cubing  botir.des! 

l-2a;4-l  +  2a;  +  3^(ir2^)(r^|,yi32:^^  ^j^^^^ 

2  +  31^4(1^4^^4^ 


But 


or 


Transposing, 

3v^4(l-4a.>'^)  =  2. 

Dividing  both  sides  by  3, 

^i-16x'=l, 
o 

Cubing  both  sides, 

4-,6.^.1; 

from  which  we  obtain 

.-+    " 

6\/3 


■.f~ 


■■yt^w«w  ■«*ftsi^  .  i„  , 


i! 


lUI 


ill 


■-      i  i 

1 

i 

i  i 
f ; 

!         :           !    i 

hi 


M 


^60 


QUADRATICS  INVOLVING  SUIlbS. 


Ex.  ;^.— Solve  ar^  -  2a;  +  6  Vx^  -  2a;  +  f)  =  1 1. 

If  we  add  5  to  both  sides  of  the  equation  it  will  take  the  form 
of  a  quadratic, 


.*.   (a;'-2a;  +  5)  +  6A/a;"^-2a;  +  r)  =  16. 


Let  y  =  Vx^  -  2a;  +  5,  then      a;'  -  2a;  +  5  =  tf; 


or 
Factoring, 

that  is, 

Squaring  bdth  sides, 


y'  +  6y-16  =  0. 
(2/  +  8)(y-2)-0; 

.-.  y=  -8  or  2, 


\/a?^2"x+'5  =  - 8  or  2. 
a-^  -  2,r  +  5  =   64  or  4  ; 
.-.   a;2-2a:=    5^  or  -  1. 


We  have  now  two  equations  to  solve,  viz. : — 

a;'^  -  2a;  -  09  =  0 
and  ar»-2.i;+l    =0. 

From  (1),  a;=l±2A/T5. 

From  (2),  (a; -1)2=0   or  a;  =  l. 


Ex.  5.— Solve    ^33;^  +  2a;  +  4  =  Ga;^  +  4a;  -  622. 

6a;2  +  4a;  -  622  =  2 (Sa;'  +  2a;  +  4)  -  630. 


Let  y  =  V'ix''  4-  2a;  +  4,  then    y^  =  ^x^  +  2a;  +  4  ; 

.'.  2/=2y2-630, 
or  ly''-y-  630  =  0. 


(I) 
(2) 


(1) 


From  (1)  two  values  of  y  can  be  found  which,  when  in  turn 
substitute*]  \n  y=  \/^x^+  2x  +  4,  will  give  equations  from  whiclu 
the  diflferent  values  of  x  mav  be  obtainet^. 
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take  the  form 


4; 
-1. 


5. 
=  1. 


G30. 


(I) 
(2) 


(1) 

when  in  turn 
ns  from  whiciii 


Solve  B5XBROISB3    XOII. 

1.    ^x  +  3+  \/^^^5x^a\ 


3    ^J'''^'±±+l^x'Si 


4. 


7    ^+  v'2-a;''     4 


6. 


8. 


V a;  -  2a  +  Vx+lh,     2a 


x'. 


X-  V'd-x     3 ' 
10.    ^^25+^+  i?^25'r^«2. 

12.  ^T^x+ ^^r:^^  ^-^^ 


14.    Va  +  a;+  v^ 


16. 


a-x=n  Vb. 


«'-  3a; -  6  v/a;'C3a. _  3  _,  _  g. 


17.  «;-+  v'a;''*-7=iy. 


18.  2a;'^  -  2  v'2ai^r5 


i)X> 


19.  ^'«J^-2a;  +  2v/2;cTr7l7:jr6==5a:- 

20.  3a;(3  -  a;)  =  1 1  _  4  v^^^iTTs^-g; 


'5(x'  +  3). 


21. 


X 


-^x+7  Vih^zr^;^^^^ 


5 


i«  +  21. 


22.  5a;-7x-'-'-8A/7a:'^'r-5^^:jrX==8. 


^3.  ic  +  V'qc^ 


ax  +  b'^^a-^x^  +  b. 


21.  9.T-4«''r  v'4^^T9;;mi 


-^iS^m^vi 


m 


■   Ml 


ii 
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25. 
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\/'2^+x  +  3        3 


V2x*  +bx-2     * 
29. 


8a;*  +  12cc  +  l\-i      1 
=  3* 


26. 


28. 


VSx^  +  x+5     3 


Vix'-x  +  l     2 


4 


(2  -  3.x  -  xy  _  4 
(8-5a;-2a;^)*     ^ 


.+ 


12 


30. 


31. 


X+     V^-X"^       X   -     V4:-X^         ' 

5  5 


6. 


x+  Vb  +  x^    X-   Vb  +  x^ 

1  1  \/3 


1  -   -N/l-a;'     1  +   Vl- 


a; 


.2        x* 


32.  J^zL:  +  3V2^in  =  7/ 
V2a;  +  1 


X. 


v'3^;M^  -  ^/2.'r«  +1      1       o .     v/27a:'  +  4  +  V^x""  +  5 

33 ■•  -  =  ;r  .     d4.   — -_- = =  < 

'    V3a?T4+V2x'  +  l     7  V27a;-^  +  4- 'v/gx'^  +  5 


35. 


36. 


Vbx  -  4+  ^5  -  a;_  '\/4ic+l 
Vdx  -  4  -  VS  -  ic      V  4a;  -  1 

V'aa;  +  6+  V^aa;     1  +  v'ax-  h 
VcKc  +  b  -  Vox     1  -  V^oa;  -  6 


^^Va  +  x+Va-x^x  +  2a^     38.    v^x+ v'2;r3- «:  =  -=. 


a 


Va  +  a;-  Va- 


X 


2x 


V 


X 


Vx  +  ^^b      Va-x+Vb-x 
39.  — =^ 


Vx  -  V  b      Va-x-  Vb- 


X 


40    Jv^fe^^'-^^iJ^^^O.      41.    Vx'  +  fc+l  =  q,-Vv''-x  +  \. 


I 


3 
2' 

4 
"5 


/9a;«  +  5 
/  9x^  +  5 


=  7 


—       a 

Vx 


q,-  v/^'-a  +  l. 
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42.  ^^^^^tl.!^^^^^^f^±P 
^ia'  -  X'  -pVia-  X      V~a-  p 
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43. 


44. 


X 


^^a  +  x+^/oj-x ^  Va+x-  VTZ 

V^a?  +  2a  +  \/x~^~2a     x 

•      45. ,      

^^a-x     Vx-b 


A/a;  -  2a  -  Vx  +  2a     2a'       ^^'  :7r=+-7=^-  '^^-h. 


50.  V3a;2+9- v/3^^~I-9==v/34^4^ 

51.  v/2^4r5+ ^/2^rr5^  v^i5^  ^g; 

52.  a/3^HT0+ v/3^rrio^  v/iy+v/Ts. 


53.  2\/,'r;-o  +  3'/2^=!^±^ 


55. 


a? 


:=  +  ■ 


Va;-a 

X 


54.  -^  +  -_^ 
«  +  a;      4/ "~ — 


a? 


56.   '/iTl-2v'^Tl  =  4.  57    /^^   xi    /       va 

58.  (a  +  a;)i-5(a«-a:2)S=_4(^_^^f^ 

59.  (7+4^/3y  +  (2+v/3)a:  =  2. 

60.  a;ita,-i^(j+^)i^^l^^^-j 


«,liMMnet^^ 


ii 


ft* 


I 


/^ 


i     I       I 

iliili 

i 

i  i 
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287.  It  sometimes  happens  that  the  roots  of  a  surd  quadratic 
apparently  do  not  both  satisfy  the  equation.  For  example,  let 
it  be  required  lu  jRiid  the  roots  of  x+  V x  =  20. 


Tranfapoaing, 

20 -«=■/«'. 

Squaring, 

400-40a;  +  a;2  =  a;, 

or 

a^- 41a; +  400  =  0, 

or 

(a;-16)(a;-25)  =  0; 

.-.  a;=16  or  25 

Now,  if  for  X  in  the  equation  we  substitute  25  there  is  an 
apparent  inconsistency,  for   \/25  +  25  =  30,  not  20. 

To  explain  this,  we  must  bear  in  mind  that  the  root  of  a  quan- 
tity may  be  either  positive  or  negative ;  therefore  ^25  =  ±5.  If 
we  substitute  the  negative  root,  -  5,  instead  of  the  positive,  +  5, 
the  equation  is  satisfied. 

So,  too,  in  the  following  example,  the  apparent  inconsistency 
disappears  if  we  take  the  negative  root  instead  of  the  positive. 


Solve  3a:+ v^2a;-2  =  7. 

Transposing  and  squaring,       (3a;  -  7)'*  =  2a;  -  2, 

or  9a;2-42a;  +  49  =  2a;-2, 

or  9a;2- 44a; +  51=0. 

Factoring,  (9a;  -  1 7)(a;  -  3)  =  0 ; 

17        „ 

Here  the  value  a;  =  3,  if  substituted,  gives  9  +  -/  4  =  7.     But 
V  4  s=  ±  2  ;  therefore  taking  the  negative  root,  9  —  2  =  7. 


CHAPTEK    XIX. 


I!  5  there  is  an 


SIMULTANEOUS    EQUATIONS    INVOLVING 

QUADRATICS. 

ftom(l),  ^S-'IS.  {2)flnd.and>. 

•Substituting  this  value  of  .y  in  (2), 
^•2/  =  .i(7-.r)=12 

but  _  - 

y-  '  ~'^>    .'.  v/  =  4  or  3. 

J=:l,  and  when  a:  =  3s,  =  4.  •*  °' *  "'"•  y=*  »'■ -J.  ■«.,  wl,i=i,  x  =  4 

This  equation,   however,   cau   be  „,o,e   n.atly  solved   bv   th. 
tol lowing  method  :—  ^  wivea   U)    the 

^.;^-Solve  ,^^^      ,^  ^^^ 

«.l«aring(l),  ^+2.y^!jZ'^  (") 

Multiplying  (2)  by  4,         ___4,,r     :48  ^^J 

^Subtracting  (4)  from  (;]),    /^  _  27^'^~i  ^   ' 

Extracting  square  root,  x-v  -  4-^ 

Ut  y      i  1 , 

X  +  y^       7. 
Tlierefore  adding  and  subtractin-r^ 


imr 


18 


.c  =  3  or  4 
y=4  or  3. 


m\\ 


if^ 
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JjJx.  5.— Solve 


x~y=     10, 
x'  +  y'=  178. 


Squaring  (I)  and  subtracting  the  result  from  (2)  we  obtain 

2xy=     78; 
but  x'  +  y'=  178. 

Adding  (2)  to  (3),  (x  +  yf  =  256. 

Extracting  square  root,       x  +  y  =±16. 

From  (4)  and  (1),  by  adding  and  subtracting,  we  get 

a;  =  1 3  or  -    3 


and 


2/ 


=    3  or  -  13. 


Ex.  4- — Solve 


1      1^^ 
~x'^y~20' 

1       1       41 

-„+-„  = 


x"     y''     400' 


Squaring  (1)  and  subtracting  (2)  from  the  result, 

2  _  40 
a^~400' 

Subtracting  (3)  from  (2),  and  extracting  square  root, 

1  _  1_       _1_ 

Ic      y~^20- 

From  (4)  and  (1)  we  find  a;=  4  or  5  and  v/  =  5  or  4. 


(1) 
(2) 

(3) 
(2) 

(4) 


0) 


(3) 


(4) 


Ex.  5.  —Solve  r'  +  y'=^  35.  ( 1 ) 

.r  +  y  =  5.  (2) 

Divide  ( 1 )  by  (2),  then  x'  -xy  +  y'=7.  (3) 

From  (3)  and  (2)  we  can  find  x  and  //  by  the  ordinary  methods. 


DUATICS. 
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inarv  met 


Solve 

1.  a;  +  y=40, 
^y  =  300. 

4.  a:  +  y=29, 

7.  .r  4-y  =12, 
x2  +  y-'=i04. 

10.  X  -y  =10, 
^'  +  y-=I78. 

13.  2.r-3y=3, 
X-'- 2/2=  27. 


16. =3 

X        y         » 

1       1 

-2  +  ~  =  21. 


19.    l  +  i=l 
•«     y     12' 

--!  =  -!_ 
•»'     :ry     144* 

22.     4y=5.r+l, 
2.ry=33-.r2. 

25.  .r3  +  y^=9i^ 
^  +  y  =  7. 

28.  r*_y3=,56^ 


'XEaCISE    XOIII. 
ary  =  3G. 


5.   .*:  +  y=18, 


^y=72. 


8.  a:  -y  =14^ 
a-*  +  y2^436. 

II.  a;  +4y=5, 
x^-\.xy  =  b. 

14.     ;r  +  3y=10, 
3/-z^-=27. 

17.    ^+1=3 

.C        y        4' 
1  +  1=1 

^     if     16" 


20.  i+'.r, 

X        y  ' 

^+2^  =  25. 


3.   aJ-y=45, 

■'i/  =  250. 

6.  ^-^=15, 
•^y  =  54. 

9.   r  +y  =49, 
•^'  +  /=1681. 

12.    ar-32,=  l, 

15.  .r  +  y  +  3  =  9, 

(•^-l)'  +  (y-l)-  =  8. 

18.    1  +  1=5, 

X        y 


21.  xy=l2, 

.tr      7/      12- 


23.  7,.=  -8.ry=159,    24.  :«:^  -  2^y  -  y-' ^  j 
^  x  +  y=2. 

26.  ;r«  +  2,^=341,  27.  ^  +  y3^ioo8 
^  +  y-ll.  ^^y^j2     ' 

29.  x»~y^=98,  30.  ^-2/3^279, 


«-y=2 


X-n  = 


y  =  o. 


uuiWIHMIM 


».:3SaB«KA^£:»:s%<^i 


!    i 


!  i 


(1) 
(2) 


268   SIMULTANEOUS   EQUATIONS   INVOLVING   QUADRATICS. 

289.  Another  class  of  equations  frequently  occura,  viz.,  that 
in  ^\hich  both  equations  are  of  the  second  degree  and  both  homo- 
(jeneoua. 

^a:.— Solve  x^  +  xy  +  2if  =  74, 

2a;2  +  2a;2/  +  2/2  =  73. 

Cross  multiplying, 

73(x2  ^^y^  2if)  =  74(2a;2  +  ^xy  +  if). 

Collecting  like  terms, 

75a;2  +  75a;y- 722/2  =  0 
or  25a;2  +  25icy-24y'-  =  0. 

Factoring  (3),     (5a;  +  8y)(5a;  -  3y)  =  0  ; 

.-.  5x'  +  8i/  =  0   or   5a;-3?/  =  0. 
'  8  3 


(3) 


x  = 


^y   or   x=pj. 


If  x^-\y,  then  a;'-"  +  a;y +  2^2  =  (^)V- ^2/^  +  22/^  =  74 


or 


74 
25 


y=74, 


from  which  we  get  y=  ±5, 

and  therefore  a;  =  q:  8. 

Two  other  values  for  x  and  y  respectively  oan  be  found  by 
substituting  for  x  its  value   _?/■ 


290.  This  equation  might  have  been  solved  by  another 
method,  often  used  when  the  equation  corresponding  to  (3)  is 
not  capable  of  being  easily  factored. 

From  (3),  25.x'-'  +  2bxy  -  Mf'  =r.  0. 


Dividing  by  y\ 


25. -..  +  25.  -  -24  =  0. 

y         y 


This  is  now  a  quadratic  in   (  -  j  and  can  be  solved  in  the 


DRATICS. 
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ordinary  manner.     Solving  we  find  5  =  '_    „-       »      ^ 

proceed  as  before  to  find  0.  and  „.        *      ^  '^'  ""' 

The  student  should  obsprv*. 'fi.„<. 

««^H*«^2/  +  c.^  =  0  can  b'  !  T  T^  '^"^*'""  «^  ^^e  form 

of  ^^      \,.    .  "^  '^"  ^"«^^«^*  ^"d  the  values 

of  -  readily  found. 

291.    We  have  used    the  equation      '^^  +    -^^  +  V  =  741 

illustrate  two  general  methods  •  but  thif  ''  '7  ""    ^'  ^  ^'^  '^ 
-0  1,  by  the  following  simple  ..iLe  1  ^"^'""  ^^^  "^  ^^^^ 
Adding  the  equations  together, 

or  2 

l)Ut 

oubtractinjr,  ~~: ■ 

"'  y'=    25 

2/  =±5 
Substituting  the  values  of  y  in  one  of  tho      •  •     , 
the  values  of  a-  can  be  found.  «'"^^  equations 

292.  We  now  ajve  pyimni^c     e 
simple  artifices.  ^  ''  "^  ''^""^'°'^«  «-«ilr  solved   by 

^;r.  7.— Solve 


Dividing  (1)  by  (2), 
►*^quaring  (3), 
l)ut 

Subtracting  (4)  from  (2), 


»;«-?/■'=  26, 
a:'  +  .^■y+//-=  13. 


solved  in  the 


^'-.y=    2, 

•^'-2.^^  +  2/-=     4; 
^'-  +  ajy  +  3/2^  13. 

Addmg  (5)  to  ('>)  20 

i^Atraetmg  square  root,  a;  +  y  =  ±4 

^^>o.n  (7)  and  (3).  and,  can  easily  be  found. 


(1) 
(2) 

(3) 

(2) 

(5) 
(6) 

(7) 


'•#^f 


"m^>f .« ,  r-s/iAv  fe--.s«t.**. 


II 


m 


!  i; 
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Ex.  ^.— Solve 


Dividing  (1)  by  (2), 


28^4'    •■•  ""'i^' 


x^  +  xu  =  2l,  (1) 

f  +  xy=-28.  (2) 

^     21      3 

y 

This  value  of  x  substituted  in  (1)  or  (2)  will  give  a  quadratic 
in  y. 

^  ,  EXERCISE    XCIV. 

Solve 

I.  2y--ixy  +  Sx'^=l7, 

3.  x'^  +  xy  +  hf=G, 
3a;2  +  8//2=14. 

5.  x'^-xy  +  y-  =  2\, 
y'~2xy=  -15. 

7.  x^  +  .ry-15  =  0, 
xy  -y'^  —  2  =  0. 

9.  x^-xy  +  y'^=7, 

3x''+nxy  +  Sy'=l(J2. 

II.  a;^  +  .''"2/ =  84, 
a;y  +  2/''  =  60. 

13.  a;2  +  .7'i/  =  GG, 
a:'^-Y/2^11. 

15.  i^-f  =  ^7, 

17.  .t''  +  .«^//  +  2/''-39, 
3y^-5xy=25. 


2.  .t'-4/-9  =  0, 
ie2/  +  2y-3  =  0. 

4.  x^  -xy—  35  =  0, 
jK^  + 1/2  _  18=^0. 

6.  fl:;^  +  .ry  +  22/- =  44, 
2x^  -xy  +  y'^=  16. 

8.  2a;H3cc2/  +  2/2=70, 
Gaj^  +  xy  -  y-  =  50. 

10.       01?  -xy  -y''  =  5, 
2x'-'  +  3.r(/  +  v/2  =  28. 

12.  a;'^  -  xy  =  6, 
a'2  +  y"=61. 

14.  a2  +  2.T2/  +  32/'-=17, 
2a;*  +  3ic^  +  5i/2=28. 

16.       .T2^6.r2/  =  144, 
6a-2/  +  36y-  =  432. 

18.   3.V- +  4a;?/ -  20, 
5,ry/  + 22/2=1 2. 
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19.  a;2  +  y2=225, 
•ry^lOS. 

21.  x''-xy  =  S5, 

23.       a;2  +  a;y-6/=24, 

25.  ^±2/^^7_y^lO 
■  a;-y/     a,. +  2/      3' 

a-''''  +  y-  =  20. 


20.  a;"'' +9x7/=.  340, 

22.  a;''' +  2/''' =  68, 
a;y=16. 

24.       jr»-a;y  +  y2=21, 
y='-2a;y+15  =  0. 

2G.  ^l^  +  ^lj'^? 
a-'-y     a;  +  y~2' 


27.  y'^  -  4.7-,y  +  20x2  +  3y  -  2n4.r  =--  0, 
^^'  -  -iSxy  +  a.2  -  1 2y  +  1 0 J6x  =.  0. 

28.  U-=-^l=__J 

^'      y        12       ar  +  y  +  r>' 


Illili 


CHAPTEE    XX. 


PROBLEMS    RESULTING    IN    QUADRATIC 
EQUATIONS. 

293.  The  statement  in  algebi'aic  language  of  the  con  "  ■  ons  of 
a  problem  often  gives  a  quadratic  equation.  Of  the  ■^<  o  values 
resulting  from  the  solution  of  the  equation  it  sometimes  happens 
that  only  one  will  satisfy  the  conditions  of  the  problem. 

l^x.  1. — The  sum  of  the  squares  of  two  consecutive  numbers 
is  481.     Fiiid  the  numbers. 


Let 
and 
Then 


.T  =  one  number 
ar  +  1  =  the  other  number. 
.r2  +  (.,.+  l)2=.481. 


0) 


The  solution  of  (1)  gives  .r=  15  or  -16;  therefore  the  answer 
will  be  15  and  IG  or  -  15  and  -  16. 

If  we  confine  the  meaning  of  consecutive  numbers  to  arith- 
metical numbers  in  the  common  scale  it  is  evident  that  the  values 
-  16  and  -  15  do  not  satisfy  the  conditions  of  the  problem. 

The  explanation  of  this  and  all  other  kindred  problems  lies  in 
the  fact  that  as  soon  as  a  condition  is  expressed  in  algebraic 
symbols  the  unkno  vn  quantity  is  treated  as  an  algebraic  number. 
For  instance,  in  the  pro})lem  we  have  just  solved,  as  soon  as  wo 
let  X  stand  for  one  number  we  are  required  to  find  an  algebrui(! 
quantity  which  will  satisfy  the  condition  x^-\-{x-\- 1)-="481. 

The  problem  now  might  be  worded  as  follows  : — 

Find  two  algebraic  numbers,  differing  by  uyixtu,  which  when 
squared  and  added  togetlier  will  give  481.  Since  algebra  peiniits 
the  use  of  negative  quantities,  it  is  evident  -  16  and  -  15  are 
values  satisfying  (1) 


tive  numbers 


e  the  answer 


-i'OBLEMS  KESULr,.VO   ,N  QHADHATtC   KQtUT.OXS.     27;, 
.''•  =  number  of  oxen. 


Tlien 


80 


--  =  price  of  each  in  ^'a. 


If  the  per.n  had  bought  4-  more  the  pHce  of  each  in  ,,  .ou,d 
have  been  --^-_  ;  ,ence,  to  satisfy  the  given  condition, 

_80_^80 


''Simplifying, 


.T2+4.r  =  320; 
•  '.  .r=  IG  or  -20. 


(1) 


t-^.^=32o,andt;;:^^;:::^:;!;-f^thecoi^ 

tins  problem  been  worded  as  fol  ow  '^""''""-     ^^'^^^ 

ui)parent:_  ^''"^^'  "^  ^consistency  would  be 

ti.otL;:n'^n;;T  ^-^^^  ^'^-  -^-  ^^  is  divided  into  80 

-i-ividedi~:;L::i::~^^ 

EXERCISE    XOV. 

'•  ''"he  sum  of  the  squares  of  fl...„« 
■^C5      Find  the  number-s  consecutive  numbers  is 

-  Ihree  times  the  nrodnpf  ,.f  *. 

"'u«'ei.     j^ind  tlie  numbers 


5  ^^«^^W«-^^,^i,:^^^j^_^^_^ 
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Mil 


i 
■ 

i       ■  ■ 

,  1    h . 

'1  I      ■     . 


i 

iiiii 


II 


10 


62^ 


score  wlien  lU  more  in  t)2.>  cents' 
worth  lowers  the  price  31^  cents  per  100. 

6.  A  merchant  bought  some  pieces  of  silk  for  $108.75.  He 
sold  the  silk  for  |12  a  piece  and  gained  as  much  as  one  piece 
cost  him.     How  much  did  he  pay  for  each  piece  1 

7.  A  merchant  bought  some  pieces  of  silk  for  $900.  Had  he 
bought  3  pieces  more  for  the  same  money  he  would  have  paid 
$15  less  for  each  piece.     How  many  did  he  buy  ? 

8.  The  area  of  a  square  may  be  doubled  by  increasing  its 
length  by  6  inches  and  its  breadth  by  4  inches.  Determine  its 
sidie. 

9.  The  length  of  a  rectangular  field  exceeds  the  breadth  by 
1  yard,  and  the  area  is  3  acres.     Find  its  dimensions. 

1 0.  A  grass  plot  9  yards  long  and  6  yards  broad  has  a  path 
around  it.  The  area  of  the  path  is  equal  to  that  of  the  plot. 
Find  the  width  of  the  path. 

11.  Divide  a  line  20  inches  long  into  two  parts  so  that  the 
rectangle  contained  by  the  whole  and  one  part  may  be  equal  to 
the  square  on  the  other  part. 

12.  A  vessel  which  has  two  pipes  can  be  filled  in  2  hours  less 
time  by  one  than  by  the  other,  and  by  both  together  in  2  hours 
55  minutes.  How  long  will  it  take  each  pipe  alone  to  fill  the 
vessel  1 

13.  A  vessel  which  has  two  pipes  can  be  filled  in  2  hours  less 
time  by  one  than  by  the  other,  and  by  both  together  in  1  hour 
52  minutes  30  seconds.  How  long  will  it  take  each  pipe  alone 
to  fill  the  vessel  'i 

14.  A  number  is  expressed  by  two  digits,  one  of  which  is  the 
square  of  the  other,  and  when  54  is  added  its  digits  are  inter- 
changed.    Find  the  number. 

15.  A  number  is  composed  of  two  digits,  the  first  of  which 
exceeds  the  second  by  2.  The  sum  of  the  square  o<!  the  number 
and  of  that  which  is  obtained  by  reversing  the  digits  is  4034. 
What  is  the  number  t 


Determine  its 


)f  which  is  the 
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16.  A  number  is  composed  of  two  digits  whose  difference  is 
umty  the  umts' digit  being  the  greater.'and  the  nunZ^it  e 

17    Divide  35  into  two  parts  so  that  the  sum  of  the  two  frao 
t,o„s  formed  by  dividing  each  part  by  the  other  may  be  2" 

\  ^  '»^'  »  «■■««'  row  3i  miles  down  a  river  and  bacic  again 
m  I  hour  40  mmutes.  If  the  current  of  the  river  is  2  miles™ 
liour,  And  the  rate  of  rowing  in  still  water. 

19.  A  jockey  sold  a  horse  for  SU-l  and  »,;„.,l  „ 

cent,  as  the  ho..e  cost.     What  dil  the  horse'Zt  1        "'"''  '"^ 

20.  A  merchant  expended  a  sum  of  money  in  goods  which  he 
old  aga.n  for  «24,  and  lost  as  much  per  cent,  as  the  g^l,    os 

Inm.     How  much  did  he  pay  for  the  goods)  e<^«  cost 

21.  A  broker  bought  a  number  of  bank  shares  ($100  each) 
when  they  were  at  a  certain  rate  per  cent.  duc^JXr  $7  800 
and  afterwards,  when  they  were  at  the  same  ra  e  pe!  cent' 
,«■.».»..  sold  all  but  60  for  $5,000.     How  many  shares  didhe 

22.  A  person's  gross  income  is  il.OOO.      After  de,l„„f 
percentage  for  income  U.,  and  then'a  percenUg^       rt;:;: 

tax  is  charged.       ^  ""^  ^'  """■  *'  "•■="•>  '"«»■»« 

23.  If  the  length  and  breadth  of  a  rectangle  were  each  in 

.■eased  by  1  the  area  would  be  48 ;  if  they  wer!  each  dim  ntshed 

by     the  area  would  be  24.     Find  the  length  and  breadth. 
-4.  The  sum  of  the  squares  of  the  two  digits  of  a  number  is 

20  and  the  product  of  the  digits  is  12.     Find°the  numbed 

eno'e  of  the'"""  "^  '"°  """"'""'  *'"'"  P^*'""''  ™d  the  differ- 
ence of    he.r  squares,  are  all  equal.     Find  the  numbers      (Ut 

i+y  and  x-y  represent  the  numbers.)  ^ 

26.  The  sum  of  two  numbers  divided  by  their  diflei-ence  mve. 


I  ■ ,  "^"''"BBBi^-'WeWSSMWB" 
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27.  The  difference  of  two  numbers  is  ^  of  the  greater,  and  the 
sum  of  the  squares  is  35G.     Wliat  are  the  numbers  ? 

28.  The  difference  between  tlie  hypotenuse  and  two  sides  of  a 
right-angled  triangle  is  3  and  G  respectively.     Find  the  sides. 

29.  Find  two  numbers  whose  sum  is  nine  times  their  differ- 
ence, and  whose  product  diminished  by  the  greater  number  is 
equal  to  twelve  times  the  greater  number  divided  by  the  less. 

30.  A  person  has  |1 3,000,  which  he  divides  into  two  parts, 
and  placing  each  at  interest  receives  an  equal  income.  If  he 
placed  the  first  sum  at  the  rate  of  interest  of  the  second  he 
would  receive  $3G0  income,  and  if  he  placed  the  second  sum  at 
the  rate  of  the  first  he  would  receive  |490  income.  What  are 
the  two  sums  and  what  the  rates  of  interest  1 

31.  A  and  B  have  each,  a  quantity  of  Hour,  A  having  4  barrels 
more  than  B.  They  soil  their  flour  to  each  other  at  different 
prices  per  barrel,  and  the  account  between  them  is  settled  by  B 
f'iving  to  A  £7  IGs  B's  quantitj^  sold  at  A's  price  would  have 
amounted  to  .£28,  ind  A's  quantity  at  B^s  price  to  ^34.  Find 
how  much  was  sold  by  each  and  the  rates  per  barrel. 

32.  From  a  sheet  of  paper  14  inches  long  a  border  of  uniform 
width  is  cut  away  all  around  it,  and  the  area  is  thereby  reduced 
I ;  but  had  the  sheet  been  3  inches  narrower,  and  a  border 
of  the  same  width  been  cut  away,  the  area  would  have  been 
reduced  |.     What  was  the  breadth  of  the  paper  ? 

33.  The  hypotenuse  of  a  right  angle  is  20,  and  the  area  of  the 
triangle  is  96.     Find  the  sides  of  the  triangle. 

34.  The  fore  wheel  of  a  carriage  turns  in  a  mile  132  times 
more  than  the  hind  wheel ;  but  if  the  circumferences  were  each 
increased  by  2  feet  it  would  turn  only  88  times  more.  Find  the 
circumffirence  of  each. 

35.  The  numerator  and  denominator  of  one  fraction  are  each 
greater  by  1  than  those  of  another,  and  the  sum  f»f  the  two 
fractions  is  1/^.  If  the  numerators  were  interchanged  the  sum 
of  the  fractions  would  be  II.     Find  the  fractions. 
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THEORY    OP    QUADRATICS. 
294    ^  quadratic  equation  cannot  have  .nore  than  two  roots 
Let    he  quadratic  be  reduced  to  the  form  x^+p.  +  n=0     Then 

It  is  evident  thi*t  x^ +  0x4-0  will  v...;  1    e 

therefore  a  -lh^  /  f  t  ^ ,         "'^''  ^'*''  *"  =  ^  ^"^^  •^'  ^  ^>  J 

uinerore  a  and  6  are  roots  of  the  eauatinn       ai  1    , 

1  and!       ^  ~  "  ''"  *^"''^^'^^  ''^'  -'^  ^-  -ots,  viz., 

-ts,  two  or  more  of  which  arc' c'ual  '"^"  ^'"^ 

ti.^.^:t!:::!a'  ^  ^^^^  ^'  ^^  ^^^^  -^«  «^  ^»-  <i-^-ic  e,ua- 

'J^1'<M,  .Ince  «  is  a  root,  aa'  +  ba  +  c^O 

'«<!  «ince /.' is  a  root,  a^^  +  i^' +  «  ^  q'; 

similarly,  since  y  is  a  root,       af  +  by  +  c  =  o' 

Subtracting  (2)  from  (\\  •uirl  /"?\  ^'         /ix 

o  V  y  uom  ^i;  and  (d)  irom  (1)  we  obtain 


(1) 


F^l*!"!^''"""* 


IK 


i  1 


II 


i    i 


^^ifii' 
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1                 :    1 
i      :         ! 

1  i 

i 

i   ' 

ill 

.       i   'i 
i      ■ 

Dividing  (4)  by  («  -  (i),  which  is  by  liypotheHia  not  zero,  and 
(5)  by  (a  -  j),  which  also  is  not  zero,  we  obtain 

a(u  +  ^)-\-b  =  0,  '  (6) 

a(uA-y)  +  b  =  0.  (7) 

Subtracting  (7)  from  (G),  a(f{  -  j-)  =  0.  (8) 

By  hypothesis  p'  -  y  is  not  zero  and  a  is  not  =  0 ;  therefore  the 
result  is  impossible,  and  the  equation  cannot  have  three  unequal 
roots. 

Note. — The  reason  why  a  quadratic  eciuation  cannot  have  more  than 
two  roots  is  the  fact  that  it  cannot  have  more  than  ttvo  factors,  each  of 
one  dimension.  For  a  similar  reason  a  cubic  equation  cannot  have  more 
than  three  roots,  etc. 

296.  If  a  and  b  are  the  roots  of  a  quadratic  equation  then 
(x  —  a)  and  (x-b)  are  the  factors  of  the  corresponding  quadratic 
expression.  For  if  the  expression  vanishes  when  x  =  a  then  x-a 
is  a  factor.     Similarly  x  —  b  is  a  factor ; 

.*.  x^+px  +  q=(x-a){x-b) 
or  a^+px  +  q^x"^  -  x{a  +  b)  +  ab. 

Now,  since  this  is  an  identity,  by  equating  coefficients,  we 

obtain 

p=  -(a  +  b)  or  a  +  b=  - p,  (1) 

and  q  =  ab  or       ab  =  q.  (2) 

Hence  the  important  principle  : 

The  sum  of  the  roots  of  a  quadratic  equation  of  the  form 
x^  +px  +  q=0  is  equal  to  the  coefficient  of  x  with  its  sign  changed; 
and  the  product  of  the  roots  equals  the  absolute  term,  that  is,  the 
term  independent  of  x. 

297.  This  result  may  be  obtained  directly  as  follows  ; — 
Solving  y?  ■\-px-\-q  =  ^  we  find  the  values  of  x  to  be 

P     Vp'^-^q        ,       P     Vp'^-^Q 
-  7,  + 7, '^nd   -  .^ . 


not  zero,  and 


oefficients,  we 


THEOHY   OF  QUADltATICS. 
rf  a  and  b  are  the  roots  then 


a  ^ 


2  o        ^• 

Adding  (I)  and  (2), 

a  +  b=  -p. 
Multiplying  (1)  and  (2)  together, 


279 

(1) 

(a) 


4 

.'.  ab  =  n. 

(4) 
298.   From  the  fact  that  if  a  and  />  are  roots  then  (.       ^       , 

l<et  a  and  b  he  "-iven  rnnfu  .  *     c   j  .,  '^tt^ven. 

they  are  the  roots.  ^  '"  ''"^  ''"  '"^^^''^^  «^  -l»eh 

If  ..  and  b  are  roots  then  (.  -  «)  and  (.  -  b)  are  factor.  , 

^^  •.   (.x--rO(;«-i)  =  0 

«  -  .x-(a  +  b)  +  ab^O 
IS  the  required  equation. 

«,f  L!;."''''""  '  -"^  ^  *"  l"  -^^  of  an  equation,  fin.  the 

'Since  2  and  3  are  roots  .v  -  2  anr?  ^     -i  .      ^    . 

-  ana  x~6  are  factors  ; 

or  .' \         ' 

IS  the  required  equation. 

.s  (,.  -  3)(a-  +  4)  =  0  or  a.-^  + ..  _  1 2  .  o  '"  ''^""''^" 
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THEORY   OF   QUADRATICS. 


ilil 


Ex.  5.— Let  \/'2and  -V '^  he  roots,  their  f.ictors  are  a;-  V  2 
and  a;+V/2;  therefore  equation  is 

or  X'  -'2  =  0. 

Hence,  to  find   the  equation  of  which  the  roots  Tu'e  given, 

subtract  each  root  in  turn  from  x  and  multiply  the  different 

remainders  together.  The  result  equated   to  zero  will  be  the 
equation  required. 

299.   To  find  tfie  condition  that  roots  of  ax'  +  hx  +  c  =  0  may  be 
real  and  equal,  real  and  unequal,  or  imaginary. 

Solving  ax'  +  6a;  +  c  =  0  we  find 


h       \/lr-  ^ac 


•2a 


ia 


Let 


a;,  = 


h      V6'--4 


2a 


+ 


ac 


ki 


and 


^.=  -^- 


b      Vb-  -  4rtc 
■j.a  2a 


then  it'i  and  x^  are  the  roots  of  ax?  +  bx-{-c  =  0. 

(a)  Fixing  attention  upon   the  expression  Vb''  -  iac,  we  see 
that  if  b'-^iac  the  quantity  V^^  -iac  =  0,  and  x-j  and  x.2  each 

become  - —  ;  therefore  x^  and  Xj  are  eqval  when  b^=  iac. 
2a 

(b)  But  if  6"  >  -iac  then  6'-  -  iac  is  a  'positive  quantity  and 
\/6'-  -  iac  is  a  real  (juantity. 


Let 
then 

and 


Vb-  -  iac 


2a 


a,  =  - 


2a 


+  d 


x.,= 


-d, 


'Za 


therefore  x^  and  x.^  differ  by  2d,  and  x^  and  x^  are  real  and 
imequnl, 
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f-  c  =  0  may  be 


,  are  real  and 
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(c)  If,  Jiowever,  ^2  ^  ^  . 

i«  the  square  roof  n(  ^  '  ^^  negative,  and  Vfi^I  W 

-»>,■  hole .,  Tnd  trrrr^^:"'^  "-'*  "■^™'"™  -''^- 

imayinary  quantity  Vi-rTS-  ^^"""■■>''  »»  ^'"^ll  contains  tho 

-f :::  :;tr:'r;rr  ^™"'' "-  --'  -<'  --■ 

^x\  1, — Let  2x'2  _  5a;  +  g  ^  /^ 
roots.     Here  (5)2  <  4  x '>  y  8  •  J    ^""/""^   '^^  character  of  the 

^•*- •^—Examine  .?x-2-8:r -I- «     n     c-  «        J' 

fore  roots  are  equal.  ^^^    ®^^^^  («)'=4  x  2  x  8,  there- 

^x  ^—Examine  3a;2  _  1 9^.  .  o  _  ^      „• 
therefore  roots  are  real  and  untquL  ""  0^)^  >   *  x  3  x  9. 

'-oots  ?     The  condition  of  equal  roots  is         "^"^  +  "^ "  ^  ^^^^  equal 

0,.  «'  =  4x4x  16 

a='=2.56; 

or  «l  =  4ix20 

81  =  804; 
.    .     %\ 
••^  =  80- 

300.  The  equation  ox^A-hi'^.,s     a 
^^heu  the  value  of  ^  approached  !~      '"^"''''  examination,  (1) 
(:-')  when  a  =  0  and  i  JJ"'"'^^^  ^^^^^'  «r  as  is  generally  said  =  0  • 
19 


:  I'ii! 


vil 

,1  ;i 

X       XT 
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(1)  Let  ax^  +  6.K  +  r  =  0  have  the  coefficient  of  x^,  zero. 
Divide  by  a;-,  then 

a  +  hi/  +  cy-  =  0. 

bij  +  ci/-  =  0 
y{b  +  cy)  =  0; 

.'.  y  =  0  or  - 


Let  -  =  2/>  ^^^^" 

X 

But  a=  0,  therefore 
or 


Hut  y  =     ,  therefore 


-  =  0or 

03 


0 

c' 

h 

c 


^    1 

Let  -  = 

X 


- ,  then  X-  -  , ,  one  of  the  roots  required. 
c  0 


Let  -  =  0 ;  then,  since  the  value  of  a  fraction  diminishes  as 
X  1 

the  denorhinator  increases,  the  value  of  a;  in  -  =  0  must  be  very 

great;  for  the  quotient  obtained  by  dividing  1  by  x  is  very 
small,  or  zero.  In  such  examples  as  this  x  is  said  to  be  infinitely 
great,  or  ipjinity,  the  symbol  for  which  is  oc.     "fherefore  the 

roots  of  ax^  +  6x'  +  c  =  0  are  -  -  and  oc  when  a  =  0. 

(2)  Let  rt  =  0  and  also  6  =  0. 

a3(P  +  bx  +  c  =  0  when  divided  by  x"-  becomes 

be 

a+     +   ,  =  0. 

X     v 


As  before,  put 


1 

-  ^  '/ 

X      " 


a+  -  +-:,=  a  +  bi/  +  cif  =  0. 

X       X' 


But  rt  =  0  and  6  =  0,  therefore  a-\-by  +  af  =  c}f  =  0]  hence  both 
values  of  2/  =  0.     But  y=  -  =  0,  therefore  x  =  infinity.     So  that 


X 


when  a  =  0  and  6  =  0  both  values  of  x  are  infinity. 

XoTE.— The  student  mns'j  bear  in  mind  that  when  we  say  a=0  we 
mean  that  the  coefficient  of  x"*  becomes  indefinitely  small,  so  that  it  diffeI^s 
from  zero  by  a  quantity  less  than  any  given  quantity. 


I 
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is  impossible  to  give  exa™lrif    n  J^  "'  Quadratics.     It 

st^te  t,hat  the  ™L  of  he  ptlfeJLtt     '"-.™'  "-'  -  -^ 
Algebra  require  for  their  sTlutrn  1^-      "  '"  '^^^'^^^  »° 
ooneeptionof  the  fact  thatThe   „„  of  t^/  T/"*"  "  "'^^ 
7  i^  «™p-t  for.,  equals  the  coeffieL^Tf  .     T"^""''"' 
C-ge,  and  the  product  of  the  .cots  :;:a\,l::irter 

&  7._If  „  and  6  are  the  roots  of  ^^„^^„^o  find  th 
equation  whose  roots  are  i  and  ' 
1  1  »  «• 

If  „  and  -  are  the  roots  of  an  equation,  then 

r  "  oj  (^  -  T  ;  =  0  is  the  equation, 
Va      fj     ab       ' 


or 


or 


But 


a; 


'_J^_±^\       1 

V  «6  ^+^  =  0  becomes 


or 


I^ivide 
then 


,     mx     1 

«;"  +  —  +- =0, 

Otherwise^ 


x^  +  mx  +  n^O  by  a;^ 


1  .  wi     n 
*  +  —  +  -  =  0 


^ 


284. 


THEOUY   OF   QUADUATICS. 


m  !P 

lliijl 


i! 


!    <•  \\\ 


llliil 


m 


I 


If  «=  ?  then  the  equation  becomes  1  +wy  +  ny'  =  0,  and  the 

X  11 

values  of  y  will  be       and  -  ,  since  the  values  of  y  are  the  recipro- 

'^  a  0 

cals  of  those  of  x.     Therefore  l+m^  + 71^  =  0  is  the  »jquation 

whose  roots  are  -  ana  -r. 
a  0 

Ex.  2. If  m  and  n  are  the  roots  of  ax^  \-bx-^c  =  0,  find  the 

values  of 

(a)  m'*  +  inn-\-n\     (b)  m?-n\     (c)  m'-w?i  +  «', 

ax'  +  bx  +  c^O  by  a, 


(a)  Dividing 


x'^+^x+-=0; 
a       a 


a 


and 

Squaring  (1), 

and 

Subtracting 


wm  = 


a 


nr  +  2/Hrt  +  n^  =  -= 
a* 


c 
mn=  -. 
a 


m''  +  mn  +  7t'*  = 


•.  w^  +  mn  +  n^^^ 


6'      c      6^  -  ac 


a^     a 
P  —  ac 


a' 


(6)  To  find  the  value  of  ni^  -  n\ 


Since 


and 


a 


inn=  -, 
a 


snuaring  (1)  and  subtracting  4mn, 

"  ^  ^                                         b'^     Ac     h'-  ifie 
n^  -  2nm  +  «.'*=, =  — ^a — ' 


0) 

(3) 
(2) 


0) 

(2) 


y'  =  0,  and  the 
ire  the  recipro- 
i  the  <:iquatiou 

c  =  0,  find  the 
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Extracting  square  root,         m~n^±  ^'"Jliff 
But  * 


Multiplying  together  (;{)  and  (4), 


a 


28.') 

(3) 

(4) 


(c)  To  find  the  value  of  /».» _  ^in  +  w". 


h  VI''  -  4ac 


a* 


(w»  +  n)'=rwi^4.2 


tnn  +  7r  == 


and 


Smn 


3c 


Subtracting 
(d)  Since 


a 


From  (2) 


m'-mn  +  n'^- 


b'~3aa 


a' 


m'  +  mn  +  n'^^.l^ 


a' 


ind 


m^  -  mn  +  rJ  »  -._ ' 


lr-:\nc 


a 


•2      "> 


m'  +  mV  +  n*=( 


(e)  To  find  the  value  of 


"<■'  +  n\ 


a* 


m 


:i  1  ^.;i 


But 


-and 


+  w'=(m  +  «)(m''-ww-|-n-'). 


?u  +  n=  - 


a 


»w'  -  wn  +  n^  = 


A^-Srtc 


a 


,2  » 


m''  +  ri' 


'=— (^~^^^) 


Another  Method 


a' 


m^  +  -n? 


{m-\-ny~3mn{m  +  n)^(~  ^'X ~z('\(.    ^*\ 


Sahc  -  It 


a" 


.1      TfF— P 


i  I 


in 


tifllilil 
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Ex.  S. — If  one-thiid  the  sum  of  the  squares  of  the  roots  of  the 
equation  ax^-'rbx  +  c^O  is  equal  to  the  product,  show  that  6*=5ac. 

Let  m  and  w  be  roots  of  the  equation,  then 

h 


m  +  n=  - 


a 


and 


mn—  -  ; 


c 
a 


1 


0) 


also,  by  hypothesis,         oC"*''  +  **')  -  '"'^*- 

o 

We  ha^'e  now  to  express  wi'^  +  »r  and  vnn  in  terms  of  a,  6  and  ( 

a 


Since 


m^  +  n'-  =  (wt  +  nf  —  2»in  = 


a* 


a" 


1/2       2v      l/«>'-2ac\ 


also, 


mn  =  - . 
a 


1 


Substituting  these   values  of    Am- -V  r^)  and  win  in  (1)  we 

o 

1  /i'  -  1ac\ 


obtain 


or 
or 


a 


b  c       „ 

+ :  + =0 


1  /6-  -  2ac\  _  c 

6'  -  2ac  =  ^nc, 
b'^  =  5ac 

^a;.  A. — Find  the  roots  of  the  equation  ,  . 

x  +  a     X  +  0     x  +  c 

when  «  +  6  +  c  =  0. 
Clearing  of  fractions^ 

a{x  +  b){x  +  c)  +  b{x  4-  a)(x  +  c)  +  c{x  +  a){x  +  b)  =  0. 

Multiplying  out,  and  collecting  coefficients  of  x-  and  x, 

xS(a  +  6  +  c)  +  x{2ab  +  lac  +  26c)  +  Zabc  =  0. 
Since  a-'tb  +  c,  the  coefficient  of  x^,  =  0,  one  root  of  the  quad 


ratic  is  infinity  and  the  other  root  is  - 


—  3«6c 


2{ab  +  6c  +  ca) ' 


IS  of  a,  h  and  c, 


7)171  in  (1)  we 
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/i.r,  J._Tf  the  pquution  .r''«+.«r4.«~n  I  .     " 

thataa.^4-;.(«  +  i)^;    .    ^,^  :^^7^-0  '"'i^^  «q"al  roots,  show 

other.  ^       ^^    "^  -''^     ^  '"^-^  «"«  «^  *»>«'".  and  find  the 

If  the  roots  of  x-  +  vx4-n~nu 

+P^  +  q^O  have  equal  roots 

then  »,a 

r  =  4g'  or  y  =  C.. 

•••«-»--^  or  _^(!il^) 
Since  ,^,,.,,.0  h.,  o<,„.,  .„o,,,\„,  _^ _';„,,_  ■ 
therefore  -  |  =  one  of  the  equal  root,. 

Ex.  e.~-lt  x' -    fe+   „„o,   (1) 

l«n,  of  tl,e.;''"  "''"''•  =  "'   <'>  '■""   "  —on   root,   solve 

"  (1 )  "ml  (2)  l.ave  a  common  root  tl.ov  Inve  „  n„ 
wluci,  „,„,t  bo  .  fi^tor  of  their  differe,  Z  ^1^7^'     °r' 
«-     «      Tl.„    I  2  '  •  """'''"''•efore  must  be 

,;<«.     Therefore  a,= -discommon  root. 

Substituting  this  value  of  re  in  (1), 

(5'")'- ^5") +«='>. 

4a"-90a  +  25a  =  0, 
or 

Tl.orefore«.l^nd\-l^th      T^''"  13 

4   ^'^^  5 ""  -  T '  therefore  common  root  =  1?     p,„ 

sumofroot8in(l)  =  9andinr2)-14.fh      ,  -" 

5  15  »  (-)  -  14 ,  therefore  remaining  roots 

^'-e      and  -. 


•I    -T»     4i|| 


llti  ■  f 


if 


I'll 


;  «    1    i  I    "   t 


111 


I 


i  ! 
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Ex.  7. — If  tho  ratio  of  the  roots  of  the  equation  x'  ■\-'px-\-q  =  () 
be  equal  to  that  of  the  roots  of  x?-\-jt^x  +  q-j  =  0  then  irq^  -Piq- 

Let  a  and  b  be  roots  of     a;'-  +  px  +  q  =  0 
and     m  and  n  be  roots  of  x^-\-piX  +  7,  -^  0, 

a     rn 
b      n 


then 

But 
also 


rt  +  />  =  -p  and 
m  +  n=  -;;j  and 


therefore     - — r-^  =  —  and 
m         q 


But 


(a +6)^ 


nd,  by  hypothesis 


-  r  +  -  -r  2  and 
6      a 

a     m 
h     n 


«6  =  f/, 

m7f  =  (7, ; 

(m  +  9t)'^     /)!*'' 
w»         qx' 


?/<w 


n     ?n 


9 


9i 


or  ^r</,  =  p^-q. 

EXERCISE    XCVI. 

1 .  If  a  and  b  be  the  roots  of  x'-  +px+q  =  0  prove  a^  +  b^  =  3pq  -p\ 

2.  If  a  and  b  be  the  roots  of  px^  +  qx-\-r  =  0  prove  tliat  the 
equation  whose  roots  are  -  and  -  will  be />ra3-  +  (2;^r-7-)a;+;)r=0. 

3.  If  m  and  n  be  the  roots  of  ax-  +  ,r  +  6  =  0  show  thiit 

\        n)\       tn)      ab 

4.  Find  tlie  sum  of  the  roots  of  the  equation 


a. 


+ 


X  —  a     X  - b     X  - c 


0. 


1'»E(3HV    or   QlTADRATtCS. 


U>-Qx-^7h% 


28& 

5-   rf  a  and  /3  be  the  roots  of  a.r^  +  /;,.  +  ^  _  n  . ,       ,, 

10.H  .......  „„.  «•■'  ...  ,  ^•,     .       .   "^      +^-0  form  the  equation 


lit 


whose  roots  are  «  and  ^■■'  •  .,      ,  /  '^"    "" 

'    Z^-'  ^"'^  .7'  *'«^  ^""»  the  equation  whose  roots 

are  ^  and  I. 

6.  Tf  «  and  p/  be  the  roots  of  x^  ^  rv  +  -1,.-'     n  f         ., 
f.-n«  ,  k  16    =Oform  the  equa- 

tion whose  roots  are  a^  +  p'n  ^„ ^  „3  _  ^3       ^  ^  ^ 

8.  Ii  the  roots  of  a;' +  nr -1. /»     n  „    i     ? 
the  same  quantity,  show  thatXV;! 0    ^*'*''-°  "'''<"•  ''^ 

n.  -^^«-d^betherootsof.^_..(i,„^^l,j^^ 
prove  that  «H  1^2 ^„.  /-^  g^^ +«  +  «)  =  0 

1^.  Form  the  equation  whose  ronf«  .,».o  fi 
-.  ,n<re..™ee  of  tL  ™,t»  of  2:^74:"  XX^''^  -" 

13.  If  „  „d  ^  are  the  ,.oots  of  a^^,.^,^,  ,„^  ^,^ 
lion  whose  roots  are  «»  +  (j'  and  1  +  '. 

14.  Xf  „  and  ^  be  the  roots  It  i"  +  fe  +  ,^o  prove  that  ,h 
quadratic  equation  whose  roots  are  t  and  t ;,  '" 

-t:t:;rd:r:r^^^^^^^^  -^ — -» 

16.  Form  the  equation  whose  «.ots  are  V^and  -  V? 
'■  *"'•'"  "■"  ^'l"""""  ^'hose  roots  are  »  +  „  and  „,Z 


'>!     ' 


•wmmmmmmmmimm 


IV" 


I  ij 


^!-!n 
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18.  Find  the  condition  that  oa:'  +  6x  +  c  =  0  and  ajX*' +  iiJtr  +  rj  - 0 
may  have  a  common  root. 

19.  If  ax^  +  bx  +  c^O  and  flire'  +  ^iT  +  r,  —  0  have  respectively 
two  roots,  one  of  which  is  the  reciprocal  of  the  other,  prove  that 
{(Ml  -  cCiY  »  (a&,  -  bc^){aJ)  -  ft,c). 

20.  For  what  value  of  7n  will  the  equation  2x--^8x  +  m-0 
have  equal  roots  1 

21.  Show  that  in  every  quadratic  of  the  form  ax^  +  hx  +  n^O 
the  roots  are  the  reciprocal  of  each  other. 

22.  Show  that  the  roots  of  ex*  4- 6aj  +  a  ■»  0  are  the  reciprocals 
of  those  of  ax''  +  bx  +  c=0. 

23.  If  «  and  [i  be  the  roots  of  the  equation  ax*  +  ftac  +  c  «=  0,  and 
«^  +  /^'-  =  1,  show  that  2ac  =  b--  a\ 

24.  li  x'^  -3x-a  =  0  and  a"  -  4a:  -  5  =  0  have  one  root  in  com- 
mon, show  that  a'^  -  14a  +  40  =  0. 

25.  If  the  roots  of  the  equation  x''  +  px  +  q  =  0  be  respectively 
any  equimultiples  of  the  roots  of  the  equation  x-  +  ?'£r  +  «  =  0  prove 
that  sp-  =  qr'K 

2G.  If  the  difference  between  the  roots  of  the  two  equations 
X-  -{-{p-  a)x  +  b'^--^0  and  x-  +  {p-  b)x  +  a'  =  0  be  equal  then  shall 
2p  =  5(a  +  b). 

27.  If  a  and  b  be  the  roots  of  x^-px-\-q  =  0,  and  a  and  ^  the 

roots  of  x^  -  qx  +p  =  0,  show  that  —  +  --i+-T  +  7T7=l- 
^       ^  aa     ap     ao     pb 

28.  Show  that  the  roots  of  the  quadratic  equation 

+  .-. + =  0. 


'3a-  X     Sb  -  X     3c  -X 
are  real  if  a"^  +  b''  +  c^  is  greater  than  ab  +  ac  +  be. 

29.  Find   the  values   of   m   which   will    make   the   equation 
3mx^  +  (6m  -  1  '2)x  +  8  =  0  have  equal  roots 

30.  li  ab  +  bc  +  ca  =  (j  find  the  roots  of 


a^  62  c' 


f =0. 

X  -  a     x-b     x  —  c 


+ 


CHAPTEK    XXii. 


SPECIAL   FORMS   OP   SIMPLE  EQUATIONS. 

1.  By  mftthcKlM  already  given  any  simplo  equation  invoIvinK 
but  one  unknown  quantity,  .,•  may  always  he  reduced  co  the 
form  ax=b  where  a  represents  the  sun.  of  the  coetlicients  of  all 
the  terms  containing  x,  and  b  the  sum  of  all  the  other  terms. 

L  Let  a«0,  then  a.r=0;  for  if  one  factor «0  the  prmJuot-0 
and  therefore  no  value  of  x  can  satisfy  the  equatir.n.  If  how- 
ever a  he  not  zero,  but  a  very  sn.all  quantity,  then  the  equation 
will  be  satisfied  when  .r  is  very  great;  and  by  nmking  a  sn.all 
enough  X  may  be  nmde  greater  than  any  assignable  quantity 
In  this  sense  it  is  customary  to  say  that  when  a  =  0  »;-« 
Similar  remarks  apply  U>  equations  (3)  and  (4)  of  the  following 
Art.  when  the  coeiKcients  of  x  and  y  vanish. 

II.  I^t  a  =  0  and  also  6  =  0,  then  «.r=0,  and  the  equation  is 
satisfied  for  any  value  of  x.  hx  this  case  the  given  equation  is 
an  tdentUy,  and  therefore  true  for  all  values  of  x.     (Art.  108.) 

2.  The  following  simple  example  will  illustrate  the  meaning 
of  the  preceding  cases : — 

A  and  n  commence  business  with  capitals  of  $a  and  $b  respec- 
tively ;  A  gains  .$m  and  /?  $n  per  annum.  In  how  many  years 
will  they  have  an  equal  amount  of  money  1 


1 
I 

I 


1'  ,*,' 


■Sg*3SE3ia&ag? 


1,  ■ 


ii 
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Let  X  =  the  number  of  years, 

then  a  +  m.v  =  A's  money  .at  the  end  of  x  years 

and  b  +  nx  =  B's  money  at  the  end  of  x  years. 

Then  a  +  mx  =  b  +  nx ; 

b  -  a 


{m  —  n)x  =b-af    or   x  = 


in  -  11 


Now,  if  m  -  w  =  0,  no  value  of  x  can  satisfy  the  equation  unless 
also  b  -n=0,  and  then  any  value  of  x  will  satisfy  it.  Referring 
to  the  original  problem  we  see  that  these  results  are  correct ;  for 
if  wi  =  n  and  a  is  not  =  6,  then  eviden<-!y  the  two  men  can  never 
have  the  same  amount  of  money;  but  if  »w  =  n  and  also  a=>b, 
then  they  have  always  the  same  amount. 

3.  Simultaneous  equations  of  the  first  degree  involving  two- 
unknown  quantities  may  always  be  reduced  to  three  terms  each 
and  may  therefore  be  expressed  in  the  form, 

ax  +  by  =c,  (1) 

a'x  +  b'y  =  c'.  (2) 

Eliminating  y  and  x  successively  in  the  usual  way  we  get 

{ab'-a'b)x  =  b'c-bc',  (3) 

(ab'  -  a'b)y  =  c'a  -  ca'.  (4) 

I.  Let  ab'  -  a'b  =  0,  then  no  values  of  x  and  y  can  satisfy 
equations  (3)  and  (4),  and  consequently  no  values  of  x  and  y  can 
satisfy  the  given  equations.  In  this  case  the  given  equations 
are  said  to  be  inconsistent  or  contradictory,  and  no  solution  is 
possible. 

II.  Let  ab' -a'b  =  0,  and  also  b'c-bc'  =  0,  then  any  value  of  ,r 

will  satisfy  equation  (3);  and  since  ab'  -a'b  =  0,  -  =  -  ;  and  since 
b'      c  c      a  a      b 

b'c  -be'  =  0,  7"  =  ~  >  ^^^  therefore  -  =  -  ;  therefore  c'a  -  ca'  =  0. 
be  e      a 

and  therefore  any  value  of  y  will  satisfy  equation  (4).     In  this 


II 
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rj:;  ~r~  -  — -.  and  *he  ™,u.  . 

Referring  ,.  the  original  equation,  we  find  that  in  Ca»e  I.  we 
have  -  =        l)i]f   *   „„^      c 

„      J,  ^^  not=  ^  ;  therefore  a'^  +  f^  i,  a  multiple  of 

::;o^..'."  '  *-  ""  "-^  ^'"'-  """^'^'^  -^  '.  ^-ioh  is  eWdentl, 

'""^'''"■^^''"'=  ~=*-^-nd  therefore  .■..,.,  isa 
multiple  of  <..  +  4^,  »„,,  „■  „,„  ^^^  ^_^_^^ 

as  deternimed  from  (^)  mrl  /i\  ..„     -^u      ,     ,  '^na  '/, 

;-.™..ate.  hutl^:i<tt;::xr.;r^^^^^ 

not  necessarily  true.     For  let  a  and  V  each  be  ^ero  •  ll  TV 
not  .ero  then  the  value  of  .  is  hnpossih.;  an,    the  ™lue "f 
mdeternnnate.    Again,  let  «  and  „'  each  be  .ero  and  i^  6'  a  ' 
^ero,  then  the  values  of  ^  and  v  from  (3)  aj m  ■  1'° 

terminate.     Referrin.,  t„  tK„  ,  '  '  '^  "^'"""'  '"''o- 

/,'„    .' .    ■  J     .  "'"."S  *<'  the  original  e,,uati„ns  we  have  h,^e 

utCr    'Th     T  "r.''^'^''  °™  ^l""""  «  a  multiple  o   the 

^."^  ri:7  h:::utr"^^^^ 

because  bofh    h.  T  ^  ''^'^'''"''  "^^^tenninate  in  (4) 

because  both  the  or.gmal  equations  were  nmltiplied  by  the  zero 

umltipliers,  a'  and  a;  the  real  value  of  y  is  either  ^   or   ^' 

c  c'" 

5.  When  three  simultaneous  equations  are  given  involving 
hree  unknown  quantities,  various  peculiarities  nuay  adse      hf 
discu.uon  of  which  in  detail  would  be  tedious,     wl    rbeen 

ticular  ca.e  which  may  present  itself.    Tlie  most  i,nr.  ■,      / 
-«  i"ustra.d  b,  numerical  examples  in:h:ri,':~:.r; 


iiM 


JH' 


H 
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EXERCISE    XCVII. 


Solve 

1.  (a-b){x-c)  +{b-c){x-a)  +{c-a){x-b)  =0. 

2.  (a  -  b){x  -  cf  +  {b-  c){x  -  ay  +  {c-  a){x  -  bf  =  0. 

3.  (a  -  b){x  -  cf  +  (6  -  c){x  -  of  +  {c-  a){x  -  bf  =  0. 

4.  {2x  -a-bf  -{x-  af  -{x-  bf  =  3{x  -  a){x  -  b){2x  -a-b). 

fi.  ',n{x  -  a)  +  n{y  -b)  =  (m  +  n){a  +  6), 
m{z -b)  +  n{y -a)={m-  n){a -  b). 

6.  x-y  =  a,  7. 


x  =  c. 


x  +  y  +  z^20, 
x  +  2y  +  3z  =  iO, 
2x  +  3y  +  iz  =  60. 


9. 


Sx  +  y  -z—16, 

7x  +  2y-  2z  =  35, 

Ux  +  3y-3z  =  70. 


8.     x  +  2y  +  Sz  =  \0, 

3.r  +  4v  +  62  =  23, 

.r  +  6y  +  9s  =  24. 

10.  (a-i).c  +  (6- c)y  +  (c-a)2!=w*,    11.  .r  +  y  =  5, 

(b  -  c)x  +  {c-  a)y  +  {a-  b)z  =  n,  x^  +  2/^  +  1  S.cy  =  1 25. 

(c  -  «)j;  +  (a  -  b)y  +  (6  -  c)2  =/?. 

Expose  the  fallacy  in  the  following  : — 

1 2.  Let  a  =  6,    then   ab  =  b^   and    rt^  -  a6  =  d^  -  b"^ ; 

.•,   a{a  -b)  =  {a  +  b){a  -  b) ; 

.".   ci  =  «  +  6  =  2a   since    a  =  b; 
.\   a  =  2a   or    1  =  2. 

13.  Sojtve  axy  =  c{bx  +  ay)j 

bxy  =  c{ax  +  by). 

Multiply  (1)  by  a,  (2)  by  6,  and  subtract,  and  we  get 

(a^  -  b'^j-fy  =  c(a?  -  b'-)y   or   x  =  c, 
Substitute  this  value  for  x  in  ( 1 )  and  we  get 
acy  =  c(6c  +  ay)   or   60"  =  0, 


(1) 
(2) 


CHAPTER     XXIII. 


MISCELLANEOUS    EXAMPLES. 

EXERCISE    XCVIII. 

I.   If  x=7,   ^=3,    m  =  5,    n  =  2,  find  the  value  of 

x{m  -  n)'- 


X 


coin.  Have  the,  t„,ethe.  and  h„.".an,  Zl^Z  ^^CZ 

3.  What  value  of  .^  will  make  H)  2a.-- 8    (^\  ox     o    .ov  o 
W  3-  =  81,    (.5)  o(..+  l)=l35/(6)1~..:|i,        '  '  ^    '=''■ 

26  -  3c  +  5a.  ^  +  3*  +  >'o.  and  from  the  result  subtract 

5.  What  eflect  will  it  have  on  each  of  the  f„li      ■ 

sions  to  incase  the  value  of  .  b,  :t^:^T;:'^'T 

6.  PVom  the  sum  of  (rt-6).x-  +  M_.\,,  ,  /,      s         ,  , 

«e  the  su,„  of  (6-c)i.;.:i;>r.t-',:;:f-^- 

fonolg™  pr.,oL  !:""=-  '^'^  """  '""  ™-  »'  -"  of  the 

(1)  ah(a  -b)  +  bc(b  -  c)  +  ca(n  -  a) 

(2)  a(b-'-c^-)  +  b(c^.-a^)  +  c(a^_f,'^y 

(3)  a\b-c)  +  b^c-a)  +  c-^{a-b)' 
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8.  If   a;  =  yn  1,    find   the  value  of  a;*  -  4x-'*  +  6ar  -  4a;  +  1    in 
terms  of  y. 

9.  If  ;t'  =  a  +  26-3c,  2/  =  a-26  4- 3c,  find  the  value  of  os^-xy-Cy 
in  terms  of  a,  h  and  c. 

10.  Divide    a^{b -c)^¥{g -a)-\-c\a-h)    by   a--ab-ac  +  bc. 

11.  Divide   aib'' -  c^)  +  b(c^  -  a")  +  c{ci^  -  b')   by  a'-' -  6'- +  ac  -  6c. 

1 2.  Divide   a'^  (i^  -  c')  +  b-  (c'  -  a')  +  c'  («•'  -  b') 

by   a2(6  -  c)  +  b''{c  -a)  +  c^a  -  b). 

13.  State  in  words  the  meaning  of  the  equality, 

\       xj  x^ 

14.  Prove  that  the  cube  of  the  sura  of  any  number  and  its 
reciprocal  is  greater  than  the  sum  of  their  cubes  by  three  times 
their  sum. 

15.  If  a  nunil)er  be  divided  into  two  parts  whose  diflference  is 
unity,  the  difference  of  the  squares  of  the  two  parts  equals  their 
sum. 

16.  Prove  that  the  square  of  the  difference  between  any 
number  and  its  reciprocal  is  less  by  2  than  the  sum  of  their 
squares. 

17.  If  a  =  -  6  =  -  1,  find  the  value  of  a'b  -  v,  -  ('''XI  ^  -  U 

b^      \b  J   W     h^y 

18.  If   x  =  d^-bCf    y  =  W-ca,    z  =  c--ab,    divide    ax  +  bt/  +  cz 


by  a  +  b  +  c,  and  prove  that 


X-  -  f/z     y-  -  zx 


xy 


a 


U I  ill 


19.  If  rt  +  6  +  c  =  0,    prove  that    a'  -bc  =  b-  -  ca  =  c^  -  ab,   and 
that  a^  +  b^  +  c^  =  3abc. 

20.  Divide    (x'  +  xy  +  y-^)-  -4xy{x'  +  y'')    by    ^^-xy^y\ 

2 1 .  Divide  2a-6-'  +  2ftV-  -  2cV  -a'-b'-c''  by  lab  +  a^  +  fe^  _  ^2^ 

22.  Find  the  value  of    -  /        \  / 


n"\n-\f 


wl 


len  >H  =  _'. 
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«..2S  tefZf^aT"'''^!'  '""''■'  ^  y^""'  of  i'  -  worth 
cent,  if::  IntZt,^'  ""'""'^''  ^'-'O  ^^  y^"i-    How  ,„.„y 

*here  are  two  solution,  and  in  each  c^  ..HlXl^^       ' 

Ji^tri:;ittr';ct:L"r:^i:- 

words  what  the  quotient  ia  in  each  case.  ^  "  '" 

.a.™\fo'dS:rL^n"  '-  ™"^-  'o^ed  ,..  the 

by  y.     State  in  words  the  quotient. 

29.  From  a  number  consisting  of  three  r^imfo  ^k 

digits   is   subtracted.     What   nu^J         n  ^,       ^  '"™  ^^  ^^^ 
remainder?  """"^"^  ^^^^   ^^^^J^  divide   the 

30.  The  sum  of  two  digits  is  10  and  fho  M4V 

numbers  which  they  form  is  sV    Knd  ^  '      '^'  '"" 

numbers.  "^'''^  *^^  ^^^S«^  ot  these  two 

31.  Factor  a^  +  b^  and  ^s     W      n      xl 

nun.be..     I-he.  an,  con.n.ontl^Lnt:  e^rr"^  "^' 
33.  If  n  be  an  integer,  find  a  factor  of  7^n+i  ^  j 

^-enr:r^^:zt  r  t::r tr -v-r^^'  - 

"y  Uie  product  of  the  two  numbers  "  "'        "'  '^''*''*'' 

20  '  ] 


i ; 


ilil 


Ml 


i  ; 
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35.  If  the  sum  of  two  numbers  is  a  unit,  sliov/  that  the  sum 
of  their  squares  is  greater  tlian  the  sum  of  their  cubes  by  the 
product  of  the  numbers.  \ 

36.  If  a  +  6  =  l,  prove  {a? -1)^  =  0? -{-h^ -ah,  and  state  the 
whole  problem  in  words  alone. 

37.  A  rectangle  is  a  feet  long  and  h  feet  wide.  Find  the  area 
of  a  path  X  feet  wide  around  it  (1)  on  the  outside,  (2)  on  the 
inside. 

38.  The  perimeter  of  a  rectangle  is  30  feet,  and  if  one  foot  be 
taken  from  the  length  and  added  to  the  breadth  the  area  will  be 
increased  by  8  square  feet.     Find  its  length. 

39.  A  field  of  grain  is  16  ^ods  long  and  10  rods  wide.  What 
width  must  be  cut  by  a  reaper  from  each  side  to  leave  just  one- 
fourth  the  grain  standing  1 

40.  A  square  and  a  rectangle  have  the  same  perimeter,  but 
the  area  of  the  square  is  greater  than  the  area  of  the  rectangle 
by  9  square  feet.  Find  the  difference  between  the  length  and 
the  breadth  of  the  rectangle. 

41.  On  a  line  x->ry  inches  long  describe  a  square  and  divide  it 
into  two  smaller  squares  and  two  rectangles  to  illustrate  the 
identity,  {x  +  yf  =  x^  +  'ixy  +  y^ 

42.  A  regiment  of  soldiers  when  formed  in  a  hollow  square 
4  deep  has  4  men  less  on  a  side  than  when  formed  in  a  similar 
square  3  deep.     How  many  men  are  there  in  the  regiment  ? 

43.  The  side  of  a  square  is  110  inches,  while  its  perimeter  is 
4  inches  less  and  area  4  square  inches  more  than  a  certain 
rectangle.     Find  the  length  and  breadth  of  the  rectangle. 

44.  Draw  a  diagram  to  illustrate  each  of  the  following : — 

(1)  {x-{-y  +  zf==x^  +  y'^  +  z^  +  1xy  +  2yzr'izx. 

(2)  (x-yy  =  x''  +  f-2xy. 

(3)  {x  +  yf-{x-y)'^=ixy. 


ad  state  tho 
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45.  The  sides  of  a  trianirle  are  5    1 1    i  9  ;,,  u  i 

1-     I      •     1  ""ftic  ,iie  t»,  n    iz  inches,  and  a  n«rr.ni, 

c„  »r  ,s  <l,.aw„  to  the  side  ,2  fr„,„  the  opposit;  angle'  C 
the  d.rta„ce  of  :t.  foot  from  the  base  angle/of  the  triangle 

l-ie  *'^  '  ''™''  "  '""S"™  ''"^'ponding  to  each 

47.  If  the  sum  of  the  fractions  -2-  and     '     K.  •.    l 

,,    ,  .,  x~l    ™  iTTo  '"'  »  "n'ti  show 

that  the  second  fraction  is  double  the  first 


a  —  G 


a 


48.  If  the  sum  of  -^  and is  _J1_   fi„^  ,, 

a;-c  x  +  a-c       ^T^'  "^^  ^"^  sum  of 

c-x  c{c-2x)' 

49.  Find  the  L.  C,  M.  of  .•-.=,  ,,_,,  ,,^,  ^„j  ^^^  ^. 

50.  Solve  the  equation,  ™{«-(.-6))^^(«_(._„)(.    j,^^ 

the  result  depend  upon  the  values  of  m  and  «!    Examine  the 
case  in  which  m  =  n.  J^xamme  the 

51.  Simplify  na- a,   a-^a,    2" -2,    2" -2-',    3"-2(3«-«) 

52.  Examine  whether  (a-ny  = /„n\m  ^u^,.^  i 

positive  whole  numbers.     ^     ^      '"  ^     -here  ,.  and  .  are  any 

53.  If  9'- 3«n  find  the  value  of  n. 

54.  If  2'x4-^  =  2(8)^-s,  find  a;. 

55.  Simplify  a;2"  X  a;^''   ^nd    (.x-^")'. 

56.  Factor  o;^"  -  y^"   ^^^^^    ^„  _  g„ 

57.  A  plank  is  6  inches  wide  at  one  end  and  19  in.K 

at  the  other  end.  and  is  12  feet  long.     Find    tsl    ^.T^; 
f.om  the  narrow  end.  and  the  areas  of  the  two  parts  ot  Z 

58.  If  the  areas  of  the  two  parts  in  t,h«  r^rec-c^v-'.  -    i 
equal,  find  x.                              '           "         x'^^^-a^nK  CAumpie  be 


MJ 


111 


■t'lpre: 


B- 


ma 
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59.  Find  the  product  of  {x  -  y){x  +  y){x'^  +  f){x*  + 1/) . . . .  to  n 
factors. 

60.  A  can  do  a  piece  of  work  in  20  days  which  B  can  do  in  12 
days.  A  works  alone  for  a  time  and  then  B  takes  his  place  and 
finishes  it.  The  whole  time  occupied  was  14  days.  How  long 
did  A  work  1 

61.  il  can  do  a  piece  of  work  in  5  days  less  than  B,  and  both 
together  can  do  it  in  one  day  more  than  half  the  time  required 
hy  A.     In  what  time  can  ^  do  it  ? 

62.  If  the  price  per  acre  of  a  farm  had  been  one-third  less,  50 
acres  more  might  have  been  bought  for  the  same  money.  How 
many  extra  acres  might  have  been  bought  had  the  price  been 
four-fifths  of  what  was  really  paid  1 

63.  If  the  number  of  telegraph  poles  in  a  certain  distance  be 
increased  one-fourth,  the  intervals  are  each  reduced  by  1 1  yards ; 
if  the  number  be  increased  ^  /  12,  each  interval  is  decreased  by 
1 5  yards.     Find  the  total  distance. 

64.  At  what  time  between  5  and  6  o'clock  is  the  long  hand 
twice  as  far  from  the  figure  7  as  the  short  hand  is  from  the 
figure  5 1 

65.  The  sum  of  the  hypotenuse  and  one  side  of  a  right-angled 
triangle  is  double  the  remaining  side.  Find  the  ratios  of  the 
sides  to  each  other.  If  the  perimeter  be  60  feet,  find  the  area 
of  the  triangle. 

66.  What  width  of  path  must  be  made  around  the  inside  of  a 
rectangular  plot  of  ground  10  yards  long  and  6  yards  wide  so 
that  the  area  of  the  path  may  be  one-third  that  of  the  remainder 
of  the  plot  1 

67.  Simplify  |-A-^ ^|  -  |-^_^— i| . 

^„  bx^  +  ahj     ay'^  +  b-x    ,,         .,,  t         i    ,  / 

68.  I£ — -  =  — ,  then  either  ay  =  ox  or  ox  +  ay  -  ab. 

a  b 
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69.  A  sum  of  money  was  equally  divided  among  a  number  of 
persons  by  giving  the  first  $100  and  one-sixth  of  the  remainder, 
the  second  $200  and  one-sixth  of  what  then  remained,  and  so  on. 
i^md  the  sum  divided  and  the  number  of  persons. 

^  70.  Three  thalers  are  wo^h  a  half-penny  more  than  11  francs  : 
0  francs  are  worth  a  half-penny  more  than  2  florins;  1  thaler  is 
worth  twopence  more  than  a  franc  and  a  florin  together.  Find 
the  value  of  each  coin  in  pence. 

71.  If  V-8a;  +  l=.0  and  x^^f=l,  show  that  ..=  1  if  y  is 
a  real  number. 

72  The  sum  of  two  adjacent  sides  of  a  rectangle  is  31  feet 
6  inches,  and  its  area  is  1 10  square  feet.  Find  its  sides.  With 
the  same  perimeter  could  the  area  be  250  square  feet  ] 

^L  ^.^'I  ^''^^'  ""^  *^'^^  ^^J^^^"^  ^^^««  «^  a  rectangular  solid 
are  96,  120  and  180  square  inches  respectively.    Find  Its  volume. 

75.  Simplify  (^- 1  +  V  2)(a;- 1  -  V  2)(a;  +  1  +  ^  2)(,x  +  1  -  V  2). 

76.  Simplify  {V'2+V'^+V~by+{V^  +  Vz-V"^f 

+  (V  2  -  \/ 3  -f  V  5  )2  -f  ( V  2  -  V  3  -  V~bf. 


77.  Simplify  |] 


2\/24U 


25    / 


+ 


{l_?V|4|i 


78.  A  point  IS  taken  in  the  diagonal  of  a  square  and  lines  are 
drawn  through  it  parallel  to  the  sides  of  the  square.    Of  the  two 
squares  thus  formed  the  greater  has  its  diagonal  equal  to  a,  and 
i^s  area  m  times  the  other.    Find  the  area  of  the  original  square 
Examine  the  case  in  which  the  point  is  taken  in  the  diagonal 


79.  If  the  ratio  a- 1:6-1 


is  w,  and  a -f  1:6  +  1 


is  w,  find  a:h. 


II 


I 


fii 
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ii' 


y   II 


'1 


mi 


_.,     ar"     3a3      1      ,    ,       a;' 
80.  Divide  -„  +  -^,--,+  l    by   -r, 


x-y    x-\-\     . 
-  +  — r-  +  l. 


2/        y 

81.  Find  the  value  of  x' +  5x*-'^x^  +  ix-l  when  a;2-a;+l=0. 

f      r         fr^      q']  * 
.  82.  Express  the  relations  *=|"2'^\^4~27J     ^°*^*®^^ 
free  from  root  signs. 

83.  Examine    whether    the    following    equations    admit    of 
solution : — 

(1) 


1 


(2) 


(2a;-3)(2a,'+l)     2a; -3     2a;+r 

J ^11     I l\ 

3)(2a;+l)      4  \2a;  -  3     2ic+lJ' 


xzj     zx 


(2a;-3)(2a;+l) 

84.  A,  B  and  G  start  at  8  a.m.  to  ride  from  Toronto  to  New- 
castle, a  distance  of  4-5  miles,  and  return.  A  arrives  first,  and 
returning  meets  B  at  11.20  a.m.,  and  G  at  11.36  a.m.,  while  7> 
on  his  return  meets  C  at  5^  minutes  after  noon.  At  what 
times  will  they  severally  reach  Toronto  1 

1/3      4       7\       2      1/3      4 

85.  Solve +  —  )+  —  =- 

x\z      y      yz)     yz     y\x      z 

z\y      X      xyl     xy 

86.  A  pedestrian's  rate  of  walking  up  hill,  down  hill  and  on 
the  level  are  3,  4  and  3|  miles  per  hour  respectively.  He  walks 
to  a  certain  point  and  returns  by  the  same  road  in  14|  hours. 
On  a  level  road  he  would  walk  the  same  number  of  miles  in 
1 41-  hours.     How  many  miles  were  level  1 

87.  A  cyclist  set  out  to  ride  from  Dijon  to  Macon  in  8  hours, 
and  accomplished  |  of  his  journey  on  time,  when  he  met  with 
an  accident  which  ielayed  him  1  hour  and  40  minutes.  He 
then  proceeded  by  train  10  kilometers  at  a  rate  double  his  rate 
on  the  wheel,  and  then  finished  his  journey  at  |  his  first  rate, 
arriving  50  minutes  late.  How  far  is  it  between  these  two 
towns '? 
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88.  Show  that  the  product  of  any  four  consecutive  intoRors 
lacks  a  unit  of  being  an  exact  square. 

89.  Solve  equations,  x  =  -^^     ,,  _  ^^a:  +  9 

90.  The  front  wheel  of  a  waggon  makes  one  revolution  more 
than  the  hind   one  in  60  feet.     If  the  circumference  of  each 
wore  increased  one  foot  it  would  gain  one  revolution  in  09.1  feet 
V  uid  the  circumference  of  each  wheel. 


5 


91.  Simplify  ^2  _  V2  X  V^ITivt    and    |l-?>^| 

92.  If  2a;-3  =  a:+7,  find  the  value  of  (2ar  -  3)(a:  +  7),  and 
observe  that  the  result  is  necessarily  a  square  number. 

93.  What  value  of  x  will  make  ahx' +  {h'' +  ac)x  +  hc  an  exact 
square  ?  Find  the  expression  of  which  it  is  the  square,  and  show 
that  an  indefinite  number  of  solutions  is  possible. 

94.  The  perimeter  of  a  right-angled  triangle  is  36  feet  and  its 
area  is  54  square  feet.     Find  its  sides. 

95.  The  area  of  a  right-angled  triangle  is  84  square  feet,  and 
the  perpendicular  from  the  right  angle  on  the  hypotenuse  is 
6.72  feet.     Find  the  sides. 

Keeping  the  area  constant,  find  the  greatest  length  possible 
for  the  perpendicular. 

Is  there  any  minimum  length  for  the  perpendicular  ? 


96.  Solve 


X 


{x-a){x-c)     {a-c){a-xy{c-a){c-x) 


1 


a 


97.  A  river  flows  three  miles  per  hour,  and  a  boat  in  going 
down  requires  18  seconds  to  pass  a  given  point,  whilst  in  return- 
mg  It  requires  30  seconds.  Find  the  length  of  the  boU  and  its 
rate  in  still  water. 


;jiil 


fU 
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98.  A  and  B  together  do  a  piece  of  work  in  a  certain  time. 
If  they  each  did  one-half  of  the  work  separately,  A  would  have 
to  work  one  day  less  and  Ji  two  days  more  than  before.  Find 
the  time  it  would  take  Iwth  together  to  do  the  work. 

99.  Factor  (l+yf-  2x^1  +  if)  +  x\l  -  y)\ 

100.  If  p  be  the  difference  between  any  number  and  its 
reciprocal,  q  the  difference  between  the  square  of  the  samo 
quantity  and  the  square  of  its  reciprocal,  show  that  p\p'^  +  \)  =  q-. 

101.  If  2a;-3y-a  =  3a;  +  y-6  =  4x'-2y-c  =  0,  find  the  relation 
existing  between  a,  h,  c. 

102.  Given  ar*  -  3aj  +  6  =  n,  find  x,  and  show  that  for  real  values 
of  a;,  x^~^x  +  %  cannot  be  less  than  3|. 

Is  there  any  superior  limit  to  the  value  of  this  expression  ? 

103.  If  x(h-c)-\-y{c-a)-\-z{a-h)  =  0,  prove 


hz  —  cy     ex  —  az     ay  —  hx 


and 


y 


X    x-y 


h  —  c  c-a         a-h  ^    h-c     c-a     a-h' 

104.  lix  +  y  +  z-xyz  =  2^  prove  {\-xY  =  i\—xy){\-xz). 

105.  Find  the  values  of  2'*-V2"- 1)  -  2»-2(2"-i  -  1)  and 
2'»-2(2"  +  2"~^-l)  when  w=3,  4,  *fec.  Show  that  these  expres- 
sions are  equal  for  all  values  of  n. 

106.  A  rectangle  whose  area  is  a^  is  inscribed  in  a  circle 
whose  radius  is  r.     Find  the  sides  of  the  rectangle. 

Keeping  the  same  radius  for  the  circle,  find  the  maximum 
area  for  the  rectangle. 

107.  Find  the  side  of  the  largest  squsn^  lack  can  be  cut 
from  a  triangle  whose  base  is  12  inches  and  altitude  3  feet. 

108.  The  area  of  a  right-angled  triangle  is  one-fifth  the  area  of 
the  square  on  its  diagonal.  Find  the  ratio  of  the  sides  contain- 
ing the  right  angle. 

Could  the  area  of  the  triangle  be  two-thirds  the  area  of  the 


re 


? 


lese  expres- 


in  a  circle 


)  maximum 


area  of  the 
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such  that  their  rectangle  is  equal  in  area  to  a  square  whose  side 
is  b.  Examine  the  cases  in  wkich  (1)  b'  <  /"*]'  (2)  i»«  (^.Y 
(^)  *'  >  (2)  »  and  draw  a  diagram  to  illustrate  each. 

leavi!"  T^  ^Tl  ^f"":  ^''  ^^"'"^"  '^^  ^^«  ^'^"^^  *i"^«  that  H 
euve    Lincoln    or  Won.     When  they  meet,  A  has  travelled 

20  mde  more  than  B,  and  goes  as  far  in  6f  hours  as  li  has 
ravelled  altogether      B  will  reach  London  in   15  hours  after 

meetirg  A.     Find  the  distance  between  the  two  places. 

111.  If  m  and  n  are  the  roots  of  ax^  +  b'x -^ c' =  0,  and  p  and  q 


the  roots  of  cz'  +  hh  +  a'^O,  show  that 


11..  A  number  consisting  of  two  d'.gits  is  so  altered  by  inter- 
changing its  digits  that  its  first  value  is  to  its  second  as  n  :  m 
Show  that  the  digits  themselves  are  as  lOn-m:  lOm-n  Write 
a  number  fulfilling  the  above  condition,  and  verify  ti.e  result 

113.  Show  that  7-^>+  1  is  divisible  by  8,  and  that  if  a  unit 
be  taken  from  the  quotient  the  remainder  is  divisible  by  6  ,. 
being  any  positive  integer.  ^     ' 

114.  Given  8(2'-)^(16)-i  =  3(9»)(81)'.-^  find  n. 

115.  Given   ax  +  by  =  x  +  y  +  xy=.x^  +  f-l^O,   prove 

1 


1       1 

-„  +  v-„  = 


a' 


116.  Given  x  = 


a  +  b' 


y= 


b'     (a-by 
2  2 


~^T^'  ''^bTc'  ^''P''^^^  "'  ^' 


m 


terms  of  x,  y,  z. 

117.  Solve  1+ Jl-^=  Ji^.^,  ,,d  verify  the  result. 

118.^If  the  roots  of  cx^.,dx+/=.0  are  a  and  /5.  show  that  th« 
^uots  or  ou'  +  c{a  -f)x  -  rf/=  0  are  «  +  (3  and  «^. 


mil 
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119.  The  sides  of  a  right-angled  triangle  are  a  and  b.  Find 
the  side  of  the  square  inscribed  in  it,  the  area  of  the  square,  and 
the  areas  of  the  two  small  triangles  adjacent  to  the  square. 

120.  The  area  of  a  right-angled  triangle  is  30  square  feet,  and 
the  radius  of  the  inscribed  circle  is  2  feet.  Find  the  sides  of  tho 
triangle. 

121.  Find  the  radius  of  the  greatest  circle  which  can  be  in- 
scribed in  a  right-angled  triangle  whose  perimeter  is  100  inches. 
Find  also  each  of  the  sides  of  the  triangle  when  the  radius  is 
greatest. 

122.  A  criminal  having  escaped  from  prison  travelled  10  hours 
before  his  escape  was  known.  He  was  then  pursued  and  gained 
upon  at  the  rate  of  3  miles  per  hour.  When  his  pursuers  had 
been  8  hours  on  the  way  they  met  an  express  going  at  the  same 
rate  as  themselves  which  had  met  the  criminal  2  hours  and  24 
minutes  before.  In  what  time  from  the  commencement  of  the 
pursuit  will  the  criminal  be  overtaken  1 

123.  The  distance  between  the  centres  of  two  circles  is  d,  their 
radii  are  a  and  b.  Find  the  point  where  their  common  chord 
cuts  the  line  joining  their  centres,  and  thence  the  length  of  the 
common  chord.  Resolve  the  latter  expression  into  the  product 
of  four  factors,  and  examine  the  result  when  (1)  a  +  b>d, 
(2)  a  +  b  =  d,  {3)  a  +  b<d,  {^)  a-b>d,  and  draw  a  diagram 
to  illustrate  each  case. 


ANSWEES. 


1  can  be  in- 
i  100  inches, 
he  radius  is 

lied  10  hours 
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;  at  the  same 
lOurs  and  24 
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,w  a  diagram 


EXERCISE  I.     (Page  13.) 


1.  5. 
G.  90. 

2.  31. 

7.  183. 

3.  7. 

8.  198. 

4.  38. 
9.  2. 

5.  49 
10.  87 

I.  21. 

12.   1. 

22.  76,  536. 

1. 

G. 
9. 

13. 
18. 
21. 

26. 
29. 
.'32. 


EXERCISE  II.     (Page  14.) 

a  +  h.  2.  a?  +  b\     3.  {a  +  h)\     4.  6a5.     5.  t±^l. 

a  +  b 

VoMTl       7.  {a  +  by=a^  +  b^^2ab.  8.  ^'=«.  +  t3  +  ^^. 


X 


a  —  b 


lOOo.,— .   10.  12a:  +  y,  36.:+12y.   11.  $7^.  12.  a:-5a~7b. 
a^y  miles.      14.  ^  hrs.  15.  t^tJ^^^        jg    ^        ,. 

a^»,  2xi/+2yz  +  2zx,  4a;  +  4y  +  4s     19    -^    90    *~2^ 

■  2592"     "•     7^  • 

a;  +  y+10.     22.  ;r-10.     23.  x-y.     24.   ^.        25.  a:y  +  n 

2-    2(x  +  3)(a  +  b)~d   „^    aa:  +  iv/ 
ii/. _ — .  28. ^cts. 


5,  98,  18,  7,  3. 


m  +  n 


a  +  b 


{x  +  y){a  +  b){p  +  q).      30.  ^"^±11,  31.  ^^^m-ax-by. 

lUU  ft 


rlQOx    300?/\ 


\  m  n   ) 


33.  '^  ~  ^^  -  g^       04       «;-/{;/• 


y 


m 


x  +  y 


-lirs. 


m.r 


X  +  2/'     x  +  ;y' 


60 


I 


i    '    ! 


|i 


lli 


n 


: 


1     i 
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EXERCISE  III.     (Page  19.) 

1.  99,  1980.  2.  40  lbs. 

4.  9,  or  441  sq.  in.;  27,  or  9261  cu.  in. 

G.    -8.  7.  Debts. 


3.  108,  27. 
5.  5  miles  tvest. 
8.    -100. 


1. 

7. 
11, 
14. 
15. 
16. 


1. 

4. 

7. 
10. 
13. 
14. 
15. 
17. 


1. 
3. 
5. 


EXERCISE  IV. 
15.     3.    +9.     4. 


(Page  22.) 

+  15.  2.  -15.  3.  +9.  4.  -10.  5.  -24.  6.  -15. 
-rnxb.  8.  +9m\  9.  lOni"  -  lSn\  10.  -3a  +  b  +  7c  +  d. 
Gx-dz.  12.  7x-\3y  +  '2z.      13.3a-'-  5ab  +  h\ 

_44,    +1885,   -19,   +1910. 
4.20  +  (-15)= +5,  20  +  15  =  35,  direction. 
1000  +  3000  +  (  -  2000)  +  (  -  2500)  =  -  500  =  $500  debt. 

EXERCISE  V.    (Page  23.) 
4a  +  76  +  7c.  3.  3a  +  36  +  3c.  3.  9a  -  136  -  4c. 

-a6-56c  +  8ac.        5.  \Qx^-1xy-iy\        6.  0. 
6(cc  +  y).  8.  9(a2  +  6).  9.    -a{x-y). 

x^-yVz-1{m  +  nf.  11.   13(2a- 36)  -  2c.  12.  0. 

9a-46-17c-12o?+12e. 
Ga^  -  2a-'6  -  3a6-  -  12ac^  -  76-  -  c\ 
12a3  +  2a26  +  12a62  +  6'-4a^  16.  2a^6V 

3a;  +  7v/+lU.     18.  bx+Uyi-^z.     19.  6a  +  G6  +  6c.     20.  0. 


EXERCISE  VI.    (Page  25.) 

(a  +  m)x  +  (6  +  n)y.  2.  (2a  -  l)x  +  (10  -  36)^/ 

(w-6  +  l)a;  +  (n-a-l)?/ 
(2a  +  26)//. 


8.    -  wa;. 


4.  (5c-10(/),'B  +  (a  +  76)(/. 
7.  nx  +  y. 
10.  (a  +  6  +  c)a;. 

EXERCISE  VII.    (Page  27.) 


6.  3aa;. 
9.  0. 


1. 

5. 

9. 
13. 
1 


+  8, 
+  41. 

-  8  m. 

-  3  ay. 


i.   u^ 


2.    -8. 

6.    -75. 
10.  3x. 
14.    -3«6y. 
18,   9/. 


3. 

7. 
11. 
15. 
19. 


-30. 
6a. 

-8a6. 
17mV, 
m.  —  n. 


4.    +30. 

8.    -6a. 
12.  Sa'x. 
16.    -12x7/. 
20.  0. 


21.  476-(- 753)  =  1229. 


22.  2000- (-1500)  =  3500. 


ANSWERS. 


309 


EXERCISE  VII r.     (Page  28.) 


1.  a -36 -2c. 
3.  2a -26 -a;. 

7.  1  -lOx-lQx'-Qx^ 
9.  ,«-  -  if  -  3x1/  -a  +  b. 


2.    -2a-6-2c. 

6.    -  .-r' -  2x2  -  a;  -  4. 
8.  2a2-  ':62-2ac  +  26c. 
10.  a?b-\-ab\ 


11.  5x'^  +  3/-llxy  +  5^^-7x2r.   12.  2d'bc  +  -2abc'-2abc. 

1 3.  («  -  c)x'^  -  (6  -  c/)yl  1 4.  («-/)a;2  +  (2b-2m)xy  +  (c-n)yl 

15.  (c-%2.^(^_^^^,^^^j_^^^2^    jg    {a-b)  +  S(x  +  y). 

17.  2(a  +  6)  -  2(c  +  d)  +  10(x  +  y)  +  7/i  -  w.        18.  2bx  +  2cy  +  2az 

19.  -a^+15x'>/  +  7y'. 


EXERCISE  IX.     (Pace  30.) 

2.  0.  3.  2a -b. 

6.  Ox -3a.  7.  6x-8y. 

10.  3a.  11.    -2x-y. 

14.  7a -76.  15.   10c -6. 

16.  (a-6)  +  (c-t;)-(e-/),     (a-b  +  c)-{d+e -/). 

17.  a-{6-(c-c/-6)V}.  18.  a-{(6-c)  +  (rf  +  c)-/}. 
19.  a-[6-{c-(c;  +  c-/)}]  20.    -a  +  6-c.  21.  17 


1.  0. 

5.  2c -5c/. 

9.  2a-b-d. 

13.  a. 


4.  4a  -  6  -  c. 
8.  2a -26. 
12.  7x-Gij. 


1.   15.  2. 

5.  196.  6. 

9.   162.  10. 

13.  4816.  14. 

17.  2lm*nY  18. 
21.  36 -c. 


EXERCISE  X 

-15. 

15. 

-2. 

-  35a^ 

-  30xYz\ 


.     (Page  34.) 

3.    -42. 

7.  135. 
11.    -450. 
15.    -80«26c. 
19.  60(«6a;y)3. 


4.  99. 

8.  0. 
12.    -21. 
16.    -36aVy. 
20.  0,  0,  0. 


EXERCISE  XI.     (Page  35.) 

1.  ^x^-^x'+ux.  2.  isa-v-e^y. 

3.    -2a862  +  2a263-2a6*.  4.    -  8mW;j  +  207nV;?. 

5.  -  35a^6cty  +  2ba:'bY  -  55aby  +  30a%*. 

6.  -  24xV  +  iOxif  +  56xy  +  32.7;V  +  24x2/^  _  i  Q^y. 

7.  13,r»_27a;''+443;.       8.   ia^-llab+inb\      9.  Sv^ 
10.  2a;*  +  26a;'' -12x2.      11.  a'  +  b'  +  c\  '    12^  a 


/  +  6ic^-24a^. 


l!    ',  i 


|n^ 


t^l 


M 


U      I 
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13.  2ad  +  2bc. 
17.  2ax, 


ANSWERS. 


14.  2mi/-2nx. 
18.  2bx  +  2bi/. 


15.  0. 

19.  2bx  +  2cy. 


16.  96. 
20.  0. 


1. 
3. 
5. 
9. 
11. 
12. 
U. 
15. 
16. 
17. 
19. 
21. 
23. 
25. 
27. 
28. 
29. 
31. 


EXERCISE  XII.    (Page  37.) 

:c^-x^-2x  +  8.  2.  2;.«- 8x^+ 13.r- 10. 

8ar'- 6a;- -23^  +  21.  4.    -Sx'  +  lSx'  +  x-lb. 

x'  +  x'^  +  l.         6.  a:*  +  4.  7.  ««-6l  8.  a«  +  6'. 

a*-4a24-12a-9..  10.  4a*  -  1 3a''6^  +  96*. 

6a;*  -  23x='  +  25ar»  -  1 6a;  + 15. 

2a;«  -  4ar''  +  5»*  +  6af'  -  9a;H  3a;  +  7.     13.1-  4a;^  + 1 6a;''  -  a;*  - 1 2a;^ 

a;^  +  5,x'' -  3a.-^  -  9a;*  +  lOa;^  -  a;^  -  6a;  +  3. 

2a;«  -  7a;*  -  5a;'' -  9a;2  -  15a;  +  18. 

a;»  -  a;"  -  2x^  -  a;*  +  23^  +  a;'^  -  a;  -  1. 

a;8  +  2a;«  +  3x*  +  2a;2+l. 

a;5_41a;-120. 

2a'62  ^  26^02  +  2aV  -  a*  -  6*  -  c*. 

a;6+10a;-33. 

a;«-4xy  +  6a;*//-4a;y  +  /. 

af  +  (a  +  6  +  c)x^  +  {ab  +  6c  +  ca)a    -  abc. 

a;3  -  (a  +  6  +  c)a;'  +  (a6  +  6c  +  ca)x     abc. 

ar'-9a;^  +  26a;-24.  30.  a;* -10.;^  + 9. 

r^-a\  32.  a;«  +  a;Y  +  2/«.  33.  729//i«-a«. 


18.  a;^  4- 151a; -264. 
20.  o?  +  b^->rC^-^abG. 
22.  a;^  +  y'  +  3,«v/-l. 
24.  343a;«-512y. 
26.  ar'-8/  +  2'  +  6a;yj!. 


1.  x'  +  2xy^y\ 

4.  4a;^  +  4a;?/  +  2/^ 

7.  4a;^  +  12a;i/  +  9/. 

10.  a;*  +  2a;V  +  2/*. 

13.  a*  +  2a26c  +  6V. 

16.  aV  +  2a6a.i/ +  6y. 

19.  l+2a;Ha;*. 


3.  ar^-yl 

6.  a;^-4y-. 

9.  4a;'^-9i/l 

12.  x'-y\ 


EXERCISE  XIII.     (Page  38.) 

2.  x^-2xy  +  y\ 
5.  a;'^  -  4a;2/ +  4y'. 
8.  4a;2-12a;»/  +  9/. 
11.  x*-2xy  +  y'. 
14.  a*-2a26c  +  6V. 
17.  a?x^-2abxy-^bhf- 
20.  9x*-24a;2  +  16. 
92    25mV  +  60;nV  +  36mV.         23.  64m«- 80m*;>'^+25my. 
24    49v'^-81a;l        25.  x'~y\  26.  6399.         27.  9409. 

^  -  -  30.  108  _  1  =  99999999. 


15. 


iC 


b''c\ 


18.  aV-  6y. 
21.  163;^° -1. 


28.  8096 
31. 


29.  7000. 


24a6- 12061      32.  2ry+3xy  -2/«.      33.  0.      34.  a?-d\ 
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Ga;''-a;*-12x^ 


EXERCISE  XIV.    (Page  40.) 

1.  x^^y^^z^^1xy^2xz^2yz.      2.  ^- -^ y' ^ z^ ^  1x., ~ <lxz - %,z 
3.  ^^  +  y^  +  .^-2.ry  +  2cr.-22/..      4.  «.^  +  y^  +  .^-2a.y-2a..  +  2y.. 
5.  x-^y-^^z^-A.'2xy-1xz-%jz.      6.  a;N  y^  +  «=•  -  2a:^  -  2a:^  +  2y^ 
7.  «V6^  +  4cH2a6  +  4ac  +  46c.     8.  a:^  +  46^  +  9c^_4a6  +  6ac-126c 
9.  ^a^^h'^^c^-iah^-llac-^c.l^.   1  +  2a;  +  3a^  +  2ar' +  a* 

!.!"  ]-2^  +  ^*'-2«^  +  «'*-  12.  a=H2,rV  +  3.xVH-2V  +  y^ 

13.  4a:^-12arH25a;2-24x  +  16.    14.  a;*-2a;3-3a;^  +  4a:  +  4 

15.  4a;*-4a^-15a;2  +  8a;+16. 

16.  a'  +  62  +  c2  +  cf^-2a6  +  2ac-2a^-26c  +  26c;-2cd 

1 7.  a*  +  2a^6  -  2a'"'c  -  4a26c  +  a:-W  -  2a¥c  +  o^c"  +  2a6c2  +  6V 

18.  a!«-2arH3a;*-4arH3a-'^-2a:+l.  19.  4(0:^2/2 +  ^^2). 

EXERCISE  XV.     (Page  41.) 


1.  o?+1ah  +  h'^-c\ 

3.  ix^  -  ixy  +  y^  -  dz\ 

5.  x*  +  x^+]. 

7.  9a*  +  llR''62  +  46*. 

9.  a-'  +  b'-c'-cP  +  2ab  +  2cd. 
11.    -2/V_3^4^  j2.  0. 


2.  a^- 6^-0='+ 26c. 
4.  9^2  _a;2- 42/2 +  4.^y 

8.  a;*  +  4a*. 
10.  c-'»  +  G?2-«2-62+2ct/+2a6. 
1 3.  2aW  +  26V  +  2a'c''  -  a*-b*-c*. 


1.  x''  + 

4.  a;2  + 

7.  t'*- 

10.  x''  + 

13.  iB^- 

16.  x'- 

19.  a;2- 

22.  4a;2. 

24.  9a* 


EXERCISE  XVI.    (Page  42.) 


7a; +12. 
21a; +108. 
9a; +14. 
ar-  6. 
15a;- 100. 
8a;2  -  20. 
4a;y  -  6y\ 
-3ixy+70y\ 
-3{b-c)a?-bc 


2.  a;2  +  7a;+10. 

5.  a;2  +  21a;+90. 

8.  a;2-13a;  +  30. 
11.  a;2+7a;-8. 
14.  a;2  -  20a;  -  300. 
17.  a-«+10ar'-56. 
20.  a;* 


3.  a;2+7a;  +  6. 
6.  a;2  +  20;c  +  99. 
9.  a;2-20a;  +  75. 
12.  a;2+15a;-100. 
15.  a;2-20a;-21. 
18.  a;8  +  20a;*-125. 
9a;V^+ 14/^1    21.  x' +  {a - b)x - ab. 
23.  25a;2-60a;+20. 
25.  a?x'^  +  a{b  +  c)x  +  bc. 


1.  a;»+.3a;2  +  .3a;+l. 

3.  a;*+4ar'  +  6a;2  +  4a;+l. 


EXERCISE  XVII.     (Page  43.) 


1. 


— .    u;  —  OX'  +  oX 

4.  a;*-4a;3+6a;2-4a;+l, 


i: 


III 


1  i 


..■Sattel'jMSg'M.vaini:"';;- 
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5.  x'+5x*  +  l0r'+l0x-'  +  5x  +  l.    6.  a:^ -5x*+10.c«-10.cH5x-l. 

7    a,-'  +  6j;V  +  lW  +  82/'.  »  Sj;"  -  1 2xV  +  S.ry' -  y". 

9.  8a'-36a^6  +  54a6^-276l      10.  a*-8a»6  +  24a''6'-32a6='+ 166^ 

11.  Ua'  +  32a^b  +  24a%'  +  8ah^  +  b\ 

1 2.  x^  -  5x*y  -:- 10^:^2/2  -  lO^V  +  5xy*  -  if. 

13.  2d'  +  6ax\       14.  6«^.r  +  2x^  15.  2x'  +  20xy  +  \0xi/. 

16.  8r'y  +  8.ry'.      17.  2a3  +  26^0.  18.  ar'^  +  y-  +  2i--a:y  ^2/« -2!.r. 

19.  2{^  +  y'  +  z'-3xyz),  0.  20.  a;'»  +  j^H  ^'^  -  ary  -  2/»  -  z^- 


EXERCISE  XVIII.    (Page  46.) 


1.  4.  2.    -4. 

6.  250.        7.  a. 
11.    -24a«6*. 
14.  2a'b'c'd^ 
17.  rj;'^-2.r-7 


3.  50. 

8.  2aV. 

12.  9j;Y- 
15.  2t/«. 


4.    -50.  5.    -128. 

9.  80^6.  10.  IQahj. 

13.    -25a^ 

16.  12.ry. 


18.    - ys  +  af  -by.    19.  a?-2ab-  W. 
20.    -f>o?  +  %ab  +  m.    21.  a;*-m7).c2+iA     22.    -  4.r*^  +  7a;y  -  9i/l 
23.  7a;V-9.r2/.  24.  4a5  +  5a6*  +  66^  25.  2a?  +  Za?b-ib. 

26*.  12x2-ll.?-2/  +  10i/^  27.  2-36c  +  5a(il 


EXERCISE  XIX.     (Page  50.) 


1. 

5. 

9. 
12. 
16. 
19. 
22. 
24. 
26. 
28. 
30. 
32. 


a? +  5. 

a;' +  7a; +  12. 

a +  6. 

2x''  -  3a;  +  7. 


2.  a;-4.  3.  a;  +  7. 

6.  .r'  +  ar  +  l.    7.  «  +  6. 

10.  a*-a»6  +  a'6'-«6'  +  /A 

13.  2a; +  32/,     U.  4a; -1. 

3^2  +  4,r2/ +  ?/2.     17.  a''_2a26  +  3a62  +  463, 

a2-a6  +  6^         20.  x^  +  x'+l. 

x^'^  +  xy  +  xhf  +  xy  +  y'^ 

a;*  +  ar»  +  a;+l.  25. 

2ar»-3a;2-2.r. 

-  13a^62-3a6-l. 

a!*+3.^;V  +  8•^V-V• 
2a^b  +  da:'b''-a¥+ib*. 


4.  .r-9. 

8.  o'  +  a6  +  6l 

11.  a;2  +  3.c  +  2. 

15.  3^-dx^  +  3x  +  l. 

18.  a3_3a2^  +  2a.i;l 

21.  a^  +  f. 
23.  .r*  +  2.^3 +  3a;2  + 2,1- +1. 
a;8  +  xhj  -  xhf  -  x'y'  -  xhf  +  a;v/^  +  /. 
27.  x^-^xy-f. 
29.  a;*  +  2a;3//  +  2.fy  +  ^y. 
31.  27.rV-18.r2/^-V- 
33.  a;S  +  4x*  -  3a;3  +  a;^  -  5. 


34.  a-8  +  a:V  -  ^/  -  ^'v'  -  ^/  +  •'»-2/'  +  'f 


}.j;2  +  5x-l. 
32a6''+166*. 


ty-yz  -  zx. 
ty-yz-  zx. 


5.    -128. 
10.  16rtV 


lab  -  Sb\ 
'^  +  7xy-  9y\ 
Zo?b  -  46. 
be  +  5ac?^ 


-9. 

Jtab  +  b\ 

+  3.C  +  2. 

-3x2  +  3.c  +  l. 

'-3a''.r  +  2a.i;^ 

+  2/". 

2,1- +1. 

a;y  f  xy''  +  y*. 

^  +  ^y. 

-V- 

a;" -5. 
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1. 
3. 
5. 
7. 

10. 
12. 
U. 
16. 


EXERCISE  XX.    (Page  52.) 


x  +  a. 


0-+m)x  +  {l-n)y 


4.  a;*  +  ai;-6. 


a  +  i-c.         8.  4a2  4.62^^2^2a6  +  6r-2 
2x-3y  +  iz. 
ab-bc  +  ca. 


6.  a2  +  62  +  c2-a6  +  6c  + 


ca. 


ca. 


11.  ab  +  bc  + 


9.  a:  +  2y  -  2r, 


ca. 


13. 


x' 


x-2y  +  3z. 


+  f'  +  z'+2xy-2yz-2zx.       15.  x'-ax  +  a' 


x'  +  ax  +  a? 


17.  (a;^  +  a:+l)a-(ar+l). 


1. 

3. 

4. 

5. 

7. 

9. 
11. 
13. 
15. 
17. 
19. 
21. 


.r!  -  .r2. 


EXERCISE  XXI.     (Page  53.) 


x'y  +  xy'^-f. 

x'  -  x'y  +  xUf  -  xY  +  xy  -  xy'  +  f 


x*  +  r^y  +  xy  +  xf  +  y* 


x+l 
l+xy  +  x^y'^. 

«*-2.c3  +  4.r2_8.r+16. 


6.  xf'-x^^^-x^j^x-\ 


^*-3,f3  +  9x2-27.c  +  81.         12.  4, 


8. 


10.  9  +  3.r  +  a;» 


ic'  -  :i«»/;5  +  xYz^  -  a:yV  +  2/<2« 


a;2_2.r  +  4. 
8j;3_4,j.2^2.c-1. 

9.r2_3o.i.y+ 100^2 
25.^2  _  iOj.y  ^  54^2 


14.  x*  +  2.t'  +  ix'+8x+16. 
16.  a:3  +  3.c2  +  9.c  +  27. 
18.  ix''+lixy  +  i9y\ 
20.   16.c2+28.ry  +  i9y2. 
22.  a;*  +  5r»y2  +  ^*. 


1. 

3. 

o. 

7. 

9. 
12. 
15. 
18. 
21. 
23. 


3(a;2-5). 

W/'  -  9). 

a.c(.t;2-6j"+l). 

35.rys(.r+2y-34 


EXERCISE  XXII.     (Page  54. 


) 


2.  5(2x''-3xy  +  4y^), 
4.   ll(2ju2-3//m-10w2). 
6.  27a'^6«(2  +  4a''62-9a56''). 


8.  («  +  6)(.r  +  2/) 
{a~b){x-y).       10.  (c  +  c;)(2a  +  36).  11. 


(a  +  6)(c+l).       13.  {x  +  a){x  +  b) 

{x-a){x  +  b).       16.   (./•  +  «)(,,,• -6), 

(a;  +  a)(6-.r).       19.  {ac  ~  bd){ax  -  by).       20    Txl 

{x  +  y){ad-bc).  --  ^  •  V 

(a:+l)(;r<_:r2+l). 


(3.r  -  2/)(a  -  b). 


14.  (a;-a)(a;-6) 
17.  {x  +  b){a-x). 


22.  (ar+l)(a;2+l). 


y){ac+bd). 


25.  (2a^-36c)(36'-'-rtc) 


21 


24.  (.r-^)(2a  +  36-c). 
26.  a(x-y)(bx  +  ey). 


^:l      il 


flill 


m 
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ANSWERS. 
EXERCISE  XXIII.     (Page  56.) 


1. 

4. 

7. 
10. 
13. 
16. 
19. 
22. 
25. 
27. 
29. 
31. 
33. 


(j:  +  4)(x  +  3).  2.  (ar4-5)(j;  +  2). 

(.c  +  10)(.c  +  3).         5.  (.r  +  6)(j-  +  5). 
(.r-12)(.r-6).         8.  (,r  -  20)(.r  -  2). 
(j;2-18)(jr^-4).     11.   (■'•  +  6)(.r-5). 
{x+7){-v-5).        U.  (.r  +  ll)(.r-8). 
(j;  +  7)(i:-ll).       17.  (.c  +  2)(.r-9). 
(x«-17)(.^  +  4).    20.  (.--4)(z-^  +  3). 

rt/  +  39)(..2/-10).  23.  (.r^  +  20)(.rV5)-  24.  (.ryz-20)(.ry.  +  5). 
3(x-9)(.r-H8).  26.  4(..  +  3)(..-2). 

5(.r^  -  10yO(.r  +  Sy%  28.   2a(.r«  -  U){i'  +  2a). 

ll(c=  +  20)(.<;5-15).  30.  a-(l-6,r)(l+a;). 

a-'6(l  + 19.0(1-4  32.    -(.r  +  6)(a:-l) 

-(a:  +  29)(^-l).         U.  {x-a){x-b).         35.  (a  -  6)(6  -  c). 


3.  (j;  +  6)(j-+l). 

6.  (.r-15)(.i--2). 

9.  {.t-ny){x-3y) 
12.  (.»-  +  7)(:c-6). 
15.  (.r+10)(.c-l) 
18.  (.r+l)(.f^ 
21.  (j-^  +  20)(.c«-l) 


1. 

5. 

9. 
13. 
17. 
21. 
25. 
29. 


1. 

4. 

6. 

8. 
10. 
12. 
14. 
16. 


{a'-lbf. 
(4a- -36)- 


EXERCISE  XXIV.     (Page  57.) 
2.  (.t;2  +  9)l  3.  (.r+lOy)^.       4.  {ax  +  if. 


6.  {vt'-Sm'f.      7.  (.r3-19)' 


10.  {9x'-\y.  11.  (2.c  +  3.y)l 
14.  {a  +  ^bf.  15.  (2a- 56)1 
i;;^(3a-76)^  18.  a%2x-b,,f.  19.  (6a-46y-'. 
3a-(ax-3^)^  22.  3y%x-^ay)'\23.  {a  +  b  +  cf 
x\  26.  4i;^  27.  x\ 


8.  {Ix-viyf. 
12.  (3.c-52/)l 
16.  {^ax-Uyf. 
20.  6(2.1- +  32/)l 
24.  (a -6  + 4)'^. 
28.  (.r  +  2/)l 
31.  (a2-6^+c''')-. 


(2a  +  26  +  3c^  3c/)^  30.  (2a-6  +  c)^ 

EXERCISE  XXV.     (Page  58.) 
(X  +  y)(.f  -  y).  2.  (.;  +  4)(^  -  4).  3.  (5  +  2/)(5  -  y). 

(2x  +  32/)(2.r  -  3^/).  5.  (4.r^  +  72/)(4.r^  -  7y). 

(v'  +  i)(x  +  2)(x  -  2).  7.  (4x^  +  9r)(2^  +  3y/)(2.r  -  Sy). 

16f*+l)(4.r^+l)(2.f  +  l)(2^-l)-        9.  {xy'^+lOz%xf--lOz% 
l(x-^  +  2y%t'  -  2y^).  1 1  •  3(a^  +  36^)(«^  -  36'0. 

2(9.^2/ +  lU)(9.ry- 114  13.  (a  +  6  +  c)(a  +  6 -c). 

(a-6  +  c)(a-6-c).  15.  (a  +  6  +  c)(a- 6-c). 

(a  +  6-c)(a-6  +  c).  17.  (2a -6)6. 

19.  (a  +  6  +  c  +  c^)(a  +  6-c-c?). 

21.   4a6, 


18.  (a  +  36)(a  +  6) 

20.  {a-b  +  C'd){a-b-c  +  d). 
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22. 

24. 

26. 

28. 

30. 

32. 

34. 

36. 

38. 


{•'•-y+z){x.-~y-z), 

{a  +  b-c)(a-b  +  c). 

ia  +  2b-3cXa-2b  +  3c). 

(a  +  b  +  c-dXa  +  b-c  +  d). 

(a  +  b~c-dXa-b-c  +  d). 
1 2(2.r +!)(:,_  1). 


1. 

3. 

5. 

7. 

9. 
10. 
12. 
13. 
14. 
15. 
17. 


1. 

3. 

5. 

7. 

9. 
10. 
11. 
12. 
13. 
14, 
15, 


23.  (b  +  c  +  aXb  +  G~a). 
25.  (a.r  +  bi/+lXax  +  bi/-\). 
27.   (l+4a-56)(l-4a  +  56). 
29.   (a-b  +  c  +  dXa-b-c-d). 
31.  (a  +  b  +  c  +  dXa-b  +  c-d) 

(''^y')(-  +  m^-yXi+n^Xl+nXl-n).  ^^        ^' 

EXERCISE  XXVI.     (Page  59.) 

{y^y^^W'-xy  +  3y^,       6.   (^^  +  .ry-yW_,^_,./^ 

{^■^  +  y){x  +  3yX2x-yXx-Sy\ 
(2^  +  3y)(.r  +  y)(2.r-3y)(.r-2/). 

{-  +  b,.cXa^b-cXa-b^cXa-b-c).  ^^       ^      ^^  ^• 

EXERCISE  XXVII.    (Page  60  ) 

(4«6  -  10c^)(16a-'^-'+  40^66-''+  lOOc") 

(.r  +  3)(.i-*  -  3.1-3 +  9x'^-27.r  + 81) 
(3+y)(81_27^,  +  9y^-32/-^  +  y*). 
(x  -  yXx*  +  .t-^y  +  .vy  +  ,^y3  ^  ^4^_ 


^  -  2i/2!''')(.r*  +  2x\z''  +  4:cV«*  +  8.^8. 


16.  {l-xfz'Xl+xyh'  +  x^A 


+  n.r«8 


i  ■! 


•^2/'«^  +  ^ys*  +  .r'y  V  +  xYz') 
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17.  (a  +  b){a  -  b){a?  +  ab  +  6')(a'  -ab  +  b''). 

18.  {a'  +  b''){a'-aW  +  b*).       19.  (a  +  6)(a' -  a6  +  6')(a«  -  a^'6'' +  6"). 

20.  {a'b){a:'  +  ab  +  b'')ia'^  +  a'b^  +  b'). 

21.  (a  +  b){a  -  b){a!-  +  6')(a''  +  a6  +  i')(a'  -  aft  +  6*)(a*  -  a'6'  +  &*) 

(a«  +  a»63  +  6«)(a«  -  a«6^  +  6«)(a"  -  a't*  +  b'\ 

22.  (a  +  6)(a  -  6)(a*  +  a»6  +  a^6*  +  a6«  -H  6*)(a*  -  a?b  +  a^6^  -  aft^  +  b% 

23.  (a^  +  6*)(a8  -  a«6^  +  a«6*  -  a^6«  +  6«). 

24.  (a^  +  6^)(a"  -  a'^i*  +  a«6*  -  a'fc"  +  a<6»  -  a^t'"  +  6''). 

25.  (a  -  &)(«  +  6)(a-  +  62)(a*  +  6*)(a«  +  6«). 

26.  6(3a2  +  3a6  +  6''). 
28.  (^a-b)(a^-ab^rb\ 

30.  (a-6)(a'^  +  4a6  +  76^).  31.  2a(a'^  +  362). 

32.  26(3a''  +  6*). 
34.  (a  +  6)(7a^-13a6  +  76'*).         35.  {a^hf.  36.  {a-bj 

37,  (a  -  6  -  c)(a2  +  6'  +  c^  -  2a6  +  ac  -  6c). 

38.  \x  +  l)(a;  -  2)(.r*  -  2r»  +  3^^  -  2a;  +  4). 

EXERCISE  XXVIII.     (Page  61.) 


27.  (2a  +  6)(a'»  +  a6  +  6'). 
29.  (a  +  fe)(a2-4a6  +  76'). 


33.  9(a-6)(a'»-a6  +  6''). 


1.  (a;  +  2y)(2a;  +  2/). 

3.  (2ar  +  2/)(a;  +  32/). 

5.  (3.r  +  2/)(4.2r-32/). 

7.  (17:r2  +  2)(2.r2  +  l). 

9.  (4x  +  9)(2.r  +  l). 

11.  a(6.r  +  2/)(.T  -  6?/). 

13.  (.r  +  ai/)(a.r  +  ?/). 


2.  (a:  +  2/)(2a;  +  3y). 

4.  (3a:  -  42/)(5x  -  22/). 

6.  (14j:-i/)(ar  +  6y). 

8.  (6^^^  -  y^)(.r^  -  22/»). 

10.  (3:c-5//)(4.r  +  6y). 

12.  a\fix-\\y){1x-^2>y). 

14.  (2ar  +  2/)(.T  +  22/)(2.r-2/)(a;-22/). 


1. 

3. 

5. 

7. 

9. 
10. 
11. 
12. 


EXERCISE  XXIX.    (Page  62.) 
(2a;  +  2/-3;5)(a;  +  2v/-24         2.  (2a;  -  2/ +  2;)(a:  -  2»/ +  34 
(6.r  -  2/  +  z){x  -  62/  -  4  4.  (3.f  -  2y  +  3)(2.r  -  32/  +  2). 

(a;  +  2/  +  3)(.r  +  2/  +  2).  6.  (2.r- 32/- 2)(2.r- 3y- 1). 

(a;  -  62/  -  5^)(.r  +  22/  -  3«).         8.  (9a;  +  82/  -  20)(8.c  -y-\). 
(15.r2  +  82/^  +  ^7}){^'  -  If  +  3:^2). 
\a.  +  6  -  c)(a^  +  6^  +  c^  -  a6  +  6c  +  ca). 
\a-b-  c){a^  +  b"^  +  c^  +  ab-bc-\r  ca). 
(a  +  6  +  1c){a?  +  6^  +  40^  -ab-  2bc  -  2ca). 


13.  {2a -{-b-  3c)(4a'^  +  i^'  +  90^  -  2a6  +  36c  +  6ca). 
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^a'b'  +  h'). 


'b'+b*) 

1. 

-a«6«  +  6"'). 

2. 

-ab'^  +  b'). 

3. 

5. 

6. 

•■ 

7. 

9). 

8. 

lb'). 

10. 

11. 

n 

12. 

.  (a -by. 

14. 

16. 

18. 

19. 

20. 

22. 

). 

24. 

25. 

). 

27. 

)• 

29.  < 

■32/). 

31.  ( 

^-2/)(«-22/)- 

32.  ( 

34.  ( 

36.  ( 

2/  +  3«). 

38.  ( 

-32/ +  2). 

39.  ( 

-32/-1). 

40.  (, 

;-^-l). 

41.  (( 

42.  (c 

43.  { 

44.  1( 

45.  (2 

EXERCISE  XXX.     (Paob  63.) 

(a  +  6  +  c)(a  +  5-c)(a-6  +  c)(-a  +  6  +  c). 
(a  +  b  +  c-d)(a  +  b-c  +  c:){a~b 


(a-l)(«-2)(«-3)(a-4).       4.  ( 
(3.r  +  2y)(3:r-2y)(.r  +  2/)(y_4 
{(a  -  b).v  -  (a  +  %}  ((a  +  i)^  +  („  _  j^^. 
(a'  +  ai  +  62)(a2  -  ^6  +  b')(a'  -b'+l). 


;a+l)(a-2)(a-7)(«-10). 


(.c2  +  y2  +  ^2  +  2.ry  +  3.ra  +  32/«)f 


;«  +  6)(a-i)2(a2  +  a6  +  i5). 


by){bx  +  ay){bx-ay). 


Ko?  +  ab^.l>'){a-h  +  \).         17.  ( 


15.  4.r2/(.r  +  2/)(.f  _y) 


{(a  -  5).r  +  (a  +  6)2/}  {(«  +  J).^  _  („  _  j)y| 


+  a){^-a)'%c'  +  a% 


{^^+mv-l){^jc+\){x+l) 


{ax-b){x^-ax-b) 


21.  (>:  +  a){x-a}(x-2a). 
23.  (.r+l)(a:-l)(x+^)(.,_^) 


(a  +  6  +  c)(a  +  6-c)(«-/,+c)(-a  +  6  +  c) 


(.t''  +  ary  +  y2)(^.2-;r2/  +  2/2  +  .r-y) 


30.  (a2-o6  +  i2)(a  +  6+i) 
c-o?)(a-i  +  c-rf) 


rj'.jf:r^'^<''-^^^^''-   ??•  (<-*)(-«)(-*) 


;«-i)(6+i)6. 


•^-2/)(y-^)(^-:r)(,r  +  2/  +  «).  37.  / 


35.  {^-y){y-z)(z~x). 


[c  ~  a)(a'  +  62  +  c2  +  ab  +  bc  +  ca) 


.^'  +  f-){a'  +  b'  +  c'). 


'(^-b)(b~c)(c~a)(a'  +  b'-  + 


0'^  +  ab  +  be  +  ca). 


+  7^y  +  3'>/%i*  +  5xy  +  y*) 

>  +  '^^  +  c)(a  +  2b-c)(a~2b  +  c)(a-2b-c) 

"  +  26  +  2c)(a  +  26-2c)(a-26  +  2c)(-a  +  26 
%-b)x-.(a  +  b)y]  {{a  +  b)x  +  (a  -  b)y] 


+  2c). 


GCm.r  +  nvVmx  -  ntAf 


{(«  -  i):r  +  {a  +  b)y]  {{a  +  b)x  -(a-  b)y\ 


fV"'U  ~  nx) 


^+l)%r^  +  .r  +  6)(2.r  +  3)(2.r-l)(.r  +  2)(^-l) 


I  ■. 


III 


11 


I 


!i! 


m¥ 


X 


X 
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1. 
6. 

11. 
16. 
21. 
26. 
30. 

33. 

36. 

1. 

5. 

9. 
12. 
15. 

18. 
21. 

1. 

5. 

8. 
11. 
15. 
17. 
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EXERCISE  XXXI.     (Paqb  68.) 


=  2. 


2.  ar=2. 


;=_4.       7.  ar=2. 


3.  .r=l. 
8.  x=1. 


4.  x«-6. 
9.  X"-^. 


5.  ar=3. 
10.  a:=0. 


!  =  6. 


12.  a:  =  4. 


13.  .r-10.       U.  i=-3|.  1 


5.    «=  t: 


=  -34.   17.  a:  =  3.  18.  .1  =  15.       19.  ^-  =  3.        20.  a-  =  2,'n 

a 
22.  ar  =  2.         23.  a-=a  +  6.   24.  .r  =  2a.      25.  .t;  =  -^. 

27.  a;=a +  6.   28.  a;=c~ a- 6.  29.  ar=l. 


61 


x=- 


18' 
x  =  0. 


.t=-l. 
ah 


31.  a;  = 


a-6 


«  = 


«=- 


2(a  +  b) 
2ac  -  ah  ~hc 


34.  a-=  - 


a -26 
a  +  6  +  c 
"   3      • 


32.  X 
35.  a; 


cd-ab 
a+h—c-d 


37.  a-=  -1. 


38.  ar=  -1. 


a  +  c  -  26 

EXERCISE  XXXII.    (Page  70.) 

x  =  a,  6.         2.  a;=  -a,  6.        3.  x  =  a,  -6.    4.  .t=  -a, 
x  =  h,  -c.      6.  a:=-6,   -c.     7.  a;=2,  6.       8.  a;  =  2,  2. 

.r  =  a,  6,  c.  10.  a-=l,  2,  3.  11.  a:=3,    -. 

x  =  a-h,  -{a-h).  13.  a:=  -a,  2a 

4         3  ir       _'^         ^ 

*=3'   "2-  3'  "3- 

7        7 
^=5'  'S- 


19.  a:=l,   1,  1. 

x=h  -h  -1- 

EXERCISE  XXXIII.     (Page  72.) 

3.  68. 


14.  .r  =  0,  36,   -6. 
17.  x=S,  -3. 

20.  x=\,  3,  5. 


2    ?? 
^'  13' 


55,  45.  2.  ^.  3.  6».  4.  18,  31. 

15  at  lis.  6d.;  5  at  7s.  6d.     6.  538,  441.       7.  37,  30,  20. 
9.  9.  $400,  $200,  $100.  10.  $300. 

19,  9.  12.  40,  20.         13.  35,  25.         14.  8. 

4  16.  1774V  °iiles  from  Toronto,  at  end  of  7  f\  brs, 

10  cows,  15  horses.      18.  50  lbs.      19.  25  gals.,  15  gals.,  fi  gals, 


Aj^sweus. 


5. 

x= 

3. 

10. 

x=- 

0. 

15. 

ar  = 

4 
^3' 

20, 

x  = 

-2{a 

25. 

x  = 

a 
9' 

29. 

x= 

1. 

cd- 

-ah 

¥b- 

-  c  - 

:?/• 

a?b 

+  b' 

• 
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20.  $130.  $1.50,  $130,  .$90.  21.  A,  $350;  B,  $450;  C,  $720 

22.   13,  21.         23.  49  gals.         24.   152  men,  76  women,  38  ch 
25.  50,  40.         26.  42,  18.  27.  40.  120.  28.  80   128    ' 

29.  $1.71  ■',  $3.42«.  30.  28  of  first,  2  of  second.         '3I.  80. 

32.  40.  33.   60  gals,  of  first,  40  of  second.  34.  31 1  gals 

35.  Each  son  $1,000,  each  daughter  $500,  and  his  wife  $4  000 

36.  $20.      37.  $700.      38.  $500,  $1,000,  $1,500.      39.   27  days 
40.  Length  of  first  field,  180  yds. ;  breadth,  90  yds.     Length  of 

second  field,  230  yds. ;  breadth,  100  yds. 


1.  a%K 

5.   4,ryV. 

9.  Sill  +  5/ir 
13.  x-3. 
17.  x^  +  y\ 

21.  x'*-\  .rV  +  y.  22.  x  +  7 
25.  x'-  +  2x  +  4.   26.  x+l. 
28.  x{x+l).        29.  2{a-b) 
32.  x-y.  33.  a-b. 


EXERCISE  XXXIV.    (Paoe  77.) 

7ab. 


2.  Mrm. 

6.   19,rVyV. 
10.  x'  +  xy. 
14.  x-7. 
18.  x^  +  xy  +  y\ 


3. 

7. 
11. 
15. 
19. 


5xy. 
a  +  y. 
x+l. 


23.  2,r  +  3.//. 


4.   17.r/. 

8.  7w. 
12.  ab(a  +  b). 
16.  .T-17. 

20.    X^  +  y\ 
24.  a'  +  ab  +  P. 


27.  25.t'-'+20ry/+162/l 

30.  c{a-b).         31.  a  +  b  +  c  +  d. 

34.  x-y.  35.  5x^-1. 


EXERCISE  XXXV.     (Page  82.) 


1.  x  +  3. 

5.  3j;-2. 

9.  x-1. 

13.  (x+]f. 


2.  .r2  +  3.r  +  4. 

6.  2.c'''-3.f  +  4.     7. 

10.  x^-1.  11. 

14.  x^-2x-3.     15. 

17.  a:^-.r2+l.     18.  a(2a-34     19- 

21.  x^-l.  22.  x-p.  23. 

25.  .THm-c  +  n.   26.  (.c  +  2m)(.r  -  3). 

28.  ax'^  +  bx  +  c.   29.  a  +  b  +  c,       30 


3.  .t;"'^+2.c  +  3. 


;r-7. 
x-3. 

3.1-2  + 2.r  +  l, 
a  c  -  it/. 
x  +  p. 

xy  +  ab. 


4.  X  +  4. 

8.  3.r-7. 
12.  ar2+2r  +  3. 
16.  .r2-4.r+l. 
20.  x-2. 
24.  «jr-A. 
27.  a;2_a:+l. 


EXERCISE   XXXVI.     (Paoe  84.) 

2.  30a'b'cd\        3.  1800/.Vv*.      4.  210/Wm>, 
7.  (.r'-lV.r+n.  8.  .r2,,o^.2 


1.  ea^i^c. 

5.  ab{a?-¥). 

9.  60(.t-^ - 2/2)1  10.   15.r2/(./'-l).  H.  a«-6« 


a^ 


^  \- 


u 


12.  a»2_^ 


% 


f 

I 


12 
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1 3.  (^5  _  4)(,r'*  -  9)(.r'  -  1 G).  14.  {.v  -  a){.r  -  b){x  -  c). 

15.  {x'-4ay.     16.  V20{a*-b*f.     17.  7 2{a-'-by{a' +  ah  +  b'){a' +  b') 

18.  (x'  -  l){x'  -  i){.r  -  9).  1 9.  4«T  -  (a^  +  6^  -  cj. 

20.   1 20.rV(.r  -  2/)(.r  +  yf.       21.  a-(j;«  -  1).       22.  a{x*  -  a*)(.r  -  a). 


EXERCISE  XXXVII.     (Page  8G.) 


nr 


1.  (jr-1)(.r-2)(.r-3)(r-4). 

3.  (2.r  +  3)(3.c-4)(.r2+3jr-l). 

5.  (9.r^-4/)(4.f2-9y'0(.r  +  y). 

7.  (x='+l)(.c^-a;-6). 

9.  (.c3-l)(2.c''  +  a;-l)(.r  +  3). 

11.  (.r+l)(.r  +  2)(.r  +  3)(.r  +  4). 

13.  {x+l){x''  +  l){x-l)\ 


2.  (.r-l)(x-4)(.i-^-5.r-l). 

4.  (.r-l)V  +  -^'  +  l)C^'-''^''^l)- 
6.  {x-ay{x  +  2a){x-ia). 

8.  (.c»-l)(.r2-9)(.c  +  7). 

10.  a-«-64. 

1 2.  ar{a  -  x){a^  -  ax  -  G.r-). 


11*  ' 


a 


'•  26' 

^-  565- 


11. 


a  +  6 


''■&■ 


21. 
25. 
29. 
34. 


EXERCISE  XXXVIII.     (Pack  88.) 


2    ?^ 
'^^   3c 


2?n  2a6_' 

^'  T'  3c  • 


7. 


5x 


„    4r 
3p 


ao 


''■  so?  "• 


--i—.  u.  -. 
3.C  -  Sy  a6 


5Ty 
'^'    G6c- 

10.  dxif. 

xy 


15. 


ah' 


17.  ^  — .  18.  "2a   •     ^^'  <2.d'-W  ^  ■  c(.r+l)- 


2(.r  +  y) 


.1)2  +  a' 


2(.'r-2/) 

a-h' 

a-h-\-c 
a  +  b-c 

1 


.  22.  — .V-.     23. 


.t*  +  «V  +  a* 


x'^  +  a' 


26.  a:^  -  2a.i;  +  2a'. 
X  —  b 


27. 


30. 


a;  4- 6' 


31.^.     32. 


ax  +  h 


x-l 

x+ r 

1 

x'+r 


a 

.  35.  r- 
b-^c—a  o 


36.  - 


x:^  +  y^  +  z^-xy-yz- 


24. 

28. 

33. 

zx 


x'  +  a:' 

a-i-h  -c 
a  -  h  +  G 

■r'+l 

X 


x-y  +  z 


a*)(x  -  a). 


.-1). 

2-3.rf  1). 
la). 


)• 


5.ry 


).  - 


a 


c(.r+iy 

1 

a;Ha^" 

a  +  i  -  c 

a  -6  +  c 

.r2+l 

ar 


5. 


9. 
13. 
17. 
21 


25. 


29. 
33. 


■r-4 
a;  +  3' 

ar-2 
2^3" 

4:C  +  3?/ 
4(3;r'-'T7)- 

2a 

a^T2p' 

■r  +  y-a; 
«  -  a;  +  y' 


ANSWERS. 
EXERCISE  XXXIX.     (Page  90.) 
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2. 


2a:  +  3 

a;-  4 ' 


1 


■   x'-X' 

6    ^!J:9«+5         .r-2 
a(r)rt'^-2a-6)'     '  .r +  4' 

10. 1^1      „.  -i^'. 


«•■«  -  4' 


14. 

18. 
22. 
26. 


ar-1 
ar+r 

a?  +  5 
a: -3' 

(i-irh-\-c 
2       • 

2«2  _  3,/ 


15. 


1 


a;*- 2.1- +  2' 


IG. 


Q    a-'-'  +  .r-G 
X-  +  4.C 

2ar  +  3 
3^4* 

3«.r2+i 


12. 


19. 
23.  - 


x-y 

x^  ~ax-\-  V^ 


4aV  +  2«a;'-'-r 

20.  -"ii^. 

ax  -  by 


(«'  +  a  +  l).c«  +_(a+2)  »•  +  1 
a?  +  c'-' 


a;^  +  aa:  -  i"'^ 
x-h 


24. 


a'  +  c 


a  +  6  -  .f ' 
.  28.  a. 


hc-ac-  ax 


30    ^(Lz''^)       Qi 
1  +ac 

34.  %  +  ^)  +  «C^-g) 


(«  +  (/)(6  +  c)'  —  6(^;7^p^— y 

EXERCISE  XL.     (Page  92.) 


32.  1. 


35.^. 
0 


1.  5.r-3  +  -%. 
a: +  2 

3.  3(.c2  +  ar2/  +  y2^  + 
5.   2,c«  +  a:-l- 
7.  .r-1- 


2.  a-2ar  + 


o  +  a?" 


5 

.r-y* 

2 


4.  a-2  +  .cy  +  y-'4._:l2/._ 


a;-y 


1 


.i'''-a;+  r 
7a;- 4 


9.  a,--l- 


3.r»-4a'  +  3" 
x-2 


G.  3a-l+~— 
3a+r 

8.  ar  -  1  +  JH 

5,r-'+4.c-r 


'  +  ar 


T   I 


10. 


1- 


11. 


1- 


Hi! 


1;  ;    S 


"V' 


iiu 

322 

ANSWERS. 

a' 
12.          -. 
a  +  b 

13.   2^ 

X  +  y 

14. 

2a'  -  ah  -  6« 
a  +  b 

15. 

iab 
a  +  b 

16    2(a^  +  ^.^) 
a-6 

'''■i-3- 

18. 

.1-^  -  2.vy  -  ?/ 
;c  +  y 

19. 

x-y 

20. 

x  +  y 

21.,      I-., 

1  -  a:  +  A"* 

22. 

.T^  +  xy  +  ?/'' 

23. 

x  +  2 
x-2 

2i.  J+^. 

^^-  1-6- 

26. 

a 

\+b' 

2'-  3a +  -^-3. 

2a''' 

28. 

a      y      X 
z      X      y 

z 
a' 

29.  uu;+', 

a      a      b      c 


30  ^•^'-?:f+''^_3 

•^"■20      5+4     Zc- 


31.    ,-^- 


1 


1 


32. 


a 


+ 


{a-b){m  +  n)    (a  +  6)(«i-7i)*  oi-2y     x\-y 

EXERCISE  XLI.    (Page  94.) 


I. 

3. 

5. 

7. 

9. 
10, 
11. 


20.C     24.r     21.r 


30 '     30  '     30 ■ 

^  z.  _^ 

abc     aba     abc 
a^  +  ab     ab  -  h' 


\2x^ 


2ix  -  9     ix-  6.1-2 
12j;'^  ' 

2  +  2x 

:.2» 


1-.t2'    1-a;'^' 


x' 


y 


ab 


{a  +  bf     {a  -  bf 

a2_6'^'     d'-b''    a'-b'' 

a;2-16 


75(.c  +2)  70(^-2)  __4_8_ 
■  30(.i;^-4)'  30(j;M/  30(;i^^)' 


x^-i 


(j:-2)(.c-3)0c-4)'    (ar-2)(a;-3)(i;-4)' 

a;(j-+l)(.g+2)      (■r+l)Cc+3)  .-g  +  4  

x{\-x)\\  +  x)'    x{\-x){l  +  x)'    x{\-x){\  +  x)' 


¥ 


<^  -a' 


(a  -  b){a  -  c){b  -  c)'    (a  -  ^X^  -  c)(6  -  c)' 
a6c(a  -  b){a  -  c){b  -  c)'    abc{a  -  b){a  -  <'){lj  -  c) 


a  +  b' 

x-y 

x  +  2 


x-'2 


-y) 


I)       48 


14 
ix 
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48       •  -*• 
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(Page  95.) 


a  +  x 


2 


48.C-21 


23^r-20y 
30  ~- 


50 


7.  0. 


8. 


9.  1. 


10.  0. 


11.    t^/)"       ,9     («+i+c) 


.2., 2 


13. 


17. 


a  +  J 
a  —  h' 

x  +  y 

y 


x'y 


abc 


14.  2. 


15. 


ar-7' 


16. 


18. 


21.  ?(^_^y'  +  y*) 


2^ 

x^  +  xYTy* 


X*  +  xh/+y* 


19. 


22. 


24. 


27. 


Ifcti)   25.  i(^j^*y) 


a6 

^4a*_ 


20. 


x^  +  x+l' 
1 


aV 


-iy 


23. 


26. 


x+y 
xy  ' 
2a 

a+b' 

_v_ 


ar  +  3" 


(.f^+l)(^'^+l)- 


28. 


^Jt'-x-'  -Ux?+^x-\ 


X 


n 

6' 


EXERCISE  XLIII.     (Page  97.) 


{^+\){x-l){x+'^)(^y 


d^-  r 


6. 


10. 


14. 


a' 


■\-b^-2ac  a  +  x 


a'-b 


a  +  x 


a" 


11. 


ax 
ax 


(.t:-2)(,r-3)(^-5)- 


8. 


12. 


15. 


a'  +  b^ 

m  +  n 
mn 


ixy 


x^- 


X 


23^ 


x  +  y 


l+x^  +  x*' 


13. 


Icy 


X*  +  x'y^  +  y*' 


16. 


19. 


u^. 


32 


16.1;'''+ 8.r-  15' 


17. 


2{a-h) 


x  +  2' 


(.r-5)(,c-7)(ar-12)- 

18.  .--^(lr» 


(rt+6)(a  +  36) 


,TT.       20.  1(^12) 


(^-4a)(.i;-6a)" 


.t^'-ie 


21. 


a 


(•^-6)(.r-c)- 


23. 


o 


2  „_   A2' 


{h-c){c-a)' 


a*  -  6 


24.  -, 


{2x^-'6x  +  \f 


25.  3. 


ftfS***      -r^^mmfjitA: 
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EXERCISE  XLIV.    (Page  99.) 


2 


5. 


9. 
13. 
17. 
22. 
2G. 


x^  -  2/*' 


2. 
6. 


4a; 
a;*  -  y** 


3    -?^ 

'•  x*-r 


J.r~l_  1  +  2.r'» 

x%r~+lf  x\x+l)' 


0. 


a? 


14. 

18. 


4a 
a  +  x' 

X 


11. 
15. 


1 


x{x^-\) 

1 


4.    -1 
8 
12 


.T" 


(x'  -  \f 
-1 


2(ar  +  y)  ar  -  y 

84-186.r  +  93.c^  -  6.^3 

4(3-24^(3  +  24    ' 

0.  27. 


a; +  2' 
19.  1. 

{x-\f 


23 


aV+1) 


4i'^+l)" 
16.  2. 

20.  0.        21.  0. 

:.     24.  0.        25.  0. 


{x  +  \f{,v-\f 


^^'  (^"-ly^- 


1. 

G. 
11. 
16. 

20. 


25. 


w 

cxy_ 
Sabz 


EXERCISE  XLV.    (Page  102.) 
f)bx 


7    ^ 


3. 


9ay 


4. 


-I- 


2x 


y 

3a 
26' 


5.  2ah. 


10. 


bd' 


iP>-h)y  2ax\x  -  y) 


ax 
a*x 


y 


13. 


18. 


6  —  a; 
aTTs" 


a' 
2^ 


,2* 


17 

-  a  2x  +  y 

x^  4-  v"^  1 

"LJLIL^     21.    -1.      22.  1.      23.  -A 

x  +  y 

X*  +  xhj^  +  2/* 


14.  1.         15.  1. 
1 


m'^  -  n? 


19. 

24. 


a^-ab-\-  b'^' 
a'^  +  ax-  2x^ 
a'^  +  ax  +  x'^ ' 


a;' 


12  + a: -6a;''' 


26. 


a;«.-y2 


EXERCISE  XL VI.    (Page  104.) 


a^     a;« 


j^' 


It*     X    '^  — z"* 


3.  x-'+'2  +  ^. 

XT 
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4. 

7. 
10. 
13. 
16. 


a*  -  2  + 


5.  a;'  +  5  + 


a6 


6^ 

a;» 


6.  x'+l 


90 


.r^      .•7;2 


a^' 


9.  or' 


11. 


X' 


1     6     3 


-a;--+___.  12, 


a* 


+ 


6* 


X     jc" 


a'    a^ 


a* 


14.   l+^„  + 


b""    b^' 


X* 

1112 


15.   ~-±4.± 


-3--.+ 


2b 


a' 


+  -,  +  ■ 


ac 


C    a'     a 


17. 


a* 


a;      1 


18.  -.+±^y 


5. 


9. 
13. 

15. 
18. 

00 


7fi« 
3ay" 

3^* 


EXERCISE  XLVII.    (P 


1^    xy    a? 


a' 


1  + 


a^ 


10. 


8a;y 


aj 

a-  -  aj^ 
^  +  y 

1        1 


'age  106.^ 


3.  ^ 


1 


i2jox-y 

'(a  +  2a;) 


CCi 


-.       8. 


X 


n  "-i+t 


2^2 


a'x 


«'     6-^     c^     ab     b~c~ 

a     ax 
xy 

ab{x'^~l) 
W^^x' 


ca 


14. 


3a;3 


a;' 


12. 


X 

6' 

3  (a -6)2 
a*-  1. 


X 


5a;2+_  +  9, 


16.  - 


X'    a" 


+ 


19.  1. 


20. 


23. 


a'     ^^^ 
a;2+i2 

X-  b' 

ab 
a  +  b' 


17. 


a 


21.  3(a;  +  y). 


15 


EXERCISE  XLVIII.    (P 


25     • 

-T. 

P^    20-3a5 
2a; -25' 

-\- 

9.   1. 

10.  i' 

6a; 

ro 


AGE  108.) 


'<x 


3    l^^Ji^ly 


Hx-  1) 


12- 

2  (a -6)2-    ^'  - 


X 


11.  — 


1 


a  -  b  ^ 


2x    ' 
12.  a'  +  a^. 


■■■■iaBi 


m 


um 
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ay 


{x-yf{x-^y)' 


13 

16 

20.  a{1a-x-y).  21 


14. 


ac  -  hd 
ac  +  bd 


X*-  a*' 


17.  ("li'li'.   .8,  1. 


26c 
4m2+l 


22. 


7n(4m'*-l)  X 

EXERCISE  XLIX.     (Page  109.) 


15. 
19. 
23. 


4 
3x' 

a-b 

a  +  b' 

xj-y 
x  +  y' 


ab\a      b) 


3. 


a  +  6 


5.  x^-^-y"^ 


6. 


l{x-y) 


y 


ab 
7.    -1. 


4.  0. 


9. 

13. 

17. 

20. 
25. 

1. 

6. 
11. 

16. 


I. 
6. 


11. 


2 


vin{ni^  +  n^)' 


12 


8.  xy{a'  +  b-). 
2a-b 


a  +  b  ' 


^fe-A.     14.  0.     15.  0.     16.  2{(ay-bxy  +  {ax-byy}. 
x^  -x+1 

a^  +  a? 
9(,'  -  c) 


1. 
0. 


18. 


pr^x^  +  q^x  +  prs 


qrs 


19. 


21. 


a  +  36 
6  +  c  ' 


22.  2. 

27.  0. 


EXERCISE  LI.    (Page  121.) 
£C=5.         2.  a;  =  8.         3.  a;  =  9.         4.  a;=p 


c-2a  +  b 
28.   1. 


5.    33=7. 


8.  x-  =  6. 


a;  =  9.       12.  x  = 


9 


13.  x=-^.     14.  a;  =  2 
lb 


9.  a;- 12.     10.  a;  =  7. 

2 


15.  x  = 


rK=  -5.     7.  a;  =10. 
2 
3* 

x^-'^.n.  x=^^.     18.  a;=24.     19.  a;  =  -6].  20.  a;=31. 

la/  -l  ■•■ 


EXERCISE  LII.    (Page  122.) 

a;  =  -19.    2.  a;=9.         3.  a;=4  4.  a;  =  20.       5.  a;=3. 

x  =  -%      7.  a;=lL       8=  a?  =  6,         9,  «  =  8.       10.  a?=-7 


-b 

Vb' 


ty{a'  +  b"-) 
2a -b 

a  +  b  ' 
-hyf). 

d^  +  x^ 

9(,'  -  c) 

c-2a  +  b' 

1. 

33=  7. 


X 

—  4. 

2 

X 

~5* 

X 

=  31 

x=Z. 

x=  -7 


1.   X 
6.  X 

II.    X 


'l9' 
3. 
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2737 
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=  0. 


2.  a;=2.         3    a;- 192      a  2737   ^ 

166         «=-l51. 

10.  a:=0. 
15.  a;  =  3. 


7.  .^  =  3f.       8.  ar=-.i.     9.  ^^2, 
12.  a.  =  3,VI3.  0.=  ^.      U.  «,«5. 


1-  a;  =3^. 


6 

EXERCISE  LIV.     (Pao«  127.) 
2.^  =  2.         3.  a:=3.         4.  a;=4. 


6.  X' 

11.    .'C  = 

16.  a;  = 


1 

=  0. 


7.  x=.  -b.     8.  x  =  2. 


50 


5.  ic=  - 
a 


9  0U 

29      ^-  ^  = 


^2-  -12.     13.  ..1.       U.X.7.       15...:  2. 
8.       17.  «;=-.     18.  «,=  2.      19.^^2^. 


1.  « 
4.  X 

7.     it': 

10.  a;  = 

13.  x  = 

16.  a;  = 
19.  x  = 

1.  .1;  = 


a5 


EXERCISE  LV.    (Page  129.) 


8.     iC=: 

a6(a  +  ^-2c) 

^2   1    12  ~        T~'    11'     2;  = 

a  +o-ac-bc 


5.  a3=:fl  +  6  +  c. 
c^  -  ab 


a'  +  b'^-ac'-^c 
2ab 
a  +  b' 


a  +  b 
a-b 


14.  x  = 


2    • 
bn~am 


d?c 


-^-      n.x= 


m-n 

(^y-a  +  c'b-a-b-c 


6.  x.-.^i^+j} 
a 

9.  xJ-Hr.^! 

cp  -  ar 
12.  x=  -(a  +  h  +  c). 

15.  x^a. 


— T — ; — ic    ^     0''  +  o  +  c 

a6  +  6c  +  ca-l       *        ^o-  «;  =  ■ —I-. 


0  or  V/  -Jab  +  be  +  ca). 

EXERCISE  LVI.     (Page  130.) 
\.     '2.xJS^±^J±')       o  3 -2a 


V 


3«  -  4  ■ 


*.  ,'«  = 


2ai 


I 


il' 


Hm 


\Hi 


I 
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5, 

8. 

12. 
16. 
21. 
23. 
26. 
28. 


x^2   or 

4 


x  = 


x  = 


^=1- 


X—  —■ 


2|. 
9.  x  = 

13.  a;  = 


ANSWERS. 


6.  x=1\. 

1  ,/^          -a6(a  +  6-2c) 
-.  10.  cc  =  -- — ;- j-^. 

2  a^+b^-  ac  -be 


l.x^l. 
„  11 


6c  +  ca  —  ab 


b-2c 


U.  x=-. 


15.  a;  = 


45 


17.33=5^.     18.  a;  =  a  +  6.  19.  «  = 


a +  6' 


86 
20.  cc  =  9. 


+  c 


22.  »=  - 


x  =  a  +  b  +  c.         24.  a;  =  a  +  6  +  c. 

a6c  +  ic'^  +  a^c  -  2a'^b  -  ab"^ 


x  = 


be  +  ac  -ab  +  c^  —  a^-  P 
ab(a  +  h)  +  bc{b  +  c)  +  ca{c  +  a) 

{^a,+b)'+{b+cy+{c+ay  ■ 


x  = 


bc(in  -n)  +  ca(n  -p)  +  ab(p  —  m) 
a{rn  -n)  +  b{n  -  p)  +  c{p  -  in) 

-  _  ab  +  bc  +  ca 

25.  x  = ; . 

a  +  b  +  c 

3a6c  -  d?b  -  b'^c  -  <?a 
a'^  +  b'^  +  c*  -  ab-bc-ca 

29.  „=!!i(2i±M). 

a  +  6 


r.T-.    27.  a;  = 


1. 

5. 

8. 
12. 
13. 
16. 
19. 

20. 


21. 

24. 


EXERCISE   LVII.     (Page  134.) 
168.  2.  80.  3.  28  and  32.     4.  36  and  9. 

85  gals,  wine,  35  gals,  water.    6.  28  and  18.     7.  2|  days. 
2  days.  9.   l^V  days.      10.  26 1  days.     11.   104  days. 

5  and  C  in  21^  hours;    A,  B  and  C  in  10  i§  hours. 
10  days.        14.  A,  37|  min.;  B,  25  min.        15.  4|  hours. 
48  minutes.  17.  72  pounds.  18.  300. 

1st,    10|^  minutes  after  2  ;    2nd,  43^^^  minutes  after  2  ; 
3rd,    27y\  minutes  after  2,  and  3  o'clock. 

1st,      5yY  minutes  after  7  j 

2nd,  21  j\  minutes  and  54jy  minutes  after  7  ; 

3rd,   38y\  minutes  after  7. 

5t-\  minutes  after  2.  22.  $228*.  23.  $55,500. 

$3700.  25.   10  gals,  from  first,  4  g-als.  from  second. 


26.  24  miles  per  hour.      27.   2|  miles  per  hour. 


28. 


mn  (<j  -  / ) 


ANSWERS. 
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29.  2|  hours.       30.  -^  hours     If «     wk       .     u  • 

a-h  ^'    ^t  « =  0,  the  rates  being  equal 

Tteld  oTT-  °™'''''''  ?°  ""'"■    "''<*.  "'»  >-'  'OSes  ground 
m«tead  o£  g„n.„g  „„  the  first.     If  direction  of  motiont  were 

reversed,  the  first  would  overtake  the  second  in  ^  hours.    (See 
Chapter  XXII.)  3I.  30  miles  per  hour  30    n-  / 

15  miles;  speed,  2  miles  per  hour  ,T  „  ,  ^'!'^'"^' 

34.  A  in  __?!!!2P__    ,,...,     „  .  imnp 


2))inp 


^¥+m^^^  ^^^''  ^  ^^ 


^^TWr;^  '^^^^^^  c'  in 


~  days;  ^,  ^  and  C  together  in  _J!!i!!^ 


w?jij  +  mu  -  np 

ma{n-p)  %' 

37.  6  hours;  31 1  miles  from  ^ 

43.   112  lbs.       44.  84. 
47.  £1750,^3472. 


mn  +  tip  +  ptn  ^^^^' 
gg      2inn{2m  +  n) 

•  4m^-n^:r4;i^'^^>^"- 
38.  £540;  17d.  in  the  £. 
41.  60  eggs.       42.  £180  and  £150. 


19.  98  lbs.  of  copper. 


45.   1,000,000.      46.  £450^«^,  £156|. 
48.   26j«j-  ,nin.  after  2  o'clock. 

n "^^"-  '^^'^^'^  ^*  o'clock. 


l.«  =  4, 
y  =  5. 

6.0;=  I, 
1 

^"   15' 


EXERCISE  LVIII.     (Pace  144.) 
2.«^=5,         3.  a;  =  2,         4.a;  =  3, 

y 


y=i. 


7.  a;=6, 


1. 


8.  it-  =  7, 
y=5. 


2/  =  4. 

9.  ;:«.-=  3, 
y  =  4. 


6.  aj  =  2, 
2/=  5. 

10.  a;  =10, 
y=7. 


12..-10,     13..=  30,     14..=  15,     15..=  lo, 
y  =  8.  y  =  24.  2/=.  12.  y^24; 


( 


16.  x=144,   17.  a;=6. 


18. 


X- 


.22 


2/  =  8. 


5,        19.  a-=17,     20. 
y=2.  y=3. 


33: 


y=2. 


^^#ipiM 


111     I 
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21.  x  = 


5, 

5. 


ANSWERS. 


22..  =  f.        23..  =  ff|,    24,  .=  -6 

y  =  a  +  o. 
90  6 -a'  ^ 


y= 


37' 


25. 

X 

y 

28. 

X 

y 

31. 

X 

y 

36. 

X 

y 

41 

X 

y 

ho 
a  +  6' 


26.  X-- 


ab(a+  b) 


ac 


a  +  b 


ab  (a  -  b) 


27.  a;  = 


macb^ 


nia^b 


abc{ab  +  ac-bc)  b'^  +  c^-  a^  _  c{a  -  b) 


abc  {ac  —  ah  —  be) 
~^^~+  a'c'  -  bV  ' 


y== 


c'  +  a'^-b^ 
26       • 


c{a  +  b) 

y^~a^b" 


ac 

be 
d'  +  b-"' 

154 


383 


,    32.  fc  =  16,     33.  a;=5,       34.  a; ^-^r^-,  35.  a;  =25, 


y  =  4. 


3/ =4. 


29 
93 
2'  =  29- 


2/=  13, 


47 
56 
47' 

1 

63' 
18. 


37.  a;=8f,     38.  a;  =  2,       39.  aj=-,      40.  a;=G, 


y=S. 


y=Q. 


2 
5 
^  =  60. 


y 


=  8. 


44.  X 

y 

47.  X 

y 


p  +  'i 

mp  -  1' 

m+ ,1 

mp  -  1' 

m+T 

mn  +  1 

»n(n+  1) 

42.  a;  =2, 
y=3. 


.^         m  +  n 
45.  x== , 

P 

on  —  n 


43.  x> 


y- 


tiv  +  mn  +  w 

m  +  n 
tr^  —  mn  + 1^ 

m  -  n 


46.  x  —  a  +  b-Cy 
y  =  a  +  c-h. 


y^ 

48.  X 


P 
a+l 


mn 


+  1 


6+1 

y 

■^         a 


49.  x  =  - 


m  +  n 
2 


y= 


m  -  ?«• 


+  mn  +  w 


50.  «  = 
52.  x  = 


n  —  m 

pn  —  qm' 

a  +  b-c, 
a-b  +  «. 


51.  x  = 


ANSWERS. 
b(d'-c')-c{a'-h^) 
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bd  -  ac  * 

^_d{a?-b-')-a{cP^ 

bd  —  ac 

53.  aj  =  7n  +  r»,  54.  a;x=(^2^  i)(^2_  j^^ 

y  =  m-n.  y  =  (jt>'-l)(7'+l)! 


1.  »  = 

2/  = 

«  = 

6.  a?: 


»= 


2, 
2, 
2. 

2, 
3, 
1. 


EXERCISE  LIX.     (Paor  149.) 
2.  a;  =  5,  3.  a:=l,  4.  a;=5, 

«  =  8.  2  =  3. 


7.  a:=-4,     8.  a;  =  9, 


5.  a;  =20, 
y=6,  2/=  10, 

«  =  7.  i5!=5. 

a  +  b 


9.  a;  = 


11 


y= 


2a  ' 

ab  +  ac  +  be -b'^ -2c- 


.=  -  2- 


a  = 


10.  O! 


h^  +  c^-a^ 


z  = 


2bc 

> 

c2  +  «2_ 

62 

2ca 

> 

a'  +  b"'- 

c2 

11.  a;=6, 
y=-12, 

2=18. 


2(6' -c'^) 
36c  -  /i6  -ac~b^ 
2{b^:^)       • 
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-7-.    y=3, 


y 


2a6 


«  =  ■ 


16 


«  = 


14.0;: 


z~ 


19.  a; 


1, 

1 

2' 

1 

3' 

=  2, 
3, 
1. 


15..=  16..r=li,      17.  .=  |. 

1 

21.  a;  =  5,       22.  aj  =  3, 
y  =  4,  y=-2, 

«  =  3.  «=l. 


1 
4' 


«  = 


a  +  c 
2 


18.  a;  =1, 
»=1. 


6+c' 


20.  a;  = 


1 


3' 
1 

1 

«=  -. 


23.  a;  =  4, 
2/  =  5, 
»=6. 


F#f«Wf 


i!i: 


il; 


pllh  I 


i 
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ANSWERS. 


24.  a;=12,      25.  a;  =  2,       26.  x  = 


y  =  4, 
«  =  24. 


3, 
-5. 


y 


abc 

(lb  +  bc  +  cck 

abc 


ab  +  bc  +  ca* 
abc 


27.  x^a, 


«  = 


28.    X: 


2abc 


be  +  ca-ab* 
2abc 


y 


ca  +  ab  -be' 

2af)C 
ab  +  bc-ca' 


29.  «  = 


y= 


ah  4-  be  +  ca 


z- 


2    ' 
c  +a 
~2~' 
a  +  6 


30.  x  =  n+p-m, 
i/  =  p  +  m-n, 
z  =  m  +  n-p. 


31.  a; 


-11, 
9 

7 
«=  -5. 


32.  X-- 


1 

5' 


1 
2/=3. 

«=1. 


33.  aj  =  rt, 

y  =  b, 

z>»  -c. 


1. 
5. 

9. 
13. 
14. 
17. 
19. 
21. 
23. 
24. 

26. 

28. 
30. 

32. 
34. 


5 

7- 


8.   18  and  8. 


EXERCISE  LX.     (Page  156.) 

8  and  4.  2.   120  and  90.    3.  42  and  12. 

63.  6.  26.  7.  54. 

14  and  $2.    10.  4  and  2|.     11.  25  and  55.     12.  5  and  6. 

90  cents  per  kilo,  for  butter,  75  cents  per  kilo,  for  soap. 

$3.60  and  $3.       15.  |900  and  $400.     16.   2400  and  1800. 

$12.40  and  $1.60.  18.   140,  90  and  130. 

854.  20.   640,  720  and  840. 

133 J  lbs.  and  100  lbs.  22.  A's,  24s.,  and  B's,  16s. 

90  min.  hy  A,  1  hr.  by  J],  and  3  hrs.  by  all  together. 

2  gals,  from  A,  14  from  B.    25.  Tea,  5s.;  sugar,  4d. 

nm{p  —  1 ) 


days. 
np  —  m 

25  from  1st,  75  from  2nd. 
Man  in  2 If  days, 
Woman  in  50  days. 


27.  A's,  MQ ;  B's,  £28. 

29.  65. 

31.  28  barley,  20  rye,  52  wheat. 


1 1 


■^-'1ts»    '*'"t¥' 


33.  A,  £Q;   B,  £18;   C,  £36;   D,  £48. 
35.  yl,  5,^  hrs.;   B,  6/^  hrs.;    C,  7/^  hrs. 


ANSWERS. 
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36. 
37. 


40. 
41. 
42. 

43.  A 


Rate  of  pulling,  8  mile.s  an  hour ;  distance,  20  miles. 

Time  down  stream,  4  houra ;  38.  20  lbs.  cheaper  tea ; 

Time  up  stream,  6  hours;  10  lbs.  dearer  tea.  ' 

Rate  of  stream,  |  mile  an  hour.         39.  40  lbs.  and  90  lbs. 

20  bushels  of  rye  and  52  bushels  of  wheat. 

il  in  If  hours,  B  in  3^  hour.s,  C  in  7  hours. 

A  in  20  days,  B  in  30  days,  C  in  60  days. 

minutes,  B  in  ~-—~ minutes,  C  in 


m 


ac  +  hc-ah 
2abc 


minutes. 


45. 
47. 

1. 

2. 

4, 
6, 
9. 

12. 

15. 

17. 

20. 

23. 

25. 


bc  +  ab-  ac 
44.  12  feet   ,^ng,  9  feet  broad. 
14  feet  long,  10  feet  wide. 


46 


ab  +  ac  -  be 
70  yards  long,  38  yards  wide 
4  gallons  and  10  gallons.  48.    10  gallons  and  4  gallons 

EXERCISE  LXI.     (Paoe  166.) 
2a6,    4a«iV,    5ab\    ix%    13a%*c\ 
5a%^       16a:«      25a      7a6V 

3.  a;  +  6,   a;-4,    2ax-\-b. 


lla;V'     llf'     186'     8?^' 

x^  +  x  +  l,    2a;2-a;-l. 

Ix^+ixy^tf.  7.  x^-xyJry^. 

4a;2-2a6  +  26l      10.  2a;2-5a;  +  3. 

2a*  +  4aV-4c*.     13.  2a''- a^- 3a  +  2. 

5a,'3  -  2>x\j  -  4a.y  +  y^. 

a +  26  + 3c.  18.  a^  +  a^i  +  aJ^  +  ja 


X' 


-  oax  +  4a''. 

8.  2a?-3a'x-ax\ 
11.  ar»-2cc«  +  3a;-4. 
14.  a:'-2a;2y  +  2tc«/2_y3. 
16.  2y''--^z  +  Az\ 
18.  3-4a;  +  7a;2-10if''. 


3a-26  +  4c.  21.  bx'y-Sxf  +  2f.    22.  ^y-^x-Zyx^  +  ^x' 

5a;-2y  +  32;.  24.  2x'-\-y''~y. 

m^-2m'  +  3m2-4m  +  5.        26.  2ab  +  a''  +  h\ 
EXERCISE  LXII.     (Page  167.) 


X" 


xy 
2 


X 


1. 

4. 

7.  a;2  +  4  + 
10. 


•I 

2/" 

1 

«  +  >r  -  - . 
2      3 


2.  ^-2xy  +  %f-y-. 

X 

f,    a  b 


,234 

1  +  _  +--  +  ._^ 

62 


a; 


aj 


.2' 


8. 


1 


X 


a 


d 


a 

2      3 

-  +  - 

y     » 


6.  2a -36  + 


9.  — +  ^  _?:^ 

S         as  2!   * 


li; 


T   +  ^  -   ;r, 


!li# 


M  i 


I'?! 


B 


iiiiii 


334 


ANSWERS. 


EXERCISE   LXIII.     (Paue  IGD.) 

1.  Sa'-ab  +  ^bK  2.  n'-Sab  +  b-,  3.  a-  +  b\ 

4.  aV  +  Sax  +  1 .  5.  «-  +  ab  +  ac  +  be.      6.  «"'  +  6='  +  c''  -  3a/>c. 

7.  {a?\¥){G--\-tP).      8.  a-'-6-  +  r-cf^.        9.  ab-ac  +  bc. 


10.  .c-2-  -. 


11.  a;*''  -  X'l/  —  .rs;  -  y«. 


EXERCISE  LXIV.  (Paob  172.) 

1.  .r  +  2y.             2.  a; +  4.               3.  a -3.               4.  tt"' -  a.r  -  a-. 

5.  .c2  +  .r+l.        6.  x''-2x  +  l.     7.  2^2 -36'^         8.  rt-/>  +  r. 

9.  2.c^-3.r+l.  10.  l-3.r  +  4.r2.  11.  4.r  +  4.i;-l.  12.  a-  +  3ab-db'- 


13.  c''~ibc+Ui\  14.  .1-2- -. 


1=     «       2  ,^  1 

15.    ----.        16.  .r+  -, 
2     3a^  a; 


17.   ^-1-^. 
6  a 

EXERCISE  LXV.     (Pw.v)  170.) 
1.  x^,  x^,  ;r^,  «•%  a^,  «*,  rt''6^'. 

3.    fa^,    ^a^  aA'    3:K.         4.  A    J^,  5^,  ^^^  5^ 

5.   'Sxyz-\  zx-Y\  ab-'c-\  chi-%\  x~^y^,  x'Y^. 
().  a\  6'^  c^,  cZ-l        7.  m',  a'^,   1.  8.  a,   1,  y*,  .r*. 

9.  ac*rf.  10.  .»-"-^y*^"^.r^y~l    11.  (r'''%  y'.r'-^^"^- 

12.  «*c*w~*.  13.  «"',  c"^,  m  ",  7i"\   14.  //^,  7"^,  n'K 

27a^b^        64        «*•' 


15. 


27a"6*    3 


\ 


EXERCISE  LXV  I.  (Pa<jk  180.) 

1.  .T  +  1.  2.  a*b-'-2  +  a-'b\ 

3.  4.4.-0  _  ^.-4  .^  3 ,, -3  ^  2.r--  +  .f->  +  1.  4.  x^"  +  x'^i'y"''  + 1/''. 

5.  .1'^  +  x^ y  -  -ri/''  -  '4/- .  6.  X*  -  x'(a  +  b)  +  ab. 


7. 

9. 
11. 
13. 
17. 
20. 
23. 


ANSWERS. 
d'iJ  -7'2^i/K  14.    ;j;«-l. 

x^-y^+zK  18.  .rl+2y/^-;s*. 

.r  +  2-;c-'.  21.  x^-x'^'+x-K 

lGj-l(;.r^  +  12-.1.6~-^+.f-?{. 
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25.  x-2-x-\ 


2a^  '>r^ 

26.  —-l+li.. 


A 


A 


28. 

31. 

31. 

37. 

40. 
44. 


.re'  +  //('/ 
x>"K 


29. 


3«-';j;-4 


a-'V''-iT«-'.c  +  2r 


32.  (a- -by. 
35.   ;iJ''«-i)_y'/(;'-U 
2j(x-  +  3) 


a:<;'"  -  rt'''.r«  -  ah:*  +  1.      42.   .r" *'' ' ", 
8 


•^  .r^  +  .r  +  1 


45.    11. 


8.  x  +  ij. 
10.  a"f-l+«-". 
12.  .t»+L 
16.  2""-2). 
19.  2x--'+3x-\ 
22.  2ai-3l'.^^-4fi•^ 

24.  J^+y^..i-JL. 
a;*  2y^ 

27.    -(<»/>)'+". 

30.  JL*jLl-yi. 

x^  +  2-  3y/i 
33.  4(ft'^4'^  +  26). 
36.  a'" -I. 

39.  1+.A 

43.  1  +  2"S. 
47.  1. 


1. 

») 

3. 
4. 


EXERCLSF  LXVIT.    (Pacik  187.) 
xfV'z,   2«v/2^,   3ayv'2flf^,  2  a/ 6;  rurd\THl. 
10v^«;  2r2/-V^20ry,   3/uV  v'Ti^i,   Ja'b'v'ib. 
{a-l))\^a,  5(rt-6)\/2^ 


J vo;  ^  v.;  I V2,  \rf,\^^. 


2 


'  ^'^-^•^^'(^-'^^^'s^^^.v'sc;^ 


<i  —  b 


6.    \/l8,     ^56,     v'405,     v5'rT25,     \'^y. 


«! 


■«^ 


830 


Answers. 


HI 


V^  i 


\i  \  1 


7.  Vy«,  Visd'j-,   '  „ ,   V3(f''x. 


y 


8.  V,,?-^,  J^,    J4 

9.  4acv^5^iV,    272/ v^a^^,    55\/G^ 

z  2o  z 


11.  o6,rV^.r,    2a%\v^h\ 


EXERCISE  LXVIIT.     (Page  189.) 
1.    \^T25,     v'TC.  2.    A^e;    v''49.  3.  '^16,     v^27. 


20/ 


4.  V256,    V512. 

6.  '\^i\  'n\  '^-mf. 


5.  V64,    V625,    'v'216. 
7.  'a'^S^',    ?6^,    ^f  10^ 


EXERCISE  LXIX.     (Page  190.) 

1.  3^7  is  the  greater. 

2.  Wf,    W\0,    9^/3^     (Descending  order  of  magnitude.) 

3.  5^3,    4v^4.      3^5.     (Descending  order  of  magnitude.) 

4.  6v7,    4V9,      ^V\^.  (Descending  order  of  magnitude.) 

EXERCISE  LXX.     (Paoe  194.) 

1.  rW%    7^13.         2.  lOVf,    I3VI0.     3.  2Vn,    6\/3. 

4.  3v'3;    4\/2T  5.  Gv'4;    5^2: 

7.    -Vl       8.  UV^.       9.  129V/5:        10.    -4^3. 
11.  {c  +  r))\/'c.  12.  («-i  +  2)v^6T      13.  («2  +  62_2a^.)v/7. 

15.  (4a262  -  24a5  +  3G)\/26. 


6.  11^7,   ^V5. 


14.  10a/>V7a6. 

16.  J-I^T. 


17.  ^  +  ?iVK  18.  2Vl5. 

18     15 


19. 


V^G. 


20. 


^a? 


a-x 


-  Vd'  -  .r^.      21.  (1  i  a  i  2.r)V  «  +  x. 
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EXERCISP:  LXXI.     (Paoe  195.) 
1.  9,  10,  6.         2.  3,  4,  8.  3.  3,  6,  2.  4.  11,  27. 

5.  72,  25.  6.  60,  ?.  7.  10.  8.  4. 

9-   '^"^-4-  10.  10 -2  a/2:        11.   -15 -lav's: 

12.  3Q-15V6.  13.  eV2-3VTE  +  8V3-GVlO. 

14.  8-8V12+ v'IS.     15.    A/2T. 

18.  5.  19.  4.  20.  4. 


23.  86  +  yA/6.     24.  cc^-aj^+l. 


17.    a/111. 
22.  30. 


26.    i^2000,    5  a/30, 

15  I     1  20  |7 

N/i44'    N/" 


28 


x625 


729 


16.    a/7. 
21.  5. 

25.  2ab  +  2bc  +  2ca -o?-}?- c\ 

27.    a/40,    125  v^T^. 

29    30  /    _2 20  /    5«  " 

'  N2401  x3'    N/2"x3'^' 


EXERCISE  LXXII.    (Paos  197.) 

1-  9,  2,  3.  2.  3,  2,  5.  3.    ^,    ^     ^ 

6'    3'    7* 

4.    A/2  +  5A/6.  5.  7a/3"-3a/5:  6.  4A/35  +  8\/r4: 

7.  2V'42-3A/r4  +  5A/T0.  8.  2  A/25  -  G  A^4  +  5  v^36. 

9.  5v'75  +  3A''r8-4v'36.  10.  a,  2y. 

11.    a/6+1,    A/a  +  v/^;  1  +  a/c*:    12.  a- 'v/^  +  6,aa;v/^-6yA/y: 

\3  15    \  3  a;\a;'     xf\J2xy^' 


1.  2-  V3. 


EXERCISE  LXXIII.     (Page  201.) 
2.  1  +  a/3:         3.  5  +  a/'I"         4.  5  -  a/2" 


5.  1+V5.  6.1-  a/5.  7.  2+ a/6.  B.i-V^. 

9.  Vfr+ a/*:  10.  a+A/^:     n.  v^to+v^^. 


1  z.    V  a'  +  ab+  0~  +  V  a"-  -  ab  +  b' 


13. 


+  1  V3, 


N''^ 
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14.   ?_i_v/l0. 
5     10 


15. 


ANSWERS. 


V7  +  2 


Vz 


16.|^^V/5: 


n.  h-Va?-  h\  18.  (a  -  6)  -  Wah. 

EXERCISE  LXXIV.     (Page  202.) 

1.  V'f+V^,  Vn  +  V^,  2Vs'-V2'. 

2.  vio-vs;  2V5-BV2,  3V5-2VW. 

3.  3  +  V5;    2V3'-2V2;    3-V2. 

4.  Vf-\/2;    3Vf-2V6;    2\/3~+\/5: 

EXERCISE  LXXV.     (Page  204.) 
G_+2VG      8  +  V55     28a/5~-60\/2^+15V'I0-35 


3       '  3 

84  +  21\/6 


10 


,    20V^3-12V5, 


55 

2Wf-2W2 


0  A     WTR     93-2^130     IQVS  +  5VQ-6V2-G 

3.  4-Vl5,^ 3-—, -^^ . 

1  ll+3\/^     A.4/T^     12+20^3  +  9^2+15^/0" 

4.  -     ^     --,    4  +  yio,  -— - 

5.  ^-^-tYA^    ^2  +  ^3;    V'5"+2\/2'-V/T0-2. 


6. 


195  +  137^6  -  nV~3  -  187V2 


94 


8 VlO  +  8Vl5  -  22  -  5 v/30  -  IOV5  +  19V/2  +  16^3  -  lOV^G 
X  2      .  X 


7. 


a+Va'-a!^     a^+Va*-^* 


02 


b' 


X 


+  Va;'^  -  9a^     2a-  +  V!«-'(4a-  -  .r) 


3a 


x'^  —  2rt''^ 


9. 


ANSWERS. 
2^-4.3^+2^3^  -  6  +  2^.3*  -  3*      ^3"-  1 

(2>/2"-  V3  )(3^  4-  3.5^  +  3^.5^  +  5^). 
4 
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10. 


18-34V/5 


11 


11.  4. 


12. 


57^2-25^3-9^0 


13.  5. 


1 


ft       0 


14    ^^  +  ^        ir    13ft-56+12Vft''-&'^ 
'     a  +  a;  '^'  136 -5a  * 

EXERCISE   LXXVI.     (Page  208.) 
1 


' '     7 ' 
C       0 

4.  10. 
8.  1. 


'    a"  \     ft     '    \4«-ft- 


5.  l+\/2. 
1 


9    9 


2' 


G  .2079492.  7. 


>V3 


3 


_  9 


EXERCISE  LXXVIT.    (Page  210.) 
1.  25V3T,    5V^,    9^^,    12V^,    ftV^. 


2.  4a/^,    8V^,    3a;V~i;    9mV^. 

3.  -1,  1,    -V~l,  1,  V^.     4.  ISV^.     5.  U  +  W~^. 
0.  18  +  (3  +  2ft)VrT.  7.    .„12,    _35,    -12^^^ 

8.  47 -V^,  9a;2  +  24-15.'«v'^. 

9.  2ac  +  3bd  +  (3ftc  -  2ad)V~.,    mn  +  h^  +  b(n  ~  m)V"^. 
10.    -aV^,    -V^,    V.^    -V"^,    xV± 


1.    u. 


12.  0. 


10. 


340 
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1.  a- =2. 


EXERCISE  LXXVIII.     (Page  215.) 

49 


1 


a;  =  31 
re  =25. 


9. 
13. 

17.  a;  =  25. 
21. 


25. 


29. 
33. 

37. 
41. 


1. 
3. 
5. 

7. 

9. 
14. 
20. 
21. 


a;  =25. 
3 


x  = 


aj  =  2l. 


x=  -2a. 


X- 


a^+2 


5 


x=  - 


2.  aj  =  3. 
4 


6.  ic  = 
10.  a;  = 


9' 

8 

5* 


14.  a;=9. 


18.  a- =  9. 
22.  £c= -. 

26.  a;  =  0. 

30.  .'r  =  l. 
34.  a;  =  25. 


38.  x 
42.  x 


8 
3 


4* 
20* 


3.  aj  = 

7.  a;  = 

11.  03  =  5. 

15.  x  =  b. 

19.  aj=64. 
23.  aj  =  100 


27.  aj=- 


2275 


88 


31.  03=  -. 

4 
35.  33  =  4. 

9 


39.  x 


5 


43  x=-  — 


1 


8..=  -^-. 

12.  a;=49. 
16.0.  =  -. 

20.xJ4. 
24.  cc=64. 

la-  h 
32.  a;  =  2a. 
36.  a;  =4. 

40.  a;  =3. 


EXERCISE   LXXIX.     (Page  221.) 

2(a2  +  62  +  c2  +  «& -L he  +  m).      2.  2(«'^ ■^o'  +  c' -ah-hc  - ca). 

a^  +  ¥  +  c'^+  3(«6  +  6c  +  ca).      4.  ab  +  hc-^  no  -a^-b--  c\ 

ah  +  hc^-ca-a^-})^-c\  6.  a' +  1)^  +  ^' -ah-hc -ca. 

3(a2  +  62  +  c2)_2(a6  +  ic  +  ca).    8.  2>{a''  +  b''-^c')-2{ah  +  hc  +  ca). 

0.       10.  2(a&  +  6c  +  ca).        11.  0.  12.  0.  13.  0. 

0.       15.  3.  16.  0.  17.  0.  18.  0.  19.  x\ 

3a;^  +  2(a  f  6  +  c)a;  +  «6  +  6c  +  ca. 
3a;-  -  2(a  +  6  +  c)a;  +  ah  +  hc  +  ca. 


22.  (a  +  6  +  c)x^  -  2{c.b  +  bc  +  ca)x  +  SaJc. 
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23. 
26. 
28. 
30. 
33. 
36. 


1. 

7. 
13. 

1. 
3. 
6. 
9. 

12. 
14. 


{a  +  b  +  c)c(?-Zahc.      24.0.      'lb.  c\a-h)-  a\h-c)  +  h\c-a). 
^{a''{b-c)  +  kc.]x-{c\a-h)  +  &c.].  27.  ai(a-6)  +  &c. 

2(a  +  6  +  c)x'^  -  {ah{a  +  6)  +  &c. } .  29.  0. 

abc{hc{h-c)-^&LC,].      31.  he.  32.  a^  +  lP  +  c^, 

ab  +  bc  +  ca.  34.  2{ab  +  bc  +  ca).     35.  abc. 

*'•  37.  c^.  38.  «3.       39.  8abc. 


2.  1. 


8.  a;2. 


X 


EXERCISE  LXXX.     (Page  224.) 

X 


3.  1. 

9.  x^ 


4.  0. 
10.  1. 
14.  T- 


abo 
11.  0. 


6.   1. 


12. 


1 


aj" 


(a;-a)(a;-6)(a;-c)'  *^-  (cc -«)(«;- 6) (.x--c)' 

EXERCISE  LXXXI.     (Page  22G.) 
-{a-b)(b-c){c-a){a  +  b  +  c).        2.  -(«-6)(6_c)(o-rt)(«  +  6  +  c). 
a  +  6  +  c.  i.  a  +  b  +  c. 

-(a  +  b  +  c).  7.  a  +  b  +  c. 

3x-{a  +  b  +  c).       10.  abc{a  +  b  +  c).      11. 


^    «  +  6  +  c 
i).  — 


abc 

8.  a  +  i  +  c-a;. 
a  +  i  +  c 


o 


0.    (Let  «-6  =  x,  6-c  =  y,  c-a  =  ^.)     13.  li^+JXf*±^±l) 

'  (a  +  b){b  +  c){c  +  ay 

a\-b  +  c-(x  +  'i/  +  z).  15.  x  =  a  +  b  +  c. 

EXERCISE   LXXXII.     (Page  228.) 
-{a-  b){h  -  c){c  -  a){d^  +  6'^  +  c''  +  ab-\-hc  +  ca). 
-  (a  -  b){b  -c){c-  a){a?  +  ¥-{-  c"  +  ab  +  bc  +  ca). 

a^-\-¥  +  c"-\-ab  +  hc  +  ca 


5. 

8. 


a^+b'^  +  c^  +  ait  +  bc  +  ca.     4 
a^  +  b'^-\-c'''  +  ab  +  bc-\-  ca 


abc 


{a  +  b){b  +  c){c  +  a)     ' 

(a  +  b  +  cy 


6.  (a  +  b  +  cy.     7. 


x^-2(a  +  b  +  c)x  4-  a/^  +  P  4-  c^  +  ah  +  ^ 


(a  +  6)(6  +  c)(c  +  a)' 


>/»    J_  /»/!* 


9.  _  3a;'^  +  3(a  +  ^,  +  (.)»;  _  (a^  +  ^2  .^  ^2  +  ab  +  bc  +  ca). 


:     i 


I 
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Ill 


III 


i 


10.  ab  +  bc  +  ca-a'-b^-c\       11.   xx{a''  +  b'^  +  c''  +  ab  +  bc  +  ca). 


12.   -05. 


14.     X: 


a'  +  b^  +  c'^  +  ab  +  bc  +  ca 
a  +  b  +  c 


13.  x=  -{a'  +  ¥  +  c^+ab  +  bc  +  ca). 
.  15.  x  =  a'^  +  b''  +  c'^  +  ab  +  bc  +  ca. 


EXERCISE  LXXXIII.     (Page  229.) 

1.  -{a-b){b~c){c-a){ab  +  bc  +  ca). 

2.  -  (a  -  b){b  -  c){c  -  a){ab  +  bc  +  ca). 


3.  ab  +  bc  +  ca 


ab  +  bc  +  ca 


6. 


ab  +  be  +  ca 


6.  1. 

a2  +  62  +  c2 


8. 


11.  x  = 


ab  +  bc  +  ca 
abc 


abc        '  "'  abc 

-    -(«  +  6  +  c)x'^  +  (g  +  6  +  cy^x  -  («  +  5)(6  +  c)(ff  +  a) 
{x  -  a){x  -  b){x  -  c) 
1 
6 


9.   -  -{a  +  b  +  c).         \0.  x  =  ab  +  bc  +  ca. 

a  +  b-\-c 


a  +  b  +  c 


12.  a;  =  0. 


13.  a;  =  0, 


ab  +  bc  +  ca' 


EXERCISE  LXXXIV.     (Page  231.) 


1.  ?,ab{a  +  b).  2.  hab{a  +  b){a^  +  ab  +  b% 

3.  labia  +  b){a^  +  ab  +  6^.  4.   -  5«6(a  -  &)(a2  ^ab  +  b-). 

5.  -1ah{a-b){a'-ab  +  by.         6.   7ab(a-b){a''-ab  +  by. 

7.  3(a;  -  2/)(y -»)(«- cc). 

8.  7 (aj - y)(t/ - «)(« - a;)(.'c'  +  'if  +  '^-xy-yz- zxf. 

9.  {a-b){b-  ;){c-a){a  +  b  +  c). 

10.  (a  -  6)(6  -  c)(c  -  a)(a6  +  ic  +  ca). 

11.  2(x2  +  !ry  +  t/7.  12.  2{x'  +  tf  +  z''-xi/-i/z-zxy. 
13.  3(a  +  6)(6  +  c)(c  +  a). 

U.  5(a  +  6)(6-c)(a-c)(a«  +  6''  +  c2  +  a5-6c-ca).  15.  2ixt/z. 

16.  3(2£c  +  ^ +  «)(«  + 21/  + 2;)(a;  +  y  +  2«). 

17.  -S{a-c){b-d){a-b  +  c-d). 

18.  -5(a-c)(6-c?)(a-6  +  c-c?)(«2  +  62  +  g2  +  ^2_^j_jg_^^_^;^^^ 

24.  1 6(6  -  c){c  -  a)(a  -  b){x  -  a){x  -  b){x  -  c). 


ANSWERS. 
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EXERCISE  LXXXV.     (Page  232.) 


1.  {a  +  b){b  +  c){c  +  a). 
3.  {a  +  b){b  +  c){c  +  a). 
5.  6abc. 


2.  {a  +  b  +  c){ab  +  bc  +  ca). 

4.  {a  +  b){b-'rc)(c  +  a). 

6.  {a  +  b  +  c  +  abc){l+ab  +  bc  +  ca). 


7.  (a  +  b  +  c-  abc){l  -ab-ba-  m) 

8.  2(a  +  6  +  c  -  abc){\  -ab-bc-  ca). 

9.  2(a  +  6  +  c){a^  -{■b^  +  c'-  ab  -be-  ca). 

10.  {a  +  b  +  c){a'  +  b''  +  c'-ah-bc-ca){x+\){x'-x\.\y 
EXERCISE  LXXXVI.    (Pack  236.) 


1.  rt=  -6,  6  =  9. 


2.  a=l  6  =  2.       3.  a  =  20,  6  =  85. 


4.  a;=10.       5.  a;  =  4,  6.       6.  >/i  =  12. 


7.  a;  = 


;?7 


8.  a;=0,    -4 


a. 


X 


lb'  - 

p{a  -  p)  -  {b  -  q)' 
17.      8c  =  «(46-a2) 
64(f=(46-rt7. 

20.  rt=  -6,  a=  -14; 
6  =  2|,     6  =  0. 


^a{a?  +  6^)     2\/(a2_62)     7^,2.  ^2 


2m3' 


-/) 


a^ 


V3- 


12a 


&c. 


10.  6-  =  ac.       15.  No.       16.  Yes. 


19. 


X- 


IT?  -n  +  2 
li'  +  n 


21.  x  =  a  +  2c, 
2/  =  6  +  3c. 


EXERCISE   LXXXVII.     (Page  242.) 
3.  2«' -  6a6(«  -  6),    263+Ca6(«-6),    2a' +  26^ 


6.  a ---8. 


X-  i 

x-b' 


7.  2000.       8.  1.      9.  0.       10.  1230.  - 


382. 


EXERCISE  LXXXIX.     (Page  249.) 
1.  x=-2,    -7.  2.  x=.3,    5.  3.  x=i, 


i.   X  — 

7.  x  = 


1  1 

2'  3* 

1  _  1 
4'        3" 


5.  a;=  -, . 

5'       6 

8.  x=li,    -  ^.. 
2 


6.  a;=4, 
9.  x^l. 


3. 

5. 

2 
5' 


I 
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10.  x=2,   -i. 

11. 

«=  1, 

-rt. 

12.  aj=3,    --. 

13.  x=l,    17. 

14. 

1 
*"10' 

1 
11* 

^^•^=13'    60- 

16.  a;=  1,    -4. 

17. 

a;  =  2, 

33 

~r3' 

18.  a;  =  5,    -  ]. 

0 

4 
19.  a;=3,    -  >-. 
5 

20. 

x=2, 

58 
13' 

01          «'        2a» 

a     '3a 
22.  «:=-2,     ,. 

23. 

03=  2a, 

2b. 

24.  a;=2«,    -8. 

25.  a;  =  y,    1. 

26. 

cc  =  7, 

77 
2' 

07    ^.-1     _5 

28.  aj  =  8,    -1. 

29. 

a3;c=4, 

-5. 

30.  x  =  a-2b,  a +26. 

EXERCISE  XC.     (Page 

254.) 

1..=  -^,    3. 

2. 

a;-17, 

2 
3* 

3    a.-^         ^ 
^-  ^^-2'    -2- 

4.  x  =  d,    11. 

5. 

x=i, 

-1. 

6.  a;=6,    -1. 

7.  a;=5,    - -. 

8. 

x  =  2, 

-2. 

9.  x^S,   |. 

10.  a;  =10,    -2. 

11. 

3 

''"lO' 

2 
3* 

12.  x=^±VQ. 

13.  a;=l,    ^. 

14. 

a;=  3, 

4 

"  5" 

15.  x'  =  0,    4. 

16.  »  =  0,    ~. 

17. 

cc=3, 

5 
3* 

18.  aj  =  6,    J. 

\/5 
19.  x  =  ±-^. 

20. 

03=4, 

-1. 

21.  .  =  2,    « 

22.  .x-^G,    -6. 

23. 

a;  =  3, 

1 
5" 

1                 1 

24.  a;=-,    - -. 
a         2 

25.  .'«=100,    -10. 

26. 

■  a;  =  4, 

11 
6- 

27.  a;=  -1,    . 

c 

b(bc- 

28.  x--^±.   -' 

\          c 

Id') 

29,  ,,"'±V"*t^ 
c 

b 
3U.  x—a, 

na 

31. 

c 

X—  -, 
(I 

c 
b' 

30    ^„«(-l±V73) 
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33.  a5fea±2^^.       34.  x  =  q,    b. 


35.  a;=.0,    -  1. 


36.  a;  =5,    -3^. 
39.  a:J-±^. 


37.  a:=^(-ll±Vl3).  38.  x=0,    37. 


40.  a;=l, 


b-a-l 


a 


41.  x  =  ±a. 

43.  x  =  ^-tl,  ^t 
2    '      2 


42.  a;  =  0,    iVa^+A'. 

44.  x^a-^  +  b'  +  c'  +  3(ab  +  bc  +  ca)}  -  3x(a  +  b){b  +  c)(c  +  a) 

+  a'b'  +  bh^  +  c'a?  +  3a6c(a  +  b  +  c)  =  0 


45.  «=  -a,    -6. 

ab-\-hc-{-  ca 


47.  a;  =  0, 

49.  a;  =  0, 
51.  1. 


a  +  6  +  c 
3aic 


46 

48 


\  2a-6-c 


a'''  +  62  +  c2- 


50.    - 


ac'  +  bd'' 


ac^  +  bd^ 


2a  +  3Vcd'       2a-3Vcd' 


EXERCISE  XCI.    (Page  258.) 


1.  ^^=2,   |.  2.  aj=24,    8f.  3.  x=l,  |. 


4.  a;  =  8,    -8. 


5.  x=2,    -3. 


^  1±  >/«'■'+ 1      ^ 

7.  a;  = .     8,  a;  =  8,    -20. 


a 


6.  a;=l,  4J. 
9.  a;=l,    -4. 


10.  a:=2,    _3     -^±^V-S     ^  5  3±V-15 


12.  x  =  2,    3,    -2,    -1. 

16.  a;  =  2,    -3. 

18.  a;  =  ±8,    ±1. 


ort         61±\/1801       , 

/U.  t^= ^  where  y  =  x^-6x. 


13.  a;=-7,   1. 

15.  a;  =±2,    ±V^. 

,17  -l±3\/5 

17.  a;= ^ ,    _3,    2. 

19.  a;=3,    7,    SiVll. 


8 


23 


n  i 


'     \i  I. 
r   ft  »: 


■ 


ir  '%•   s;] 
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1.  «- 
4.  «  = 
7.  aj  = 

10.  a;  = 

13.  a;  = 

15.   X: 
18.  cc^ 


1    1 
^'  21* 

i2a,    -2a. 

■4- 


ANSWERS. 
EXERCISE  XCII.    (Page  261.) 
2.  a;=3,  12. 
6.  a;=±9V2.  6.  a;=±l. 

9.  a;  =  5,  -30 


_2     50' 
3.  aj-g,    21' 


45 
8.  a3»5,  --7-. 
4 


.±22^2. 


11.  a;  =  ±4-Y-- 


12.  a:=±i^\/357. 


14. 


a;=±^a'- 


(6- 2a)' 
276 


20.  a; 

22.  cc 

24.  X 
26.  a; 

29.  X 

32.  X 
35.  a; 

37.  X 

40.  a; 


:0,  -7.  16.  03  =  7,4,-1,-4.    17.  aj  =  ±4,  ±\/23. 

5  5±\/97 

=  6.    -2'  "~4-^ 

3±\/5  9±\/^T3 


2 


3     „    7±\/33 
19.  aj=2'  2'  -^— 

7     11±V^63 
21.  a;  =  2,   g,  ^ 


5 


-     „       16 
0,   y,   3,   -y. 


23.  a;  =  0,  a, 


rt^V/Sci^.Saft 


=  2, 


1     9±V-31 


8 


=  1,    - 


11 
24' 


27.  a;  = 


25.  aj=2,    -16^ 
5 


-3,    -3. 

2a 
=  ±26. 


2'       7 

30.  a;  =  ±2. 

33.  a;  =±2. 


28.  a;  =  3,    -3^. 


31.  a;  =  ±2- 

2 
34.  x  =  ±o' 


36.  a;  =  ^(l±\/l  +  46^). 


38.  a;  = 


a(2±\/2) 


1.     39.  a;==5-i-v^62_  «5, 


a     la^  -  4     , 0  rt 


,  / 


43.  ie  =  ±V 


a6. 


44.  x^± 


2a^ 


45.  a;  =  a,  6. 


ANSWERS. 


46.  X 

48.     X: 

50.  x  = 


r""^j__fr  +  ^)g 


2       2Vc^  +  4 
a+  h     a-h 


2     "^  2o 


Vc'+4.        49.  a;=- 


47.  aj  =  ^±J^Z^ 
2        2V'c»-4' 
2rt6 


± 


52.     X: 


54.  a;  = 


V3 


a  +  b' 
51.  .ij-iv/5. 

53.  a;=9rt,    -a. 


55.  a; 
57.  aj 
59.  X 


^  2  2        • 

2  • 


a 


-2(1=fV5). 


56.  «;=55i24\/5". 

68.  a;  =  0,   ~a, 
bo 


-2-V3,    2(V3-2).       60.  ..=  J(_1±V5). 


1.    X- 

y 

^.  x  = 

y= 

I.   x  = 

y= 

10.  x  = 

y= 


=  10,  30; 
=  30,  10. 

=  25,  4; 
=  4,  25. 

=  10,  2; 
=  2,   10. 

13,  -3; 
3,  -13. 


EXERCISE  XCIII.     (Page  267.) 


2.  a;=4,  9; 
y=9,  4. 

6.  a;=12,  6; 
y  =  6,  12. 

8.  a;  =  20,   -6; 
2/-6,  -20. 

11.  a;=-^(5±v'265), 
35±V265 


1 


3.  a;  =  50,  -5; 
y=5,  -50. 

6.  a;=18,   -3; 
2/  =  3,  -18. 

9.  aj=40,  9; 
y  =  9,  40. 


y= 


12.  .r 

y- 


=  4    -i?. 
'       4  ' 

]     _5_ 
'       4* 
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13.  a;=6,  ---; 

o       33 
y=3,  -— . 
5 


24 
14.  a;=-l^._V^ 


y  = 


30±VI38 


6 


I   !'  *■ 


i  i; 


I 
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15.  aj  =  3,  3; 
y  =  d,  3. 


1     1 
18.  c«=2'   3- 

1     1 

2^=3'  r 


21.  a;  =  3,  4; 
2/  =  4,  3. 


IG.  x=  - 


ANSWERS. 
Z±V'lf7 


42 


y  = 


9±Vl77 


24 


6±6V57 
19.  a;= y — —f 

y=  -3±V/57. 


22 
22.  a;  =  3,  -yj 


17.  a;  =  4,  2; 
2/  =  2,  4. 


1     1 

20.  a:=3,  ^; 


2/  = 


1     1 
4'   3- 


53 
23.  a;=3,    -^^J 


2/  =  4,  - 


103 

"28"" 


24.  (K=±^VlO,        25.  a;=3,  4; 


y=2T^,VlO. 


r  =  4,  3. 


2/=  -4, 

26.  .^  =  5,  6- 
2/  =  6,  5. 


227 
27' 


27.  . 7^=2,  10;     28.r«=4,  -2;    29.a;  =  5,  -3;    30.  .75  =  7,  -4; 
2/=10,  2.  2/  =  2,  -4.  2/  =  3,  -5.  y=4,  -7. 

EXERCISE  XCIV.     (Page  270.) 


1.  sc=  ±  o  J    i^  J 
2/-=  ±-5"?    ±5* 


2.  a  = 


=  ±5  J?, 


3.    £C=  ± 


2'  ^\ll> 


4.  a;=±7,    T 


V2 


y=^r  ^\ 


2 


!/=±2,    ±^- 


5.  x=±3V3,    ±4; 
y=±V3,    ±5. 

7-  -=±3,    ±5^^ 
2^=  ±2,    ±J[ 


ANSWERS. 
6.  a;  = 

y= 

8.  x=  ±3, 


349 


10.  aj=--±3,    ±11V-1;    ll..'K  =  ±7, 


13.  x=±G, 


16.  aj=±6, 
2/=±3. 


14.  «=±1,  ± 


1 


S/=±2,  ± 


V2 
3 


±2,    ±\/2;' 
±4,    ±3\/2. 

9.  c«=±2,  ±2|«; 
2/=  ±3,  ±2/^. 

12.  -±6,  ±J^ 

y  =  ±5,  Tll^~. 

15.  a;=4,    -3; 
2/  =  3,    -4. 


V2 


17.   .==±2,    ±^; 


2/=±5,  If-. 


18.  08  =  ±2,  ± 


41- 


19.  a^  =  ±12,  ±9;     20.  x  =  ±i,  ±^; 

o 


2/ =±9,  ±12. 


2/  =  ±9,  ±^. 


22.  a;  =  ±8,  ±2;       23.  x=±Q, 
y  =  ±%  ±8.  2/ =  ±2. 

25.  a!=±4,  ±2;       26.  a;=±3v/2, 
2/ =±2,  ±4.  3/  =  ±V'2. 

28.  aj=3,  4,   -6±2\/6", 
2/=  4,  3,   -o:f2V'6. 


2/=±l,  T6 


21.  r«=±--         ±7; 
V2 

2/=T    .—    ±2. 
V2 

24.  a:  =  ±3^3,  ±4; 
2/  =  ±V3,  ±5. 

27.  a:=0,   l'^; 
2^  =  0,  45. 


^tiam—iini ' 


-v-1 
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EXERCISE  XCV.     (Page  273.) 

1.  10,11,12.      2.  3,  4.  3.  1,  2,  3.  4.  12. 

5.  31^  cents.      6.  $11.25.  7.   12  pieces.       8.  12  inches. 

9.  121  and  120  yards  10.   1^  yards. 

11.  30-10^5" and  lOV^I-lO.    12.  7  hours  and  5  hours. 

13.  5  hours  and  3  hours.  14.  39.  15.  35. 

16.  78.  17.  15,  20.  18.  5  miles  per  hour.      19.  $80. 

20.  $60  or  $40.  21.  100  shares.  22.  5  per  cent.    23.  7,5. 

24.  34,43.         25.   -^{3±V^),    ^(liVS).       26.  l±V^. 

27.  16,  10.         28.  9,  12,  15.  29.  5,  4. 

30.  $6000,  $7000 ;   7  per  cent,  and  6  per  cent. 

31.  20  barrels  hy  A,  16  by  B.     A's  price,  .£1   15s.;  n\%  £\   14s. 

32.  12  inches.      33.  12,16,20.      34.  8  and  10  ft.      35.   ^,    -• 


IM 


4. 


EXERCISE  XCVI.     (Paoe  288.) 
ai{b  +  c)+  bijc  +  a)  +  Ci{a  +  b) 


ac 

,,3  91^6 


a 


12.  x^  —  hnnx  -  (m-  -  n-)-  —  0. 


^-  ^■'"*"'32'*'     512 

15.  26'=9ac.  16.  a;^- 3  =  0.         17.  x^ -2mx  +  m'^~n''=0. 

2 
18.  {a,c-ac,Y  =  {aJ)-ab,){b,c-bc,).     20.  m  =  S.      29.  m  =  6,    .^. 

30.  Roots  of  x'{a  +  b  +  cy  +  3x{nbG)  +  abc{a  +  6  +  c)  =  0. 


ANSWERS. 
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EXERCISE  XCVII.    (Page  294.) 

1.  An  identity,  true  for  any  value  of  x. 

2.  No  value  of  x  can  satisfy  the  equation;  it  is  impossible 


3.  Xi 


unless  a  =  6  or  c. 
a-^-h  +  c 


4.  True  for  any  value  of  x. 

5.  Impossible  unless  {m  +  n){a  +  6)  <=  0. 

6.  Impossible  unless  a  +  6  +  c  =  0. 

7.  An  indefinite  number  of  solutions  may  be  given.     One  solu- 

tion is  a;  =  5,  2/=  10,  z  =  b. 

8.  a;  =  3,  but  y  and  z  are  indeterminate  and  may  have  any 

valueaso  that  2y  +  Zz  =  1.     One  solution  is  a;  =3    y=2 
z=\.  '         ''* 

9.  Impossible. 

10.  Impossible  unless  m  +  n+p  =  0,  and  then  an  indefinite  num- 

ber of  solutions  may  be  given. 

11.  The  second  equation  is  simply  the  cube  of  the  first. 


